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Abe (born Abraham) Sklar, one of the milestone personalities in the field of cop-
ulas and dependence modeling, passed away on October 30, 2020 at the age of
94. Soon after, I received a request from some of his friends and collaborators to
publish a Special Issue devoted to his memory. I am very glad that many eminent
colleagues made this Special Issue not only possible but also a gratifying read-
ing. For the occasion, I left the handling of the review process in the safe hands of
Roger Nelsen and Carlo Sempi, whom I thank for their kind cooperation.

In 2015, when Dependence Modeling started its Interview Article series, the name
of Abe was the first on the list. Some members of the editorial board tried to con-
tact him, and even managed to send by post a list of questions to be answered.
Unfortunately, we never heard back. Personally, I always felt this was a missing
tile in our journal, almost a shame. Finally, this gap has been bridged by Christian
Genest, who wrote a magnificent tribute that will open the Special Issue.

Presumably, if you are reading these words, you have already encountered Sklar’s theorem in your career.
Can you remember the first occurrence? On my side, it happened as an undergraduate student in Florence.
I remember that I was a bit sick one day and could not wait to leave the class and go home. One professor
urged me to stay since the department was having a distinguished speaker that day: Paul Embrechts. In the
early days of Risk Aggregation via Copulas, that was the first time I noticed the title Sklar’s Theorem on one
slide. Incidentally, Paul delivered the first interview in the series, years later.

Below is what Roger and Carlo had to say. And you, can you remember your first encounter with Abe?

Roger Nelsen: During the 1983-84 academic year I had a "sabbatical lectureship" at the University of Massachusetts in
Ambherst. It was during that year that I met Berthold Schweizer, who not only introduced me to copulas, but also to several visitors
to Amherst that year, including Abe Sklar and Jerry Frank (and others). That year changed my life.

Carlo Sempi: I well remember my first meeting with Abe; it was on the spring of 1972 in Waterloo, where Abe usually came to
visit alone or accompanied with Berthold Schweizer or Jerry Frank. He used to come there to talk with Janos Aczél, Bruno Forte
(my PhD supervisor) and Michael McKiernan.

*Corresponding Author: Gi i Puccetti: Dipartimento di Economia, Management e Metodi Quantitativi, Universita di
Milano, Italy. E-mail: giovanni.puccetti@unimi.it
Photo courtesy of J.A. Rodriguez-Lallena.

80penAccess, @ 2021 Giovanni Puccetti, published by De Gruyter. This work is licensed under the Creative Commons Attribution

alone 4.0 License.



8 Depend. Model. 2021; 9:200-224 DE GRUYTER

Interview Article Open Access
Special Issue in memory of Abe Sklar

Christian Genest*
A tribute to Abe Sklar

https://doi.org/10.1515/demo-2021-0110
Received June 27, 2021; accepted July 2, 2021

This paper gives an account of the life and works of the American mathemati-
cian Abe Sklar. Born in Chicago on November 17, 1925, Sklar completed his
PhD at the California Institute of Technology in 1956. He then joined the Illi-
nois Institute of Technology, where he taught mathematics until his retirement
in 1995. With his close friend and lifelong collaborator Berthold Schweizer
(1929-2010), he was a pioneer of the theory of probabilistic metric spaces,
which were introduced in 1942 by the Austro-American mathematician Karl
Menger (1902-85). Together, Schweizer and Sklar made important contribu-
tions to the algebra of functions, the study of t-norms, and distributional
chaos. Sklar is also credited for the notion of copula and for showing that any
multivariate distribution function can be expressed in terms of its univariate
margins and a copula. This result, known as Sklar’s representation theorem,
is the bedrock of a widespread data analytical technique called copula mod-
eling. Sklar passed away in Chicago on October 30, 2020.

By now, just about anyone who is conscious of the role of dependence in data analysis has heard of cop-
ulas as a powerful and flexible tool for modeling association and assessing its impact on inference, decision
making, and risk management. This approach is rooted in a 3-page note, written in French, which appeared
in 1959 in the Publications de UInstitut de statistique de I’Université de Paris. This paper [S6], attributed only
to “M. Sklar” (M. for Mr.), without address or affiliation, claimed without proof that given any d-variate cu-
mulative distribution function H with one-dimensional margins Fy, ..., Fy, a function C : [0, 14 = [0,1]
having specific analytical properties can always be found such that

H=C(F,...,Fy). (6))

The author, Abe Sklar, called C a ‘copula’ by analogy with the grammatical term for a word or expression that
links a subject and a predicate [S57]. He also pointed out that any choice of copula C and marginal distribu-
tions Fy, ..., F, in formula (1) constitutes a bona fide multivariate distribution function.

Eq. (1), now widely referred to as Sklar’s representation theorem, is the corner stone of the popular copula
approach to modeling. According to MathSciNet, Sklar’s seminal paper [S6] has been referenced over 450
times since its publication; Google Scholar lists 10 times as many citations. What a success story for this
note which stemmed from correspondence between Sklar, who was then a modest Assistant Professor of
Mathematics in Chicago, and the famous French mathematician Maurice Fréchet!

This paper surveys the life and works of Abe Sklar (1925-2020), a talented and discreet man with a singu-
lar passion for mathematics. His biography is sketched in Section 1 and an overview of his scientific contribu-
tions is given in Section 2. His spirit continues to live through his students, whose own careers are outlined in
Section 3. A few testimonies are collected in Section 4 and Appendix 1 contains a (hopefully complete) list of
Sklar’s publications. Finally, an annotated transcript of an interview that Sklar granted to Bonnie Schulman
in 2006 is included in Appendix 2.

*Corresponding Author: Christian Genest: Department of Mathematics and Statistics, McGill University, Montréal (Québec)
Canada. E-mail: christian.genest@mcgill.ca

a Open Access. © 2021 Christian Genest, published by De Gruyter. This work is licensed under the Creative Commons Attribution
alone 4.0 License.
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1 Abe’s biography

Abe Sklar was born in Chicago, Illinois, on November 17, 1925. His parents were Jewish immigrants of hum-
ble extraction from (modern-day) Ukraine. Abe, who was their only child, graduated from Von Steuben High
School in Chicago on June 25, 1942 and entered the University of Chicago at the age of 16. He was mainly inter-
ested in physics but after two years, he decided to interrupt his studies and join the war effort. He enlisted in
the US Navy on June 20, 1944, and proudly served as a radio technician in the Philippines until his honorable
discharge on June 2, 1946; his final rank was RT2/c.

Upon returning home, now aged 21, Abe resumed his studies at the University of Chicago but switched toa
major in mathematics. Having completed a master’s degree in Fall 1948, he worked as a physics lab technician
at the university while taking, on and off, additional courses in mathematics, science, and the arts until Fall
1951. Allen Strehler (1921-78), an educator [43] and later dean at the Carnegie Institute of Technology, kindled
and sustained Abe’s interest in number theory, leading to his first paper published in 1952 in the Notices of the
American Mathematical Society [S1]. The same year, Abe registered for a PhD in mathematics at the California
Institute of Technology.

In moving to California, Abe’s initial intention was to contribute to the Bateman Project, a major effort at
collation and encyclopedic compilation of the theory of special functions. However, the project was nearing
completion and he wound up working under the guidance of analytic number theorist Tom Apostol (1923—
2016), best known for his widely used textbooks. Abe was just two years younger than his supervisor and was
one of his first PhD students. He earned his PhD is mathematics in 1956 with a thesis entitled “Summation
Formulas Associated with a Class of Dirichlet Series” [S2].

In February 1956, Haim Reingold (1910-2003), who served for many years TR
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as Chair of the Department of Mathematics at the Illinois Institute of Tech- 'l'In’:?:;;oﬁ:r:’::r!l":{':n’::‘rn‘z:]
nology (IIT), persuaded Abe to return to Chicago and join his department. Ex- “:“(‘JTh{Iﬂléx;”°“y,a.}
cept for sabbatical leaves, Abe’s entire academic career was spent at IIT. He 2‘;:;‘;:;;A-_,’f'”;‘;;;;,“"i,,,;,‘;iﬂ
was promoted to Assistant Professor in 1957, to Associate Professor in 1960, gk?:_jgﬁ"»':g:f:&s'ncﬁl
and to Professor of Mathematics in 1967. He retired in 1995 and was appointed e e " TP

Professor Emeritus in 1996. He passed away in Chicago on October 30, 2020, ¢picago Tribune, May 20, 1956
after a short illness.

At IIT, Abe was greatly influenced by Karl Menger (1902-85), a prominent Austrian mathematician who
had emigrated to the United States in 1937 to flee nazism and whose longest and last academic appointment
was at IIT from 1946 to 1971. Menger is considered as one of the founders of distance geometry, which is the
study of sets of points based only on given values of the distances between pairs. He is also well-known for
Menger’s theorem in graph theory and the so-called Menger sponge, which is a three-dimensional general-
ization of the classical Cantor set (have a look on Wikipedia!).

In 1942, Menger initiated a study of probabilistic metric spaces [24], in which distances are represented
by distributions rather than by numbers. Abraham Wald (1902-50), a well-known statistician and decision
theorist who had been Menger’s student in Vienna, showed interest [46] and upon completing his own thesis
with Menger at IIT, Bert Schweizer (1929-2010) also started investigating the topic.

Abe joined these efforts shortly after coming to IIT (see Figure 1). He nurtured a lifelong friendship and
collaboration with Bert, with whom he developed the theory of probabilistic metric spaces, and contributed
to ergodic theory as well as distributional chaos to much acclaim. Together they wrote over 40 papers and an
influential monograph on probabilistic metric spaces [S44] published in 1983. For over 60 years, Abe used his
vast knowledge of analysis and functional equation theory to explore these and other themes. In addition,
he invested much time and effort in memorializing Menger and his work.

During his career, Abe enjoyed (at least) two sabbatical leaves. One was in Spring 1962, when he taught
courses at the University of Arizona [S41] while collaborating with Bert, who was then on faculty there. He
had a second leave during the 1982-83 academic year. He spent part of that year working with Luigi Paganoni
at the Universita di Milano, in Italy. Abe’s paper [S62] with a coauthor of Paganoni, Jaroslav Smital (1942-),
also reflects research that he conducted on a subsequent visit there.
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Figure 1: Karl Menger with some of his students” and colleagues' at IIT circa 1956. From left to right: Abe Sklar', Bert
Schweizer*!, Karl Menger, Tom Erber!, and Michael McKiernan.*"

2 An overview of Abe’s work

In a paper published in 1980 in The American Mathematical Monthly [S41], Abe cited analytic number the-
ory, functional equations, function systems, and probabilistic geometry as his research areas. At the 1993
conference on distributions with fixed marginals held in Seattle [S57], he explained how he actually became
interested in probability through number theory, and how Bert convinced him to join his project to develop
probabilistic metric spaces soon after the two met at IIT.

Motivated by his youthful encounters with Albert Einstein (1879-1955), who was then a neighbor, Bert
had come to Chicago to explore probabilistic metric spaces after reading Menger’s contribution to a book
written in appreciation of Einstein’s work [25]. In Menger’s opinion, however, this topic was unsuitable for a
thesis, and hence Bert could only delve into the matter after completing his degree [37].

Thus began a lifelong friendship and collaboration between Bert and Abe, who also remained close to
Karl Menger. When the latter died in 1985, Abe was entrusted with his archives and, with the help of Bert
and others, he published a series of volumes devoted to Menger’s work [29, 31, 32] and arranged for Menger’s
calculus textbook [27] to be reissued by Dover in 2007.

Abe’s extensive knowledge of Karl Menger’s life and thinking is apparent from his interview with Bonnie
Shulman [42] which is reproduced in Appendix 2. This discussion is included here in full, as it provides a
faithful reflection of Abe’s humility, wit, and good humor. It also illustrates his close relationship with both
Bert and Karl Menger - so close, in fact, that it is difficult to talk about his research without describing also
some of Bert’s and Menger’s contributions.

As a full review of Abe’s work would be too ambitious, Sections 2.1-2.3 are limited to three major themes
that occupied his mind over his long and fruitful career: probabilistic metric spaces, derivability issues and
bounds, and distributional chaos. One distinct omission is the algebra of functions, another theme pioneered
by Menger which was among Abe’s finest achievements and about which a book project with Bert remained
unfinished. Section 2.4 gives a glimpse of Abe’s modus operandi as a researcher.

Inspiration for this section was drawn in part from the “personal look backward and forward” that Abe
presented at the 1993 meeting in Seattle [S57]. Also useful were two limpid survey papers written by Bert:
the first for the 1990 conference on distributions with fixed marginals held in Rome [38], and the second, for



DE GRUYTER Atribute to Abe Sklar =—— 203

Bert’s talk in the series Seminario Matematico e Fisico di Milano [39]. For Section 2.3, I consulted the survey
of distributional chaos and its measurement that Bert and Abe wrote with their Czech collaborator Jaroslav
Smital for Real Analysis Exchange in 2000 [S63].

For precise statements, additional details and further results, readers should consult these four papers
and references therein. In particular, note that following an old European tradition, distribution functions
were taken to be left-continuous in many of the papers cited below.

2.1 Probabilistic metric spaces

Consider aset Sand amap F : S x S — A such that, for every pair (x, y) € Sx S, F(x, y) = Fxy is an element
in the space A of cumulative distribution functions that vanish on (-oc, 0). For any F, G € Ao, write F < G
whenever F(t) < G(t) forall t € R = (o0, o).

Following the authoritative book that Bert and Abe on probabilistic metric spaces [S44], amap 7 : Ag x
Ao — A is called a triangle function if, for all F, G, H, K € Ao, (i) 7(F, G) = 1(G, F); (ii) {7(F, G), H} =
T{F, 1(G, H)}; (iii) 7(F, G) < 7(H, K) whenever F < H and G < K; (iv) 7(F, 8o) = F, where 8 is the distribution
function of a random variable which is identically equal to 0.

Because of its properties, the map 7 can be viewed as a commutative and associative operation on 4.
The pair (S, F) is then said to form a probabilistic metric space with respect to 7 if, for all x, y, z € S, (i)
Fxy = Fyx; (ii) x = y < Fxy = 80; (iii) Fxz 2 7(Fxy, Fyz) holds point-wise, so that Fy; is stochastically smaller
than 7(Fxy, Fy2). Condition (iii) is called Menger’s triangle inequality.

A natural choice of triangle function 7 is convolution, as noted by Wald [46]. However, Menger [24] viewed
this choice as too stringent and proposed to generate 7 from a triangular norm or t-norm T, i.e., a binary
algebraic operation such that for all a, b, ¢, d € [0, 1], (i) T(a, 1) = a; (ii) T(a, b) = T(b, a); (iii) T(a, b) <
T(c, d) whenever a < cand b < d; (iv) T{T(a, b), c} = T{a, T(b, c)}. A triangle function 7 is then induced by
T upon setting, forall F, G € Ap and t € [0, o0),

77(F, G)(®) = sup {T{F(u), G(V)} : u+v =t}. )

Simple examples of t-norms include Ty, Ty, and Ty, respectively defined for all a, b € [0, 1], by Ty (a, b) =
max(0, a + b - 1), Ty(a, b) = min(a, b), and Ty(a, b) = ab. The first two are known in the copula literature
as the Fréchet-Hoeffding bounds, and Ty is the independence (or product) copula.

For nearly 20 years, Bert and Abe studied these and many other aspects of the theory of probabilistic
metric spaces with their students, colleagues, and a few collaborators. They worked in relative isolation and
at their own pace. In his 1991 review paper [38, p. 29], Bert stated that in hindsight, this...

“...let the ideas and techniques mature in an environment uninfected by the contentious competition that seems to surround
so many ‘hot’ topics.”

In particular, the statistical community would only start noticing in the 1980s, after Bert and his PhD student
Ed Wolff made a connection with measures of dependence in an Annals of Statistics paper [41].

One very fruitful line of investigation is exemplified by a 1961 paper in Publicationes Mathematicae De-
brecen [S11], where Bert and Abe used results from the theory of functional equations to show that if a t-norm
T is continuous and strictly increasing, it can be expressed, for all a, b € (0, 1], in the form

T(a,b) = ¢ {p(w) + p()}. ©)

for some continuous and strictly decreasing function ¢ : [0, 1] — [0, oo] with ¢(1) = 0 and quasi-inverse
¢L. In the same paper, they also proved the familiar fact that T is then a copula if and only if ¢ is convex;
see [10] or Theorem 4.1.4 in [34]. Abe’s first PhD student, Cho-hsin (Joyce) Ling [23], later published in the
same journal a proof that if a continuous t-norm T is Archimedean, i.e., T(a, a) < a forall a € (0, 1), then T
is necessarily of the form (3). And so were born Archimedean copulas.

Among many other things, this line of research led Bert and Abe to propose various one-parameter classes
of strict t-norms, the most prominent of which is the Schweizer-Sklar family which includes what are now
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known as Clayton copulas. In this context, the Gumbel copulas are Aczél-Alsina t-norms and the Hoeffding—
Fréchet upper and lower bounds are called the Gddel and Eukasiewicz t-norm, respectively.

Also, because t-norms can be viewed as an extension of the usual two-valued logical conjunction, the
work of Bert and Abe in this area bore fruit in fuzzy logic. When Lotfi Zadeh (1921-2017) first introduced
fuzzy mathematics [47], back in 1965, max and min were the only (associative) operations used to perform
generalized unions and intersections. Bert and Abe’s contributions eventually made it possible to replace
these operations by t-norms and their duals called t-conorms. These concepts have since become essential
tools to represent logical disjunction in fuzzy logic and union in fuzzy set theory.

Years later, new and fruitful definitions for a probabilistic normed space [S56] and a probabilistic inner
product space [S58] were found by Bert and Abe in collaboration with Claudi Alsina (1952-), who was Bert’s
postdoc at the University of Massachusetts in Amherst before joining Universitat Politécnica de Catalunya;
Carlo Sempi (1948-), from the Universita del Salento [13] also coauthored [S58]. For more about t-norms, refer
to the monographs by Alsina et al. [1] and Klement et al. [20].

2.2 Derivability issues and bounds

Abe’s work with Bert Schweizer led them to look into operations on distribution functions that could be de-
rived from operations on random variables. Formally, a binary operation * on the class A of distributions is
said to be derivable from a (Borel-measurable) function ¥ on random variables if for any F, G € A, random
variables X and Y with these distributions can be constructed on a common probability space and ¥(X, Y)
has distribution F * G. Convolution is an example of an operation which is derivable, as it corresponds to the
addition of random variables.

In their remarkable 1974 paper [S34], Bert and Abe showed that if T is any continuous t-norm other than
Ty, then the algebraic operation 77 defined in Eq. (2) is not derivable from any operation on random variables.
This led them to the insightful conclusion, stated in Section 7.6 of [S44], that

“the distinction between working directly with distribution functions... and working with them indirectly, via random vari-
ables, is intrinsic and not just a matter of taste.”

This observation has an analog in dependence modeling: notwithstanding Sklar’s representation theorem,
models that are easily expressible in terms of copulas may not be interpretable in terms of operations on
random variables, and vice versa. The two approaches are useful, and complementary.

In their search for classes of triangle functions, Bert and Abe further noticed very early that an extension
of Eq. (2) would arise if addition, viz. L(u,v) = u + v, were replaced by any other two-place commutative
and associative function L satisfying L(0,0) = 0. In particular, for any (bivariate) copula C and marginal
distributions F, G € Ao, one can set

¢, (F, G)(t) = sup { C{F(u), G(v)} : L(u,v) = t}
and
pc,(F, G)(t) = inf {C{F(u), GV)} : L(u,v) = t},

where C stands for the dual copula defined, for all u, v € [0, 1], by C(u, v) = u + v - C(u, v).
In the 1970s, one of Abe’s PhD students, Jerry Frank, investigated yet another class of binary operations
defined, for every copula C and marginal distributions F, G € Ao, by

ac,(F, G)(O) = // 1{L(u, v) < t}dC{F(u), G()},

where for any set A, 1(A) = 1 whenever A holds true, and 0 otherwise. The operation o, ; reduces to standard
convolution when L is the sum and C is the product copula. It is Frank who came to the surprising conclusion
that in order for the latter operation to be associative, C must be what later came to be known as a Frank
copula [7, 9]. This is not sufficient, however, as he later showed [8].
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Figure 2: Abe Sklar (left) and Bert Schweizer (right) at the 35th International Symposium on Functional Equations held Septem-
ber 7-14, 1997 in Graz, Austria (participation in this meeting was by invitation only).

In joint work with a PhD student, Richard Moynihan [33], Bert and Abe were able to relate these different
operations and showed in [S37] that for a large choice of functions L, the string of inequalities

Tw,L STcL=O0cL=PcLSPWL

holds. The special case of the sum had first been treated by Abe alone [S32].

These inequalities, which are analogous to the Fréchet-Hoeffding bounds on any (bivariate) copula C,
viz. Ty < C < Ty, are useful in exploring the geometric notion of betweenness in the context of a probabilistic
metric space S with triangle function t, where for any distinct elements x, y, z of S, y is said to lie between x
and z if and only if Fx; = T(Fxy, Fyz).

2.3 Distributional chaos

The associativity of a t-norm T : [0, 1] — [0, 1] leads naturally to the consideration of serial iterates. The
latter are defined recursively, for every integer n > 1 and scalars ay, as, . .. € [0, 1], by

T"Yay, ..., an2) = T{T"(@1, ..., Gn1), Ani2}s @

where T! = T. It was Abe who first noted in [$32] that if T is a strict t-norm such that Eq. (4) yields an n-copula
for every integer n > 1, then T must be of the form (3), i.e., an Archimedean copula with a completely mono-
tonic generator ¢’1; furthermore, T > T point-wise, i.e., T is positive quadrant dependent [34]. Another of
Abe’s PhD students, Clark Kimberling, used this result to study sets of exchangeable random variables and
give a probabilistic interpretation of complete monotonicity [19].

As recounted by Bert in the survey paper [39], the study of function iterates ultimately led Abe to study
with him distributional chaos. To avoid technicalities, consider a compact, separable metric space (S, d) and
a continuous function f : S — S. For any x, y € S and every integer n > 0, set §xy(n) = d{f"(x), f"(y)}, where
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f°(x) = x. The sequence f"(x) can be viewed as the trajectory of x in S, and for any real t € R, the proportion
F3,(#) of points in the set {6xy(0), ..., 8xy(n — 1)} which are less than or equal to ¢ defines a distribution
function F%, in Ao. Next set, forall t € R,

Fuy(O) = liminf Fjy (),  Fy () = limsup F,(6).
n—ree n—co

It can be seen that both Fxy and F’ ;y are distribution functions, and that the former satisfies Menger’s triangle
inequality. Together with the map J : Sx S — A defined by F(x, y) = Fxy, the set S then forms what is called
a “transformation generated space.”

Bert and Abe initiated a study of this construction in the early 1970s. To describe their main results,
assume that f is measure preserving with respect to some (non-singular) probability measure P on S, i.e.,
P{f -1 (A)} = P(A) for any (measurable) set A C S. In the paper [S31] published in 1973, they used the Birkhoff—
Khinchin ergodic theorem to show that, for any such transformation f,

Fxy = Fy ®)

for almost all pairs (x,y) € S x S endowed with the measure P x P. The same year [S30], they established
with Tom Erber, a mathematical physicist at IIT (see again Figure 1), that the limiting distribution in Eq. (5)
is independent of x and y when in addition to being measure preserving, the transformation f is mixing,
so that for any (measurable) subsets A and B of S, P{f"(4) U B} — P(A)P(B) as n — oo. Abe carried out
calculations in a special case with Tom Erber [S33] and he studied the recurrence and dispersive behavior of
Cebysev polynomials with another IIT physicist, Porter Johnson [S35].

These results allowed Abe, Bert and their collaborators to shed new light on a famous controversy
between Ludwig Boltzmann (1844-1906) and Ernst Zermelo (1871-1953) about the relevance to physics of
Poincaré’s recurrence theorem. The latter result states that a broad class of systems will, after a finite time,
return to a state arbitrarily close to their initial state. While this conclusion appears to contradict thermody-
namic principles, it relies critically on the assumption that the state of the system is known exactly. The results
of Erber et al. [S30] vindicate Boltzmann’s intuition that due to the uncertainty induced by experimentally
indistinguishable states, recurrence may actually fail to occur.

These considerations eventually led Bert and Abe to elaborate a theory of distributional chaos to which
Jaroslav Smital, Professor of Mathematics at Slezska Univerzita in Opava, Czechia, was associated from its
inception in 1985; see [39] and Figure 3. Specifically, a pair (x, y) € S x S is then said to exhibit distributional
chaos if and only if there exists an interval I of positive length such that, for all t € I, Fxy(t) < Fy,(¢). This
leads in turn to a measure of the chaos induced by f, viz.

1 7 *
w9 = sup 0/ (Fiy(0) - Fy(0)}dt,

where the normalizing factor dg, which ensures that p(f) < 1, is assumed to be finite.

As shown by Schweizer and Smital [40], this notion of distributional chaos implies chaos in the classical
sense of Li and Yorke [22]. With their collaborators, Bert and Abe then continued to contribute to chaos theory,
which studies dynamical systems whose apparently random states of disorder and irregularities are actually
governed by underlying patterns and deterministic laws that are highly sensitive to initial conditions. Three
of Abe’s last five papers, published in the early 2000s, are concerned with the elucidation of this concept
and the conditions on f required for distributional chaos to exist; see [S62], [S63], and [S65]. All of them
were coauthored by his friend Jaroslav Smital (see again Figure 3). Ultimately, the notion of distributional
chaos introduced in this body of work makes it possible to clearly distinguish ergodic behavior from genuinely
chaotic behavior.

2.4 Modus operandi

Judging from the meetings he attended regularly, Abe’s scientific home was the community of functional
equation specialists that was first brought together by Janos Aczél (1924-2020), Otto Haupt (1887-1988) and
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Figure 3: Abe Sklar and Jaroslav Smital featured in the Czech newspaper Opavsky a Hlucinsky Denik, June 22, 2008. The 46th
International Symposium on Functional Equations was held in Opava June 22-29, 2008.

Alexander Ostrowski (1893-1986) at the Mathematisches Forschungsinstitut Oberwolfach in 1962. Annual
meetings known as the International Symposium on Functional Equations (ISFE) have been held since then
(with the exception of 1964). Participation is by invitation only. Abe was present in 1962 and remained a regu-
lar attendee and member of the scientific committee thereafter. He often used these meetings as an opportu-
nity to have intensive working sessions with Bert. The picture shown in Figure 2 was taken on one such occa-
sion. Reports of these meetings have appeared in Aequationes Mathematicae since this journal was founded
by Aczél in 1968. Abstracts of Abe’s talks published therein provide a remarkable record of what was on his
mind at any given time; see, e.g., Sklar [S39], cited in [S55].

3 Sklar’s students

Part of any researcher’s intellectual legacy is in the graduate students he/she supervised, and what they
became. In this regard also, Abe’s career was remarkable. A list of his PhD students is given in Table 1. It is
based in part on, but more complete than, the data provided by the Mathematical Genealogy Project.

Looking at Table 1, copula modelers will immediately recognize Jerry Frank (1942-), of Frank copula
fame, who was already mentioned in Section 2. After graduation, he had a long career as a professor in, and
for some time chair of, the Department of Mathematics at IIT. In addition to publishing a dozen papers on
functional equations, distribution theory, and non-linear dynamics, he coauthored with Claudi Alsina and
Bert Schweizer a monograph on t-norms and copulas [1]; their work, published in 2006, nicely complements
the 2000 book on the same topic by Klement et al. [20].

Table 1: A list of Abe Sklar’s 14 PhD students at the Illinois Institute of Technology.

Name Year Name Year
Ling, Cho-hsin (Joyce) 1964  Frank, Maurice J. 1972
Penner, Sidney 1964 Jurschak, Jerome 1974
Senechal, Marjorie 1965 Ranade, Mary S. 1974
Calabrese, Philip G. 1968 Thoresen, Lee L. 1978
Harkin, Joseph B. 1968 Terrana, Victor E. 1979
Marcus, Philip 1968 Krause, Gerianne M. 1981

Kimberling, Clark 1970 Ghebremeskel, Kuflu 1989
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From the angle of dependence modeling, another name that stands out is Clark Kimberling (1942-), men-
tioned earlier for his probabilistic interpretation of complete monotonicity in Archimedean copulas [19]. He
too had a successful career as a professor of mathematics, publishing extensively in number theory and ge-
ometry. He has been affiliated with the University of Evansville, Indiana, since earning his PhD. A man of
multiple talents, he maintains an extensive website (link) that features, among others, the world’s largest
internet collection of triangle centers, facts and problems about integer sequences and arrays, but also many
biographical studies (starting with [18]) and musical compositions of his own.

The name of Marjorie Senechal (1939-) is also intimately linked with geometry. A Professor Emerita
in Mathematics and History of Science and Technology at Smith College, Northampton, Massachusetts,
Senechal is well known for her work on tessellations and quasicrystals. She also taught a course on ancient
inventions and published several books about silk. Moreover, she served as co-editor-in-chief (2005-13) and
later sole editor-in-chief (2013-20) of The Mathematical Intelligencer (TMI) in addition to editing the column
“Mathematical Communities” since 1997. A fascinating account of her life and career is given in her Adven-
tures of an Amateur Crystallographer, which may be found on the website of the American Crystallographic
Association (link). See also her interview in TMI (link).

Many other students of Abe had careers teaching mathematics in colleges and universities. Sidney Pen-
ner, raised in the Bronx, returned there after completing his PhD and teaching mathematics for a few years
at SUNY Buffalo. Affiliated to the Bronx Community College at the time of his premature death in May 1980,
he had extensive journal contributions to problems and problem-solving, and was Problem Editor of the New
York State Mathematics Teachers Journal [2, 14].

Pursing an idea sketched by Abe [S19], Joseph Harkin (1926-2006) wrote a thesis on “Sklar—Stieltjes inte-
grals” [16] and then taught mathematics for 32 years (1971-2003) at SUNY Brockport. After graduation, Philip
Marcus (1936-2020) was successively affiliated with Shimer College, Indiana University, the University of Ken-
tucky, Christian Brothers College, and Eureka College. Similarly, Victor Terrana (1945-) taught mathematics
at Indiana University Northwest, Queens University of Charlotte, North Carolina, and then at Newberry Col-
lege, South Carolina, from 1995 to 2011. As for Gerianne Krause (1951-), she taught discrete mathematics at
San Francisco State University for most of her career.

Other students of Abe’s had careers in industry. For example, Jerry Jurschak (1948-) was a college teacher
for three years in Chicago before holding various executive positions within the insurance brokerage, under-
writing, and reinsurance business (e.g., Marsh McLennan, CNA Insurance) in Chicago and in New York City.
Now in retirement, he is running a charitable foundation with his wife out of Katonah, New York. Another
example is Mary Ranade (1941-), who taught college level math and computer/information science part and
full time at several colleges and universities in Illinois, North Carolina, and Maryland. Most of her career was
devoted to the design, administration, and evaluation of large database systems; she also developed software
tools for relational database administrators.

Two of Abe’s students had a major spiritual part to their lives. Philip Calabrese (1941-) initially taught
mathematics in California (Naval Postgraduate School, Monterey; California State University, Bakersfield;
Humboldt State University, Arcata). He then had an aerospace career, founded a consulting firm called Data
Synthesis, and retired in 2004 as senior scientist at the Space and Naval Warfare Systems Center, San Diego.
His work synthesizing logic and conditional probability culminated with his 2017 book [4]. Follow this link
for a 2-hour interview with him about his “axiom of free will vs. mechanism.”

Kuflu Ghebremeskel returned to Eritrea after completing his PhD. He was a mathematics lecturer at the
University of Asmara for 10 years [S61]. He then became a full-time pastor and a leading figure of the Full
Gospel Church of Eritrea before he was arrested in May 2004 because of his religious beliefs. He has been
detained incommunicado since then and is presumed dead.

Finally, Huse Fatki¢, a professor of mathematics at Univerzitet u Sarajevu, in Bosnia and Herzegovina, is
also listed on the Mathematical Genealogy Project as having been supervised by Bert and Abe. As explained
in his thesis [6], they mentored him and inspired his research topic while he visited the University of Mas-
sachusetts at Amherst on a fellowship in 1985-86. Although neither Bert nor Abe appears to have been his
supervisor in a formal sense, Abe’s last paper was with Fatki¢ [S68].

Alas, I was unable to retrace two of Abe’s PhD students: Cho-hsin (Joyce) Ling and Lee L. Thoresen.
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4 Personal testimonies

Abe, who was single, had a modest life at home but a passion for traveling which he lived out every summer.
We crossed paths a number of times over the years. We were introduced in April 1990 at the inaugural Sympo-
sium on Distributions With Given Marginals held in Rome, and we met again at two subsequent conferences
in this series: Barcelona (2000), and Québec (2004). I last saw him in 2009 at the meeting organized in Lecce,
Italy, to mark the 50th anniversary of his seminal 1959 paper on copulas.

In our encounters, Abe never revealed much about his private life but besides his love of mathematics and
his broad interest for science and philosophy, it was obvious that he enjoyed Italian cuisine and the opera.
He also had a predilection for words and languages, and he was a strong advocate of Esperanto as a means of
international communication and as an instrument of peace. However, Abe’s command of English, coupled
with his wry sense of humor, did not always go down well with people. Some initially frowned at his choice
of the word ‘copula’ for distribution functions with uniform margins. He often proudly referred to it as a sexy
name, a fact on which Jock MacKay and I later capitalized [11].

In preparation for this memorial article, I interviewed several of Abe’s colleagues, students, and friends,
all of whom are gratefully thanked in the Acknowledgments. One of them is Ty Olsen (1942-), a 1983 PhD
graduate of IIT who taught mathematics there before retiring in 1995. Ty, who had a first career as a lawyer,
was named executor of Abe’s estate in his will. He dug out many facts about Abe’s youth for me by sifting
through boxes of papers, but he could find no curriculum vitae. He wrote to me:

“Besides being a first-rate mathematician, Abe was a wonderful colleague and mentor, the backbone of our department at
IIT for many years. He had a tremendous breadth of knowledge that he was happy to share.”

Arthur Lubin, a current Professor of Applied Mathematics at IIT, also commented as follows:

“Abe gladly gave advice and guidance to people working on outgrowths of his work. He could immediately cite relevant
references, often providing a copy of the papers the next day. He was happy to spend time helping students, graduate or
undergraduate, embarking on research projects. He was highly principled, and exceedingly modest. Many of his strongest
papers appeared in somewhat obscure journals, due to his modesty and abnegation of fame.”

Another longtime colleague and friend of Abe’s, Tom Erber (1930-), Distinguished Professor Emeritus of
Physics and Mathematics at IIT (see again Figure 1), had this to say:

“Abe’s strong abnegation to prominence and ‘fame’ meant that he scattered many basic results in somewhat obscure mathe-
matics journals. His one contact with ‘fame’ occurred as a consequence of having invented ‘copulas’... Beneath Abe’s placid
exterior there was a hard unyielding commitment to certain principles. For instance, when IIT resurrected its mathematical
activities within the framework of an ‘Applied Mathematics Department’, Abe promptly resigned because he refused to carry
the title of Professor of Applied Mathematics.”

A surprising aspect of Abe’s career is that except for Bert and his PhD students, he had next to no col-
laborator outside IIT. Claudi Alsina, a prolific functional equation researcher and mathematical popularizer,
who is one of Abe’s rare foreign coauthors (with Smital), offered the following explanation:

“While Abe liked to think about math and scribble notes in pencil on small pieces of paper, he did not enjoy writing formal
papers or books. This is why, in particular, it took him so many years to publish his proof of what is known today as Sklar’s
representation theorem about copulas. In that regard, Abe was lucky to have an accomplished expositor and a perfectionist
like Bert as his coauthor; they complemented one another very well. A problem with Abe was that it was easier to meet him
anywhere in the world than to receive a letter from him. Bert really laughed when I once said that IIT is like a black hole: you
may send anything there, but nothing ever comes out of it.”

Claudi also pointed out to me that Abe was proud to have an Erdés number of 2. This means that Abe never
wrote a paper with the renowned Hungarian mathematician Paul Erdés (1913-96), who was one of the most
prolific mathematicians of the 20th century, but that he wrote a paper with someone who did, namely his
PhD advisor Tom Apostol (see [S3] but I could not locate the Apostol-Erdds paper).
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On the subject of fame, which does have its drawbacks, it is perhaps fitting to conclude this tribute with
an anecdote recounted by Tom Erber. To give a bit of context first, the monthly American magazine Wired
ran a cover story entitled “Recipe for disaster: The formula that killed Wall Street” on February 23, 2009.
Later reissued in Significance [36], this award-winning paper, written by the financial journalist Felix Salmon
(1972-), described how the unwise use of the Gaussian copula by some quants played a role in the onset of
the 2007-08 financial crisis. As a result of this negative publicity, undiscriminating eyes suddenly came to
blame copulas and copula modeling for this global crisis that brought about a great deal of suffering. Erber
reported as follows on the collateral damage this inflicted upon Abe:

“Unbeknownst to Abe, some ‘quants’ adapted copulas to predicting the behavior of financial markets. Since big money was
involved some subset of quants became very angry with Abe, and one day a group of vociferous demonstrators showed up at
Abe’s office at IIT. It took some time to quiet the situation down, prevent physical harm, and assure the crowd that although
Abe had invented copulas, he had no idea about the financial ramifications.”

More discussion on copulas and the financial crisis can be found in the interviews of Paul Embrechts and
David Li in this journal [5, 35], and in Paul’s interview in International Statistical Review [12].

Appendix 1: A partial list of Abe Sklar’s scientific writings

Below is a possibly incomplete list of publications authored or coauthored by Abe Sklar. Lacking a curricu-
lum vitae, I constructed this list to the best of my ability using mainly, but not exclusively, Google Scholar,
MathSciNet, Research Gate, and Web of Science. I regret any involuntary omission.

The list comprises 71 items, grouped in yearly blocks to give a visual clue of Abe’s research productivity
over the course of his career. It excludes the works of Karl Menger [29, 31, 32] which were coedited by Abe and
published many years after Menger’s death.

In [29], Menger reminisced about the celebrated Wiener Kreis (Vienna Circle), a group of philosophers and
scientists chaired by Moritz Schlick (1882-1936) that met regularly from 1924 to 1936 at Universitdt Wien. Abe
edited this book with Louise Ahrndt Golland (1942-), an independent scholar in the history of mathematics,
and the famous Wittgenstein scholar Brian McGuinness (1927-2019).

The other two posthumous books by Menger [31, 32] represent his collected works, coedited by seven
scholars, including Bert and Abe who were also the driving force behind a new release by Dover of Menger’s
calculus [27], for which they wrote a foreword.

Abe SKklar’s scientific writings in chronological order
[S1] SKlar, A. (1952). On the factorization of squarefree integers. Proc. Amer. Math. Soc. 3(5), 701-705.

[S2] SKlar, A. (1956). Summation Formulas Associated with a Class of Dirichlet Series. PhD thesis, California
Institute of Technology, Pasadena CA.

[S3] Apostol, T.M. and A. Sklar (1957). The approximate functional equation of Hecke’s Dirichlet series. Trans.
Amer. Math. Soc. 86(2), 446-462.

[S4] Schweizer, B. and A. Sklar (1958). Espaces métriques aléatoires. C. R. Acad. Sci. Paris 247(2), 2092-2094.
[S5] Menger, K., B. Schweizer, and A. Sklar (1959). On probabilistic metrics and numerical metrics with prob-
ability 1. Czechoslovak Math. J. 9(3), 459-466.

[S6] Sklar, A. (1959). Fonctions de répartition a n dimensions et leurs marges. Publ. Inst. Statist. Univ. Paris 8,
229-231.

[S7] Schweizer, B. and A. Sklar (1960). Statistical metric spaces. Pacific J. Math. 10(1), 313-334.
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[S8] Schweizer, B. and A. Sklar (1960). The algebra of functions. Math. Ann. 139(5), 366-382.
[S9] Schweizer, B., A. Sklar, and E. Thorp (1960). The metrization of statistical metric spaces. Pacific J. Math.
10(2), 673-675.
[S10] Sklar, A. (1960). On the definition of the Riemann integral. Amer. Math. Monthly 67(9), 897-900.

[S11] Schweizer, B. and A. Sklar (1961). Associative functions and statistical triangle inequalities. Publ. Math.
Debrecen 8(1), 169-186.

[S12] Schweizer, B. and A. Sklar (1961). The algebra of functions. II. Math. Ann. 143(5), 440—447.

[S13] Schweizer, B. and A. Sklar (1961). Topology and Tchebycheff. Amer. Math. Monthly 68(8), 760-762.

[S14] Schweizer, B. and A. Sklar (1962). A mapping-algebra with infinitely many operations. Collog. Math. 9(1),
33-38.

[S15] Schweizer, B. and A. Sklar (1962). Statistical metric spaces arising from sets of random variables in Eu-
clidean n-space. Teor. Verojatnost. i Primenen. 7(4), 456—465.

[S16] Schweizer, B. and A. Sklar (1963). Associative functions and abstract semigroups. Publ. Math. Debrecen
10(1), 69-81.

[S17] Schweizer, B. and A. Sklar (1963). Triangle inequalities in a class of statistical metric spaces. J. London
Math. Soc. 38(1), 401-406.

[S18] Schweizer, B. and A. Sklar (1963). Inequalities for the confluent hypergeometric function. J. Math. and
Phys. 42, 329-330.

[S19] SKlar, A. (1964). Uniform Stieltjes integrals. Notices Amer. Math. Soc. 11(3), 342-343.
[S20] SkKlar, A. (1964). On some exact formula in analytic number theory. In Marsch, D.C.B. (Ed.), Report of the
Institute in the Theory of Numbers, pp. 104-110, University of Colorado, Boulder CO.

[S21] Schweizer, B. and A. Sklar (1965). The algebra of functions. IIl. Math. Ann. 161(3), 171-196.

[S22] Schweizer, B. and A. Sklar (1967). Function systems. Math. Ann. 172(1), 1-16.
[S23] Schweizer, B. and A. Sklar (1967). The algebra of multiplace vector-valued functions. Bull. Amer. Math.
Soc. 73(4), 510-515.

[S24] Schweizer, B. and A. Sklar (1968). A grammar of functions. I. Aequationes Math. 2(1), 62-85.

[S25] Schweizer, B. and A. Sklar (1969). A grammar of functions. II. Aequationes Math. 3(1-2), 15-43.

[S26] Schweizer, B. and A. Sklar (1969). Mesures aléatoires de 'information. C. R. Acad. Sci. Paris Sér. A-B 269,
A721-A723.

[S27] SKlar, A. (1969). Canonical decompositions, stable functions, and fractional iterates. Aequationes Math.
3(1-2), 118-129.

[S28] Erber, T., Schweizer, B., and A. Sklar (1971). Probabilistic metric spaces and hysteresis systems. Comm.
Math. Phys. 20(3), 205-219.

[S29] Schweizer, B. and A. Sklar (1971). Mesure aléatoire de I'information et mesure de I'information par un
ensemble d’observateurs. C. R. Acad. Sci. Paris Sér. A-B 272, A149-A152.

[S30] Erber, T., B. Schweizer, and A. Sklar (1973). Mixing transformations on metric spaces. Comm. Math. Phys.
29(4), 311-317.

[S31] Schweizer, B. and A. Sklar (1973). Probabilistic metric spaces determined by measure preserving trans-
formations. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 26(3), 235-239.

[S32] SKlar, A. (1973). Random variables, joint distribution functions, and copulas. Kybernetika 9(6), 449—-460.
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[S33] Erber, T. and A. Sklar (1974). Macroscopic irreversibility as a manifestation of micro-instabilities. In Gal-
Or, B. (Ed.), Modern Developments in Thermodynamics, pp. 281-301. Israel Universities Press, Jerusalem.

[S34] Schweizer, B. and A. Sklar (1974). Operations on distribution functions not derivable from operations on
random variables. Studia Math. 52(1), 43-52.

[S35] Johnson, P. and A. Sklar (1976). Recurrence and dispersion under iteration of Ceby3ev polynomials. J.
Math. Anal. Appl. 54(3), 752-771.

[S36] Schweizer, B. and A. Sklar (1977). The axiomatic characterization of functions. Z. Math. Logik Grundlagen
Math. 23(5), 373-382.

[S37] Moynihan, R., B. Schweizer, and A. Sklar (1978). Inequalities among operations on probability distribu-
tion functions. In Beckenbach, E.F. (Ed.), General Inequalities 1/ Allgemeine Ungleichungen 1 (Proc. First
Internat. Conf., Math. Res. Inst., Oberwolfach, 1976), I, pp. 133-149. Birkhéuser, Basel.

[S38] Schweizer, B. and A. Sklar (1978). Probabilistic information spaces. Information Theory (Proc. Internat.
CNRS Collog., Cachan, 1977), pp. 485-494, Collog. Internat. CNRS, 276, CNRS, Paris, 1978.

[S39] SKlar, A. (1978). The embedding of functions in flows. Aequationes Math. 17(1), 367.

[S40] Sklar, A. and B. Schweizer (1978). Unsolvability of the general “probléme réciproque” for probabilistic
and random information spaces. Information Theory (Proc. Internat. CNRS Collog., Cachan, 1977), pp.
495-501, Collog. Internat. CNRS, 276, CNRS, Paris.

[S41] Rice, R.E., B. Schweizer, and A. Sklar (1980). When is f(f(2)) = az’ + bz + c? Amer. Math. Monthly 87(4),
252-263.

[S42] Schweizer, B. and A. Sklar (1980). How to derive all L,-metrics from a single probabilistic metric. In Beck-
enbach, E.F. (Ed.), General Inequalities, 2 (Proc. Second Internat. Conf., Oberwolfach, 1978), pp. 429-434,
Birkhduser, Basel.

[S43] Erber, T., T.M. Rynne, and A. Sklar (1981). Quantum mechanics and mixing transformations. Acta Phys.
Austriaca 53(3), 145-155.

[S44] Schweizer, B. and A. Sklar (1983). Probabilistic Metric Spaces. North-Holland Publishing Co., New York.
[S45] Schweizer, B. and A. Sklar (1983). All trapezoid functions are conjugate. C. R. Math. Rep. Acad. Sci. Canada
5(6), 275-280.

[S46] Sklar, A. (1984). Confluence and stability of orbits of quadratic polynomials. C. R. Math. Rep. Acad. Sci.
Canada 6(5), 291-296.

[S47] Sklar, A. (1984). On some unexpected theoretical and practical applications of functional equations. In
Aczél, J. (Ed.), Functional Equations: History, Applications and Theory, pp. 55-56. Reidel, Dordrecht.

[S48] SkKlar, A. (1984). The cycle theorem for flows. In Aczél, J. (Ed.), Functional Equations: History, Applications
and Theory, pp. 227-229. Reidel, Dordrecht.

[S49] Sklar, A. (1984). A problem concerning special functions. In Walter, W. (Ed.), General Inequalities 4: In
Memoriam Edwin F. Beckenbach 4th International Conference on General Inequalities, Oberwolfach, May
8-14, 1983, pp. 425-426. Springer, Basel.

[S50] Schweizer, B. and A. Sklar (1985). Continuous functions that conjugate trapezoid functions. Aequationes
Math. 28(3), 300-304.

[S51] Schweizer, B. and A. Sklar (1986). Probability distributions with given margins: Note on a paper by P.D.
Finch and R. Groblicki [“Bivariate probability densities with given margins,” Found. Phys. 14(6), 549-552].
Found. Phys. 16(10), 1061-1064.
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[S52] Alsina, C. and A. Sklar (1987). A characterization of continuous associative operations whose graphs are
ruled surfaces. Aequationes Math. 33(1), 114-119.

[S53] Sklar, A. (1987). The structure of one-dimensional flows with continuous trajectories. Rad. Mat. 3(1), 111-
142.

[S54] Schweizer, B. and A. Sklar (1988). Invariants and equivalence classes of polynomials under linear con-
jugacy. In Dorninger, D. (Ed.), Contributions to General Algebra 6: Dedicated to the Memory of Wilfried
Nobauer, pp. 253-257, Holder—Pichler-Tempsky, Vienna.

[S55] Schweizer, B. and A. Sklar (1990). The baker’s transformation is not embeddable. Found. Phys. 20(7),
873-879.

[S56] Alsina, C., B. Schweizer, and A. Sklar (1993). On the definition of a probabilistic normed space. Aequa-
tiones Math. 46(1-2), 91-98.

[S57] SKlar, A. (1996). Random variables, distribution functions, and copulas — a personal look backward and
forward. In Riischendorf, L., B. Schweizer, and M.D. Taylor (Eds.), Distributions With Fixed Marginals and
Related Topics, pp. 1-14. Inst. Math. Statist., Hayward CA.

[S58] Alsina, C., B. Schweizer, C. Sempi, and A. Sklar (1997). On the definition of a probabilistic inner product
space. Rend. Mat. Appl. (7)17, 115-127.

[S59] Alsina, C., B. Schweizer, and A. Sklar (1997). Continuity properties of probabilistic norms. J. Math. Anal.
Appl. 208(2), 446-452.

[S60] Schweizer, B. and A. Sklar (1997). Copula. In Hazewinkel, M. (Ed.), Encyclopedia of Mathematics, Supple-
ment 1, pp. 199-201. Springer, Berlin.

[S61] Ghebremeskel, K. and A. Sklar (1999). Ergodic automorphisms of the n-torus are not embeddable.
Proceedings of the European Conference on Iteration Theory (ECIT 1996), pp. 189-194. Karl-Franzens-
Universitdt, Graz, Austria.

[S62] Sklar, A.and J. Smital (2000). Distributional chaos on compact metric spaces via specification properties.
J. Math. Anal. Appl. 241(2), 181-188.

[S63] Schweizer, B., A. Sklar, and J. Smital (2000/01). Distributional (and other) chaos and its measurement.
Real Anal. Exchange 26(2), 495-524.

[S64] Sklar, A. (2002). On certain dense sets of rationals, simultaneous Schréder and Béttcher equations, and
characterizations of functions. Aequationes Math. 64(3), 232-247.

[S65] Balibrea, F., B. Schweizer, A. Sklar, and J. Smital (2003). Generalized specification property and distribu-
tional chaos. Internat. J. Bifur. Chaos 13(7), 1683-1694.

[S66] Riedel, T., M. Sablik, and A. Sklar (2005). Polynomials and divided differences. Publ. Math. Debrecen
66(3-4), 313-326.

[S67] Schweizer, B. and A. Sklar (2008). More on j (Letter to the Editor). Math. Intell. 30, 4.

[S68] Fatki¢, H., A. Sklar, and H. Fatki¢ (2015). Dispersion under iteration of strongly mixing transformations
on metric spaces. Intern. J. Appl. Math. Electron. Comput. 3(3), 150-154.
[Also published in Bay, O.F. and L. Saritas (Eds.), Proceedings of the International Conference on Advanced
Technology & Sciences (ICAT’14), pp. 772-777.]
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Other professional writings by Abe Sklar

[S69] Sklar, A. (1964). On category overlapping in taxonomy. In Gregg, J.R. and FET.C. Harris (Eds.), Form and
Strategy in Science, pp. 395-401. Reidel, Dordrecht.

[S70] Sklar, A. (1983). Book review of Topics in Iteration Theory, by Gyorgy Targonski, Studia Mathematica,
Skript 6, Vandenhoeck & Ruprecht, Gottingen and Ziirich, 1981, 292 pp., (kart. DM 45, — —), ISBN 3-5244-
0126-9. Bull. Amer. Math. Soc. 9(3), 345-348.

[S71] Kass, S., B. Schweizer, A. Sklar, and A. Alt (1997). Interview of Franz Alt, New York, May 17, 1997.

Appendix 2: Sklar’s interview with Bonnie Shulman

Below is a transcription of an interview of Abe Sklar conducted and taped in August 2006 by Bonnie Shulman,
now a Professor Emerita of Mathematics at Bates College in Lewiston, Maine. This document, stored in the
Duke University archives [42], is published here with her permission. The footnotes, which contain additional
information and clarifications, are mine.

This is Bonnie Shulman (BS). It’s August 25, 2006. I'm talking with Abe Sklar (AS) in Chicago, IL.

BS: So you worked after you got out of the army, you went to school at the University of Chicago, and from
your major in physics you moved on to a major in mathematics.

AS: Mmm, hmm, and got a master’s degree and then it turned out there was nobody on the faculty who
was doing things that really interested me and I was not by any appearances going to be a mathematical
genius, so nobody on the faculty particularly wanted me as a graduate student. So I hung around for a while
and then we had a visiting professor who was interested in number theory. He and I got along very well and
one result of that was that I had my first published paper. It was in number theory and appeared the Notices of
the AMS.! And then although he left, another visiting professor came in and this was a rather famous person,
Professor V.J. Rajagopal from India who at that time was the head of the Ramanujan Institute.? He and I got
along very well and he encouraged me, and then he had again a very well-known colleague drop in for a short
time — Professor Chowla®> — and Chowla asked me about my interests and my work, and I told him of another
result that I had — different from the published one, and he said “oh, that’s very beautiful.”

Anyway, so as it happened one of the more senior graduate students had gotten his PhD and had gone to
Cal Tech and was working on the so-called Bateman Project. He wrote me and said, would you be interested in
coming down to work on the Bateman Project? I said yes and so, anyway, I went to Mac Lane* and said there’s
this possibility and he essentially said “go for it” and I'm pretty sure he wrote me a good recommendation — if
only to get rid of me!

So anyway, I went to Cal Tech and as it turned out they were in the process really of finishing off the
Bateman Project so they didn’t really need anyone at the time. So instead I got a — actually I guess it is called
a fellowship, a research fellowship. So I didn’t have teaching duties and I was working with Tom Apostol and
I was one of his first two PhD students.® Of course he was not that much older than I was.® I got my PhD with

1 This is paper [S1] in Sklar’s bibliography; see Appendix 1.

2 The Ramanujan Institute of Mathematics was founded in 1950. Here, Sklar presumably refers to C.T. - not V.J. - Rajagopal
(1903-78), who joined the institute in 1951 but only became its director in 1955.

3 Sarvadaman D.S. Chowla (1907-95) was a British-born Indian American number theorist.

4 Saunders Mac Lane (1909-2005) was an American mathematician who co-founded category theory with Samuel Eilenberg. He
was Chair of the Department of Mathematics at the University of Chicago from 1952 to 1957.

5 The other was Basil Gordon (1931-2012), a professor at UCLA, specializing in number theory and combinatorics.

6 Apostol was born August 20, 1923, which made him 820 days older than Abe Sklar.
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him and of course had the chance to meet and interact with some really top notch mathematicians. Well, Cal
Tech is a small place and the math faculty was small.

BS: And your first job was at IIT?

AS: My family, both my parents were in Chicago and at that time it was very easy to get jobs.

BS: Those were the days!

AS: So I went to IIT and actually I had contact with IIT before, because a lot of graduate students at
Chicago were hired as teaching assistants at IIT. Not at Chicago, of course.

BS: So you began there in 1956 and that was the year Menger had his first thesis student, Berthold
Schweizer?

AS: Well of course he’d had some in Vienna and he had students at Notre Dame.” I believe Joe Landin®
was one of his students at Notre Dame. Rufus Isaacs® may have been another. He was at Notre Dame and
certainly had contact with Menger. He’s listed in what is now a quite famous paper.!® He answered a question
that Menger had raised, presumably either in class or in a general lecture, namely to find - if such a thing
exists — a function, real function, whose second iterate was the negative of the identity.

BS: Kind of like a i, like a square root of -1 or something.

AS: Well if you do it in the complex plane, there’s no problem, but if you want a real function...

BS: Right, that’s what’s so hard.

AS: Well, it turns out that there are in fact lots and lots of real functions that do it. None of them, of course,
are continuous or monotonic. You can get piecewise continuous, but not — you have to have discontinuities.

BS: So he answered that.

AS: Yes.

BS: So, I am most interested in, or I'm going to try and focus on Menger in America. And I have this quote
from a biography that van Dalen wrote of Brouwer.!! There are two volumes.'? The second volume just came
out and I reviewed it. I reviewed both volumes, and I've had some correspondence with van Dalen about this.
And there’s a short paragraph I wanted to read you on Menger from that biography:

“Menger’s fate was typical of the middle European scientist of the pre-War era, highly successful, versatile, cultured, with
many contacts, who through a forced emigration suddenly became separated from his scientific cultural background and
lived on in relative obscurity. He would never reach the heights of his European period again.”

That’s van Dalen speaking.

AS: Mmm, hmm, mmm, hmm.

BS: So a question that I have for you is, I think it’s not to be disputed that although he may have done —and
1 think he did do much fine mathematical and other kinds of work while here — he never did recapture the —
I don’t know what to call them - the glory days in the Vienna Circle. He didn’t achieve the same prominence
here that say, von Neumann...>

AS: No?

BS: ... or Teller" or you know, some of the other émigrés did.

AS: Mmm, hmm.

7 The University of Notre Dame is a famous private Catholic research university located near South Bend, Indiana.

8 Joseph Landin (1913-2000) was a professor of mathematics at the University of Illinois at Chicago who is best known for his
textbooks on algebraic structures and set theory. He completed his PhD under Karl Menger’s tutelage in 1946.

9 Rufus Isaacs (1914-1981) was a game theorist, prominent in the 1950s and 1960s with his work on differential games.

10 The paper in question appears to be [17].

11 L.E.J. Brouwer (1881-1966) was a Dutch mathematician and philosopher, who is known as the founder of modern topology; a
famous fixed-point theorem bears his name.

12 See entries [44, 45] in the bibliography.

13 John von Neumann (1903-57) was a Hungarian-American mathematician, physicist, computer scientist, engineer and poly-
math. He is generally regarded as the foremost mathematician of his time.

14 Edward Teller (Hungarian: Teller Ede), born in 1908, deceased in 2003, was a Hungarian-American theoretical physicist who
is known colloquially as “the father of the hydrogen bomb.”
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BS: And that was true for some other émigrés as well. But I just wonder what you had to say about that,
and why you think that might be the case.

AS: Well I think it’s basically as van Dalen says, that he had lost a very favorable milieu and of course
it was a time and a place where many exciting things were going on and in fact of course before the Nazi
induced immigration, the United States just didn’t compare with Europe in the sciences in general, and I'd
say in mathematics in particular, although there were some very brilliant people in the United States. In fact
in a sense Menger adjusted to the United States much better than probably most of the European émigrés. He
liked the United States, I think he liked South Bend,’ although he certainly liked Chicago more.

I know one very well-known mathematician came to the States from Frankfurt, of course a full professor,
and went to Urbana,'® and OK so he was professor at Urbana, but being professor at Urbana was not the same
thing as being full professor in Frankfurt. And in particular he really resented the fact that he was asked to
teach trigonometry. Whereas Menger started writing about his experiences at IIT and he says then that when
he came to IIT, I think after the first semester he was asked — very reluctantly —

BS: To teach at night school?

AS: Yes!

BS: I've read some of those reminiscences from his papers.

AS: Aha!

BS: And nobody else wanted to do it, and he in fact embraced it; he enjoyed that population.

AS: Yes he did. And he kept on enjoying it. And teaching so-called elementary courses.

BS: So do you think that some of this was that he put his heart and soul and energy into the teaching
and put a lot of thought — somewhat maybe like Lagrange!” when he ended up writing his book based on his
experience trying to teach young cadets? Do you think there’s maybe some analogy there, with how Menger
put his creative energies, his thinking about mathematics, influenced by his heavy teaching load? Didn’t he
train a lot of Navy cadets?

AS: During the war, yes. B-12 cadets at Notre Dame. Very large classes, presumably more than one of them.
And the idea was to teach them quickly, cause they really weren’t supposed to spend the entire duration of
the war in college. Anyway, but one thing was that it would have made a difference, say if he had gone from
Europe to Harvard, Yale, or Princeton.

BS: As von Neumann, for instance, did.

AS: Yes. But as it was, he was at Notre Dame, and then at IIT, where — at Notre Dame of course he tried to
revive the Colloquium, not the Circle, but the —

BS: The Mathematics Colloquium.

AS: Yes.

BS: He published —

AS: Yes. But of course it just wasn’t the same. And of course as Bert Schweizer says, “how could it have
been?”

BS: How did he make that transition? Was he disappointed? Did he regret that for the rest of his life? Did
he move on with that? How was that for him?

AS: I don’t get the feeling that he regretted that.!® He was still of course in contact with a great many
people, particularly at Notre Dame. After all, one of the Notre Dame lecture series was the original place for
Artin’s Galois Theory.' He was never one for doing what was fashionable. So he just did things that he wanted
to do.

15 South Bend, Indiana, where Menger worked at the University of Notre Dame from 1937 to 1946.

16 Urbana is a town in the state of Illinois which shares the campus of the University of Illinois at Urbana-Champaign with its
sister city of Champaign.

17 Joseph-Louis Lagrange (1736-1813), famous Italo-French mathematician and astronomer.

18 Nevertheless, Bert Schweizer (private comm.) reported that after the war, Menger asked Universitét Wien to be reinstated. As
he had resigned of his own, however, his request was turned down, which deeply disappointed him.

19 Reference to the book by Emil Artin [3] published in the Notre Dame Lecture Series.
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BS: And he dug into the work that was in front of him.

AS: Yes. If he’d had enough students of the caliber that he would have had, had he gone to Harvard or
Princeton, say, then it might have been a different story, because he would really have nurtured the sort of
students that he had had in Vienna.

BS: But it doesn’t sound like he begrudged —

AS: No.

BS: He dealt with the students he had.

AS: He never complained. He never begrudged anything. Unlike the professor I mentioned —

BS: Who shall remain nameless.

AS: Oh I think you could find out easily. In fact you probably already know.

BS: I suspect.

BS: So, what was he like as a colleague? So you came there, not young chronologically, but a young —
newly minted — PhD. How close were you in age to him, how much senior to you was he?

AS: Well, basically, he was 24 years older.”’

BS: I haven’t done the math, is why I asked. So yes, he was quite a bit older — was he a mentor to you?

AS: Not when I just came to IIT because for a while, I did work in number theory. And in fact I did write
a paper.?! But actually what happened was that I'd come to IIT, I was getting settled in, when one of the
other instructors came, and that was Bert Schweizer,?? and he was looking for people to work with him on
the subject of what we later called probabilistic metric spaces — at the time it was statistical metric spaces —
which was something that Menger had started actually. And anyway, the subject intrigued me, so we started
working together. And it was through Bert that I really got in contact with Menger. And then since...

(END OF TAPE 1, SIDE 1)

[Bert] left Chicago basically for healthier climates that turned out not to really be not really that much
healthier. Let’s see; he went to Los Angeles.> Anyway, so I remained the one person physically closest to
Menger. So of course we kept up contact and...

BS: So, what was he like? I heard him described when he was younger as various things, from brilliant,
ambitious, introverted, some mixture... some of those seem contradictory to each other.

AS: Yes, in fact I think those characterizations are from van Dalen. Van Dalen corresponded with Bert
while writing the second volume, essentially because of the connection of Menger through Brouwer. So I got
actually to read some of the biography before it was published. And I remember that characterization, which
Bert particularly said wouldn’t have called — nor would I have called Menger introverted. Actually he was, if
anything, quite the opposite.

BS: Could this have been different when he was younger?

AS: Uh, I don’t think so. I got the impression that he was a rather brash young man.

BS: Yes, that came through in van Dalen’s treatment of Brouwer as well. They clashed.

AS: Yes. Because after all he was the son of a quite famous person? and —

BS: And he was smart.

AS: Yes. And he would have had enough self-confidence and self-assurance to be able as a beginning
college student to go and talk to a professor after the first lecture. So no, I wouldn’t call him introverted at all.

BS: It sounds like he was very kind.

AS: He could be very kind. He could also get angry and be very angry, but it didn’t last.

20 Karl Menger was born on January 13, 1902, and Abe on November 17, 1925; so their age difference is exactly 23 years, 10 months,
4 days (or 8709 days in total) excluding the end date.

21 This is entry [S3] in Sklar’s bibliography.

22 After completing his PhD under Menger’s tutelage, Bert Schweizer was an instructor at IIT in 1956-57.

23 Bert Schweizer was an Assistant Professor at San Diego State College in 1957-58 and at UCLA from 1958 to 1960.

24 Karl Menger’s father was the famous Austrian economist Carl Menger (1840-1921), who is regarded as the founder of the
Austrian school of economics.
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BS: So, as well as not begrudging, he also didn’t hold a grudge?

AS: Right. Olga Taussky,”> who of course had known Menger very well, once remarked that with him
“everything is either plus infinity or minus infinity.”

BS: So he was effusive. And he was a man maybe of extreme passions or emotions, felt strongly about
issues.

AS: Yes he did.

BS: And did he change his mind, was he willing to change his mind about things? Was he rigid?

AS: He could be, I'd say if it was in connection with something that he himself had, say, originated. But
if he wasn’t really —

BS: — invested, his self wasn’t invested in it —

AS: Yes.

BS: So you could imagine his fight with Brouwer,?® how that —

AS: Yes, yes. Well they were, let me find another adjective — I'd say both Brouwer and Menger were very
touchy. That was an adjective I first heard applied to Menger by John Dawson,?” who edited the Gédel papers,
and who had interviewed Menger in connection with Gédel.?®

BS: So I imagine the reaction to his calculus textbook? must have disappointed him — did it anger him?
I mean this was something he was very much invested in —

AS: Very much so.

BS: And it never really took off.

AS: Right. Not only of course did he himself put a lot of work into it, but he got his children involved.*

BS: In helping proofread it?

AS: Oh yes.

BS: Right, no word processors in those days.

AS: And in actual physical production because the first editions were mimeographed.

BS: I've seen one of those copies, yes.

AS: And you can visualize the kids doing that. Also the — I don’t know who did secretarial work for him.
Because although he would type himself, he was not a particularly good typist and often he would type some-
thing and then change it, sometimes make handwritten changes, or sometimes take typed pages and cut and
paste. This meant that actually converting something like that into a decent manuscript took a great deal of
work. So although probably the department secretary did part of it, [ wouldn’t be surprised if the kids also
got in on that.

BS: I'll have to ask them. So you did say you thought it was going to be reissued by Dover?

AS: Yes.

BS: That’s interesting. Who’s responsible for that happening?

AS: Well, it’s basically again Bert who — Bert and I of course had published a book on probabilistic metric
spaces in 83 and it went out of print.>! Then a few years ago Bert thought what the hell, I'll see if I can get
Dover to reprint it. Which he did, it's been reprinted.’? Anyway, apparently Dover likes it, one reason being
that of course we added material to it and that was done by a — the actual production, of course everything
was photocopied by Dover — the actual production of the notes and the supplementary bibliography and the

25 Olga Taussky-Todd (1906-95) was a Czech-American mathematician, famous for her abundant work in algebraic number the-
ory, integral matrices, and matrices in algebra and analysis. She completed her PhD at Universitdt Wien in 1930 under the super-
vision of Philipp Furtwangler (1869-1940). Menger was a professor there as of 1927.

26 For additional information about the relationship between Brouwer and Menger from the latter’s perspective, see [21], pp. 5-6.
27 John W. Dawson Jr. (1944-), Professor of Mathematics, Emeritus at Pennsylvania State University at York.

28 Reference to the monumental work of the logician, mathematician, and philosopher Kurt Godel (1906-78).

29 See entries [26, 27] in the bibliography.

30 In 1935 Karl Menger had married Hilda Axamit, an actuarial student. They had four children. Karl Jr., born in 1936, Rosemary
and Fred, twins born in 1937, and Eve, born in 1942.

31 This is reference [S44] in the bibliography.

32 It appeared in 2005.
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preface and so on were done by a lady in California — very very good — in fact so good that Dover has used
her in other projects. So anyway, Bert finally had the idea of approaching the editor at Dover and — or maybe
it was really the other way around, that the editor said, you know “I looked at Menger’s thing and thought
that it might be a worthwhile thing for Dover to reprint,” and whichever way it went. So there is an agreement
although contracts have yet to be — probably will be in a month or so0.>®

BS: How do you think it will fare in this current market? Do you think it will kind of be a specialty item?
Do you anticipate anyone actually using it as a calculus text?

AS: Probably not, although it’s been done.

BS: I noticed in his papers, for instance, there were classes being taught at IIT, and there was a notice of
where to obtain it at the bookstore. So it was clear that at least he — and I don’t know if any other instructors —
had actually used it, there.

AS: Yes, yes. He used it there, and there are people, in particular one of my PhD students, who used it as
a text in other places. Unfortunately, he died recently, so he could have told you more about [how] it worked
as a text.>* He thought it worked very well. If you were —

BS: - on board with the program.

AS: Yes. The thing with that as a text is that of course it is different enough so that using it as a text, it
would be very hard to deviate from it. And of course it would be just as hard, maybe harder, to use it as a
supplement to a standard text.

BS: So it’s not clear who the audience would be.

AS: I would say the audience resides in, besides people interested in it as a historical document, would
be some future writers of calculus textbooks.

BS: It would be - I think he had some good ideas.

AS: Very much so.

BS: It would be nice to see them get back into the literature.

AS: Yes.

BS: What role do you think his earlier — the impact of the intellectual issues in the Vienna Circle, you
know the emphasis on clarity of language, clarity of thought, and so on, had on him. I know he also critiqued
many of the discussions in the Vienna Circle, but how the emphasis on clear thought and expression, how
did that play out in his later work, perhaps in the calculus text and in other ways?

AS: I think there was a very definite influence. As you say, striving to be clear, which means in mathe-
matics in particular, that you say essentially clearly, what you are assuming and taking for granted and if
you — if you're doing something like writing a text — you're saying well, as essentially he does with the mean
value theorem, this is an important notion, but at this point you don’t really have enough background to do
it properly.

BS: Soit’s kind of an honesty.

AS: Yes. Probably honesty is a better term than clarity. Yes. I mean, of course as far as clarity goes, don’t
confuse notions which are different.

BS: So, making distinctions — I mean that’s what language is really about, categorizing, naming things.
Thinking of Wittgenstein’s influence perhaps there.® But that it’s very important that you say what you mean
and that you aren’t fuzzy about things that are really different.

AS: But of course besides this there are things in the calculus book, aside from the general mode of pre-
sentation, which are very beautiful mathematical things that you don’t find in other places. The graphical
composition.

BS: So there might be parts of this [that] could be used out of the context of the entire book.

33 The Dover edition, published in 2007, features a new preface and guide to further reading by Bert and Abe.

34 This is Joe Harkin (1926-2006), who taught mathematics for 32 years at SUNY Brockport; see Section 3.

35 Ludwig Wittgenstein (1889-1951) was an Austrian-British philosopher who worked primarily in logic, the philosophy of math-
ematics, language and mind. He is considered to be one of the greatest philosophers of the 20th century.
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AS: Oh yes, very much so. One thing that he did get from the Circle, but of course also to some extent from
the general philosophic milieu of the time, applies more to his attitude towards science than mathematics as
such — was a positivistic attitude, where you try not to deal with things that are not concrete. And this of
course is out of favor in science.

BS: Today, you think?

AS: Yes and of course part of this comes from Mach.>* Menger had great — well, the whole Circle did —
great respect for Mach. But you could say this got Mach into trouble, scientifically. Mach, until his dying day,
refused to believe in such things as atoms.

BS: So I know metaphysics was a bad word.

AS: Yes, in the Circle.

BS: And Wittgenstein saying, you know, if we can talk about it, it’s not important. You know, the really
important stuff is what we can’t even talk about.

AS: Of course Menger wouldn’t agree with that.

BS: Yes, that’s right he definitely did not agree with that. Given that, though, I don’t know if this is a
relevant question or not, but would you say that Menger had a spiritual life? Did he have any part of his life
that was intangible, not concrete?

AS: Well, inasmuch as (laughs) inasmuch as mathematics is intangible? But otherwise, neither he nor
the family were say religious in any sense. He was interested in theology.

BS: From a philosophical point of view?

AS: Yes, Iwould say so. And in philosophy he had read Kant,*” and although I don’t think he agreed with
most of what Kant said, but he had read him.

BS: How about Spinoza, did he read Spinoza?3®

AS: I don’t remember him ever mentioning Spinoza. He may very well have.

BS: The only reason I'm thinking of that is, well first of all I recently read Rebecca Goldstein’s book Be-
traying Spinoza® but also his — Spinoza’s Ethics where he talks about —

AS: Oh, I'm sorry, yes, in fact he — a very long — he had read Spinoza and in fact he criticizes Spinoza,
and in particular his attempt to treat ethics —

BS: — as Euclid’s postulates. Is that in his Morality — I might have read that in —

AS: Idon’t think it’s there. Let me see, I (rummages in bag). Do you know this?

BS: Yes, I have a copy of that, the Reminiscences.“® So maybe that’s where he talks about it?

AS: He talks about Spinoza at some length, I don’t know if it’s here.

BS: Where else might it be? Published, something published?

AS: Yes, p. 117.

BS: OK, so it’s in the Reminiscences.

(END OF SIDE 2, TAPE 1)

BS: So how did you come — were you the last person to have his papers. And you worked on editing some
of his work. How did that come about?

AS: The person who essentially had a complete collection was Bert Schweizer. And Menger had talked to
Bert, oh, probably something like 10 years before his death, picking out the papers that he would like to see in
aSelecta. And as I say this was some time before his death. And then he did go ahead and publish the Selected

36 Ernst Mach (1838-1916) was an Austrian physicist and philosopher who studied shock waves, inter alia, and who influenced
logical positivism. His criticism of Newton’s theories foreshadowed Einstein’s theory of relativity.

37 Immanuel Kant (1724-1804) was a German philosopher and one of the central Enlightenment thinkers. He is considered one
of the most influential figures in modern Western philosophy.

38 Baruch (de) Spinoza (1632-77) was a Dutch philosopher of Portuguese Sephardi origin. He is regarded as one of the great
rationalists of 17th-century philosophy.

39 The book’s full title is Betraying Spinoza: The Renegade Jew Who Gave Us Modernity [15].

40 See entry [29] in the bibliography.
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Papers, what do you call it, in logic, didactics, and so on...“! So this was a selection from the Selection. So
he did that. And then in his will he mentioned some things that he wanted to have published, and one was
arevised and expanded version of Calculus, one was a Selecta, and one was a biography of his father which
he started but never got very far into and the last one was, I could look it up, but I don’t remember at the
moment. Of course he would have liked to have had those things published within 10 years of his death. But
that was quite impossible. But of course now the Selecta has appeared and I think very well done. Because
we got some really top notch people to do commentaries, including van Dalen.

BS: So I don’t know if I'm aware of this volume...

AS: Two volumes, published by Springer.

BS: Called?

AS: Selecta Mathematica. Karl Menger: Selecta Mathematica. And for Springer books, well, I'll show you,
for Springer books, they’re not astronomically expensive.

BS: Great!

AS: Which is maybe why Springer hasn’t pushed them as much as we think they should.

BS: So you were instrumental in seeing that?

AS: Yeah, actually the most instrumental person was Professor Karl Sigmund“? in Vienna. But he and
Bert and I basically were the editors. We got the other people to write the commentaries.

BS: What about the biography of his father, what’s up with that?

AS: He started it, as [ say, he couldn’t have gotten very far, if really anything still exists, it would probably
be with Rosemary or Eve who would have it.*> Of course he also started an autobiography, and again he didn’t
get too far into that, but I have a copy of that as far as it goes. He doesn’t really get out of his childhood.

BS: So, you were close to him in later years. You guys developed a relationship over time?

AS: Yeah. He of course had developed a heart problem in his life and in 83 I got a phone call from him,
I think it was close to midnight.** So I went up to the place and we talked and finally convinced him that
he should go to a hospital. And I took him to Swedish Covenant.”> So he went into the Emergency Room,
I think it was about 3 in the morning. And he was there for an hour or two. Finally they officially admitted
him. I left the hospital and in the morning I called Rosemary.*® Anyway he was in the hospital for something
like a week, then was released and he went to stay with Rosemary and Dick in Highland Park; he was there
for two weeks or so and apparently was doing all right, and then died in his sleep.

BS: So you were the first person that he called...

AS: Yes. Well, I was close.

BS: Physically, geographically close. But also... yeah. I guess, I mean I could ask you a hundred more
questions, but those are pretty much the ones I had written down. What kinds of materials did you bring
along?

AS: Basically just that book (Reminiscences).

BS: And we did consult it!

AS: And a reminder of the other books that I have related to Menger. Let’s see, well beside the Selecta and
the Selected Papers, there is the Ergebnisse Kolloquiums* which has been republished by Springer and that
was essentially Sigmund’s doing. That is very worthwhile. In connection with that I know mathematicians
in Graz*® (laughs) I have another thing to say about Graz — but anyway, one of the leading mathematicians
there found out that I had copies of the Ergebnisse eines Mathematischen Kolloquiums and he told me that they
didn’t have anything in Graz, because apparently the Nazis had taken care of that. So I sent him a set and when

41 The exact title is Selected Papers in Logic and Foundations, Didactics, Economics; see [28].

42 Karl Sigmund (1945-) is a Professor of Mathematics at Universitit Wien and a pioneer of evolutionary game theory.
43 These are Menger’s two daughters already mentioned in footnote no 30.

44 Here, Sklar actually means 1985 as Karl Menger died on October 5, 1985.

45 Swedish Hospital (formerly Swedish Covenant Hospital) is a teaching hospital located on the north side of Chicago.
46 This is Karl Menger’s first daughter; her husband Dick Gilmore is mentioned in the subsequent sentence.

47 See entry [30] in the bibliography.

48 Graz is the second largest city in Austria after Vienna.
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he got it he wrote back and he said “we were very pleased to get this.” He said, “Vienna doesn’t have one.” So
obviously that’s one reason why Sigmund (who’s at Vienna) wanted to get the Ergebnisse republished, which
they have done, very nicely.

I mentioned Graz — I remember one thing he said in connection with Graz, and that was about
Schrédinger.*’ Schrodinger had been at Cambridge® and ultimately had to leave Cambridge basically be-
cause of the two families.”' So he went back to Austria, but not to Vienna, he went to Graz. Again, apparently
because Vienna may have - this was in the middle 30s — basically again because Vienna was a bit puritanical.
So he went to Graz and Menger said that — who apparently wasn’t aware of Schrédinger’s —

BS: — unconventional arrangements?

AS: Unconventional arrangements. He said it was strange that he went to Graz because although Vienna
at the time was 80% Nazi, Graz was 100% Nazi. And of course after the Anschluf3, Schrodinger was in very
deep trouble in Austria and he was essentially rescued out of Austria by de Valera in Ireland,*? who set up
the Institute for Advanced Study in Dublin, especially for Schrédinger.>®

BS: So, was Menger charismatic? I mean he seems to have inspired devotion from a number of people,
seeing that his legacy continues, and in his lifetime as well. What was it about him that inspired that?

AS: 1 think one reason for that is that he was always interested in what you were doing. And it didn’t
matter, it could be — of course this is in connection primarily with mathematics — but in other things as well.
And it didn’t matter whether you were a student or professor or whatever. When he’d meet someone, even after
only a day, he’d say, “Well, what’s the news?” As if to say, well what fabulous discoveries have you made? And
of course he could be very charming. When he got angry, of course, he could be very un-charming.

BS: And did you ever have an altercation with him? Were you ever the recipient of his anger?

AS: Yes. I think everybody at some point. But they were rare.

BS: And it would flare up and then subside.

AS: Yeah, yeah.

BS: Well, thank you.

AS: Oh, you’re very welcome.
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1 Introduction

Schur-constant vectors play a central role in modeling lifetime data in actuarial science, reliability and sur-
vival analysis. The case traditionally considered is that where lifetimes are absolutely continuous random
variables with values in R,. Continuous Schur-constant models have been discussed by many authors in-
cluding [4, 6, 13, 35, 38, 46, 47]. Recently, Schur-constancy for discrete lifetimes with values in Ny has been
studied by [8] and then in [7, 21, 28, 36].

By definition, a positive random vector X = (X1, ..., Xn) is Schur-constant if its joint survival function
Pr(X; 2 x1, ..., Xn 2 xn) depends on the vector (xy, . . . , xn) only through its sum x; +. . . + X, via a univariate
function (generator) S. Thus, the distribution of X is of the exchangeable type (in the sense of [15]) with a
particular expression. By exchangeability, the n variables X; have the same distribution and the correlations
between any pair of variables (X;, X;) are all equal. Such a property of symmetry is very restrictive, and often
unrealistic, for a large number of real situations. For example, in insurance or finance, a Schur-constant
portfolio would necessarily consist of n contracts or assets that are similar in all respects.

To break this symmetry, it is natural to widen the Schur-constant model by making it only partially ex-
changeable (as defined by de Finetti [16]). This leads us to introduce a generalized more flexible dependency
model called partially Schur-constant. More precisely, the vector X is now partitioned into m > 2 groups
X; of size ny, ..., Xm of size np. Its survival function P(X; = Xi,...,Xm = Xpn) is then assumed to depend
on the vector (Xy, ..., Xm) only through the vector of corresponding sums (|X1], ..., [Xm|), via an m-variates
generator S. In this way, we create a new model composed of m groups of variables which are homogeneous
with different Schur-constant structures and which can be interdependent with different intensity levels. A
discrete version of such a vector has been proposed and applied to risk management by Castafier et al. [9]. In
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what follows, we focus on the continuous version, that is when X is an absolutely continuous random vector
over IR}, as well as the associated copula.

1t is well-known that continuous Schur-constant models are closely linked to Archimedean copulas (see
e.g. [13, 29, 38]). In the current context, we will establish a connection between continuous partially Schur-
constant vectors and an associated family of copulas, said to be partially Archimedean. These copulas have
the practical property of having a partially exchangeable distribution instead of being simply exchangeable.
We point out that this family of copulas was recently derived by Ressel [42] following his comprehensive
papers on the multiple monotonicity of multivariate functions. At the beginning, we will refer moreover to
several important results that he obtained. Our approach, which is different, comes from our desire to gener-
alize the property of symmetry in a Schur-constant model. It is therefore intrinsically probabilistic by nature.
We also mention a related article by [14] who discussed an Archimedean copula of similar type based on a
particular model of multivariate compound distributions.

The paper is organized as follows. In Section 2, we introduce the class of partially Schur-constant models
and we present their main properties. In Section 3, we define a family of survival copulas, called partially
Archimedean, and we show their close links with the partially Schur-constant vectors. The following four
sections concern the construction of different partially Schur-constant models with two groups of exchange-
able variables. This step will lead us to consider various classical bivariate survival functions. In Section 4,
we choose as generator a survival function which corresponds to a univariate Laplace transform. Several no-
table bivariate distributions are discussed in detail. In Section 5, this time we take as generator the Laplace
transform of a bivariate random vector. Special attention is paid here to a bivariate distribution of gamma
type. In Section 6, we use as generator the Gumbel bivariate exponential survival function. It is a more com-
plex case because the survival does not correspond to a Laplace transform. In Section 7, we define a generator
from the bivariate Williamsom transform. This construction is however often little convenient as illustrated
by two particular models. Finally, we return in Section 8 to the general partial Schur-constancy to briefly show
that this modeling covers the usual nested Archimedean copulas and how it can be extended to multi-level
dependencies.

2 Partially Schur-constant vectors

In this Section, we introduce the notion of partially Schur-constant (continuous) vector and we present its
main properties. Let us start by recalling the simple Schur-constancy (see e.g. Nelsen [38]).

Schur-constant model. A vector X = (X1, ..., X») on RY is Schur-constant if its joint survival function
can be written in the form

PX1>x1,...,Xn>xn)=S(X1 +...+Xn), X1,...,Xn20, 2.1)

for some univariate function S(x) : R+ — [0, 1], called generator.

From (2.1), we directly notice that the vector (X1, ..., Xn) has an exchangeable distribution of particular
structure. As a result, the n variables X; have the same marginal distributions and their interdependencies are
identical. Such properties can considerably limit the practical field of application of Schur-constant vectors.
To remedy this, we introduce a more general model, called partially Schur-constant, which is based on the
property of partial exchangeability of a random vector ([16]).

Partially Schur-constant model. Suppose that the vector X = (X3, ..., X») can be partitoned into m > 2
sub-vectors Xj = (Xj1,..., Xjn), 1 <jsm,withnj2landny +... + nm=n.

Definition 2.1. A vectorX = (X1, ..., Xm) on R} is partially Schur-constant if its joint survival function can be
written in the form

P(X12Xp,...,Xm 2Xm) =S(X1], ..., [Xm|), forallx;e R}, 2.2
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for some m-variates generator S(x1, ..., xm) : R™ — [0, 1], and using the notation
[Xj|=Xj1+...+Xjpn, lsjsm.

Clearly, X is a partially exchangeable vector such that the sub-vectors Xj, 1 < j < m, are Schur-constant of
univariate generator

Sj(xj) = 8(0,...,0,%;,0,...,0), Xxj€R;. 2.3)
In particular, inside each X;, the variables Xj 4, ..., Xjn, have the same mean y;, variance aj2 and correlation
coefficient p; (if it exists). They can be computed from the survival function S; since
u=EX; ) = / Si(x)dx, E(X};)=2 / x;8;(x;)dx;,
0

)

oo

E(X;1X;.,) = / / 5,0 + y)dx;dy; = / 65, dt; = EX2)/2, @4)
00 0

oo

so that, after some calculations,
pj = v - 1)/2v},

where v; = 0;/u; is the usual coefficient of variation. Note that p; > 0 is equivalent to v; < 1 (the standard
deviation of X; ; does not exceed its mean). As for the dependence between two different groups j < k, all
the pairs of variables have the same correlation coefficient p;  (if it exists), positive or not. Considering the
bivariate survival function

S k(xj, x3) =800, ...,0,x;,0,...,0,%,0,...,0), xj,x €Rs,

we can obtain p; by calculating the expectation
E(X;1X,1) = //Sjvk(xj,xk)dx,-dxk. (2.5)
00

A central problem is how to construct a partially Schur-constant vector. For this, we will use a standard
vectorial notation. Letk = (kq, ..., km),1 = (I1,...,Im) € N§,and X = (x1, ..., xm), t = (t1,..., tm) € R
We set Kl = kyl... k!, t% = ¢80 g ST o= >0 LS Jandk < (£)1if k; < I for all j (with k; < I; for
at least one j). We also write S®(x) = 9K+ +mS(xy, ..., xm)/oxkt ... oxk.

First, the generator S is characterized through the property of multiple monotonicity for a multivariate
function. A thorough study of this property is provided by [40, 41]. Let f be any function f on RT and, for
simplicity, suppose that it is n times differentiable. Then, f is said to be n-monotone if for all x € RT,

D)X s®x) >0, 0sks<n. (2.6)

Note that monotonicity is a standard property in the univariate case; see e.g. [27, 34, 49].
From the definition (2.2), the generator S is an m-variates function which corresponds to a survival func-
tion on RY'. Theorem 10 of [40] states the following characterization of such a function S.

Proposition 2.2. (Monotonicity of S)
A survival function S : RY — [0, 1] may generate a partially Schur-constant vector (2.2) if and only if the
function Sisn = (ny, ..., nm)-monotone on RT.

Now, a vector that is partially Schur-constant can be represented in two different ways. Both representations
are determined from the m sums of all the variables inside the m sub-vectors Xj, ..., Xi. So, denote this
vectorby T = (Ty,..., Tm) with Tj = Xj 1 +... + Xjn;» 1 < j < m. Given its importance, we derive below the
distribution of T.
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Proposition 2.3. (Distribution of T)
The density function of T is given by

-1
_ ()l gt
Ai® = (DM SO @7)
and the survival function by
n-1 k
t
P(T> 0 =Y (DM sOm) o, te RY
k=0
Proof. Consider all the possible partial sums Tjg =Xj1+...+ X forkj=1,...,njandj=1,..., m. From

(2.1), we see that their joint density function is given by

P ssTgsos ) 1,10 s B3 s )

= (1)t gt (g ), Oty €. Stipse. ;0 by Sen € by
Integrating over the range of (t1,1, ..., t1,n,-15 -+ -3 tm,15 + - » tm,nn-1), We then get

Sy oo T) ELimy s+« 5 i)
tn,—l tnm—l
S N - 1y e tmong
= (-pmern Slnn )(tl.nl,---y[m,nm)i(nl = 1")11.”(nm_ o ti,nys-eestmny, 20.
As each Tj ,, corresponds to T, this gives precisely the formula (2.7) for the density function of T. The asso-
ciated survival function follows easily by integration. o

An important theorem of Williamson [49] states that any n-monotone function on R, can be expressed as
a mixture of functions of the form (1 — rx)?! with r > 0. A generalization of this theorem with positive
multivariate functions is established by [42], Theorem 3. Applied to the generator S, it reads as follows.

Proposition 2.4. (Representation of S)
A function S : RT — [0, 1] is the generator of a partially Schur-constant vector (2.2) if and only if it admits the
integral representation

m X; nj-1
s@-E|[] <1 - 7{) . XeRD, 28)
i1 i/ +

where the random vector (Z1, . .., Zm) is distributed as T = (T4, . .., Tm) (of density (2.7)).

Using (2.8), it can be seen that a Schur-constant vector X has the remarkable distributional representation
(2.9), (2.10) below.

Proposition 2.5. (Representation of X)
A Schur-constant vector X can be represented in distribution as

X1yeoos Xm) =g [Z1(U1,1, ..., Unn)s o ooy ZmUms « -+ 5 Umpny)ls 2.9)

where the random vector (Zy, ..., Zm) is distributed as T = (Ty, ..., Tm) (of density (2.7)), and the random
vectors (Uj 1, ..., Ujn), 1 < j < m, are independent of each other and of (Z1, . .., Zm) and each forms a Schur-
constant vector of joint survival function

P(Ujy > Wi, os Uy > W) = (1= Qi #1070, e Uj € (0, 1) (210)

Note that when if nj = 1, i.e. when the group j contains a single variable X; 1, then (2.8) or (2.9) gives Z; =4
X; 1. From (2.9) and (2.10), a partially Schur-constant model can be constructed in two steps: first a random
vector (Z1, ..., Zm) gives the total sums of variables in the m groups, and then each sum Z; is independently
distributed on the standard simplex using the vector (Uj 1, ..., Uj ).
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From (2.9), the moments and correlations of X can be directly expressed as a function of those of the
vector Z (=4 T). Inside each group j, we get, in obvious notation,

¥j = Mz /nj, 0}Z = Zoél/nl-(n,- +1)+(n; - 1)y§//n}«z(ni +1),

pj = (njvi_ - 1)/(2n,-v§7 +n;-1). (211)
Between two different groups j # k, we have
Pk =Pz,z, Vzvz [ Vivi), (212)

and as v; 2 vz, this implies that p; x < pz; z,, which is in agreement with intuition.

To conclude, we recall that a product ZU with Z positive and U uniform on (0, 1) is the definition due to
Khintchine [22] for the unimodality on R, with mode at 0. So, each Schur-constant vector Zj(Uj 1. e0s Ui,n,)
could be considered as defining a unimodal distribution on ]Rf‘. By (2.9), a partially Schur-constant vector
would then represent a kind of multimodal distribution on RY.

3 Associated survival copulas

As a corollary, we will now build an associated family of survival copulas. These are called partially
Archimedean because they generalize classical Archimedean copulas by assuming the partial exchangeabil-
ity of the uniform vector involved. Next, we will show that a partially Schur-constant vector has a survival
copula which is precisely partially Archimedean with the same generator, and conversely. Let us start by
recalling the definition of an Archimedean copula and, before that, of a copula in general (see e.g. [20, 39]).

LetU = (Uy,..., Un), n > 2, be a random vector over the unit cube [0, 1]" with uniform marginals. Its
survival copula C : [0, 1]" — [0, 1] is defined by

Cuy,...,un)=P(Uy>1-uq,...,Un>1-un), uq,...,uncl0,1]. 3Ba)

Thus, the survival function of (Uy, ..., Uy) is given by C(1 - uy,..., 1 - un). Now, consider a continuous
random vector (X1, ..., X»). Its distribution can be represented in terms of its marginals and a copula: this is
the famous Sklar theorem [45). Specifically, let F;(x;) = P(X; > x;) be the marginal survival functions, 1 < i < n.
Then, there exists a unique survival copula C such that the survival function of (X1, ..., Xn) is expressed as

P(X1 > X1,...,Xn > xn) = C[F1(x1), ..., Fn(xn)]l, X1,...,Xn € R. (3.2

Archimedean copula. A survival copula C is Archimedean if (3.1) can be simplified in the form
Clur,..,un) =9 [P )+ + Y wn)|,  u,...,un €10,1], (33)

for some univariate function ¥ (x) : R, — [0, 1], called generator, which satisfies limy—.. (x) = 0 and
¥(0) = 1, and where 1! denotes the generalized inverse of 1 (i.e. ™! (u) = inf{x : P(x) < u}).

From (3.3), the vector (U, ..., Un) has again a particular exchangeable distribution. Arguing as in Sec-
tion 2, we break the symmetry of this distribution by making this vector only partially exchangeable.

Partially Archimedean copula. Let us partition the vector U = (Uy, ..., Up) into m > 2 sub-vectors
Uj=(Uj1,...,Ujp), 1 <j<m,withnj 2 1and n; +... +nm = n. We then introduce an m-variates function
P(x1,...,xm) : R — [0, 1] which satisfies the border conditions (0, ...,0) = 1 and Y(x1,...,xm) = O
when any x; — oo.

Definition 3.1. A survival copula C(u) = C(uy, ..., un) is partially Archimedean of generator 1 if (3.1) can be
written in the form

Cu, ..., um) =1 [\¢;1(u1)\, . \¢;n1(um)|] , forallu; €[0,1]", G.4)
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where the univariate functions ; : R+ — [0, 1], 1 < j < m, are the m marginal projections of i given by
Yi(x;) =(0,...,0,x;,0,...,0), xj€R., (3.5)

and using the notation

;M )] = 5 () + o+ 5 (W)

The idea of defining a generalized Archimedean copula by the formula (3.4) is not entirely new and was
recently proposed by [42] in a different context. In Section 4 of that paper, it is also proved that the generator
1) can be characterized as in the partially Schur-constant model.

Proposition 3.2. (Characterization of )

Asurvival function : RT' — [0, 1] may generate a partially Archimedean copula (3.4) if and only if the function
Yisn=(ny,..., nm)-monotone on R™. In that case, 1 can be expressed as the Williamson n-transform given
by (2.8).

Schur-constant models and Archimedean copulas are known to be closely related (see e.g. [13, 29, 38]). We
show below that a similar link is also valid in the partially exchangeable case.

Proposition 3.3. (Correspondence S «» )

(i) Let X = (X1, ..., Xm) be a partially Schur-constant vector of generator S. Then, the associated survival
copula is a partially Archimedean copula of generator  with i = S.

(ii) Let U = (Uy, ..., Up) be a vector over [0, 1]" with uniform marginals whose survival copula is partially
Archimedean of generator 1 with marginal projections y;, 1 < j < m. Then, the vector [Y1'A-Uy),..., (1~
Unm)] formed by the m sub-vectors

Yl A-0) = [ (A -Ujp), .., ;1A - Uy L,
is a partially Schur-constant model of generator S with S = .

Proof. The reasoning is roughly similar to that followed in the simple Schur-constant model. For this case,
a complete proof is provided via Proposition 4.5 of [29]. For simplicity, we assume here that the functions S;
andy; have an ordinary inverse function SIT1 and 1/)1-’1. Otherwise, the proof method requires working with
the generalized inverses.
Let X be partially Schur-constant of generator S. Its distribution function is given by (2.2). From (3.2), we also
know that

P(X12X1,..., Xm 2 Xm) = C{[S;(x;,1), ..., Sj(xj,n)], 1<jsm}.

We thus get the identity
S(IXals e v s [Xml) = C{ISj(X},1)s -+ S )], 1 jsm}. (3.6)
In each group j, we write x; ; = S,Tl(uj,,«) with uj; € (0, 1), 1 < i < n;. Then, (3.6) becomes
S {S,-’l(ul-,l) +... *Sfl(“j,n;)’ 1<js< m] =C[Wj,..., Ujn) 1<j< m] .

By virtue of (3.4), this means that the copula C is partially Archimedean of generator S.
Consider now the vector [)7'(1 - Uy), ..., Yyt (1 - Up)]. Its distribution function is

p{[¢;1(1 “ULD > X1 B A= i) > X, 155 m}
=P{[Uj1 > 1-j(1)s -, Ujmy > 1= (0], 1< j<m}. 37)
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By assumption, the copula of U is partially Archimedean of generator 1. From (3.1) and (3.4), we can thus
express the r.h.s. of (3.7) as

P{[Uj1 > 1= j(x;,1), ..., Ui, > 1= j(x;0)], 1< j s m}
= [ W00, o+ U Wy ), 12 < m)]
:xp(x,-,1+...+x]-,,,,, l1<j<m). (3.8)
From (3.7), (3.8) and (2.2), we deduce that [1)7' (1-Uy), . . ., Y5t (1-Un)] is partially Schur-contant of generator
P.o

In the next four sections, we focus on partially Schur-constant models built for two groups of vari-
ables. So, X = [X; = (X1,1,...,X1,n,), X2 = (X2,1, ..., X2,5,)], and from (2.2), there is a bivariate generator
S(x1,x2) : RZ — [0, 1] such that

Pl(X1,1>X1,15 o5 X1.my > X1,ny)s X201 > X215 5 Xoony > X2,,)]

=S(X1,1+ .o+ X1 0,5 X2,1 + .0+ X2 n,),  forallx;;20. 39

This generator S is a bivariate survival function and by Proposition 2.2, it must be (n;, n,)-monotone. Our
goal is to present different possible functions for S and to specify, if possible, which are the corresponding
probability distributions (for a vector (X, X>) say).

4 From univariate Laplace transforms

We begin with the simplest case where S(x1, x;) is the Laplace transform of a positive variable A of argument
Gix1 + Gxa with ¢4, & > 0. So, S(xq, x2) is of the form

S(x1, x3) = E(e A6 +@x)y - 3 1y, 2 0. (4.)

Of course, ({1X1, (2X2) =4 (Y1/A, Y2/A) where Y1, Y, are two independent exponentials of parameter 1.
In fact, ({1X1, {,X>) is Schur-constant and is distributed as the vector (Z/A)(U, 1 — U) where U is uniform
on (0, 1), and Z is distributed as Y; + Y, independently of U, i.e. Z has an Erlang distribution of density
xexp(-x), x 2 0.

Obviously, S defined by (4.1) is infinitely monotone in x; and x,. From (3.9), the associated partially Schur-
constant vector X is of survival function

P(X; 2 X1, X, 2 X,) = E(e™ G ml+ipal) (4.2)

For the main moments of the model, we get using (2.4), (2.5) that inside each group j, p; = E(X;;) =
(1/{EQ/A), E(X7) = (2/$HE(1/A?), E(X;,1X;,5) = E(X},)/2, and between the two groups, E(X1,1X2,1)
(1/8182)E(1/A%). Thus, p; = p1,2 = p with

_ EQ/A*)-[EQ/A)
 2E(1/A%) - [EQ/AP’
i.e., all the correlations within and between the groups are identical and valued in (0, 1/2), independently
of {1, {>. In other words, the generator (4.1) produces two Schur-constant groups with different distributions
but keeps the correlations all equal.
The corresponding partially Archimedean copula (3.4) shows that the dependency structure is not mod-
ified by (4.1). Indeed, C(U) in this case is reduced to

Cluy, ) = La[£3" )| + £ )]l wj; € [0,1], (43)

where |£3M(w))] = £3" (1) + ... + £ (1 ) and £ (x) = E(e™) is the Laplace transform of A of parameter
x = 0. The formula (4.3) is simply that of a Schur-constant vector of dimension |n| = n; + n, and of generator
L 4. For illustration, we consider several particular distributions for A.
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(1) A has a gamma distribution with positive parameters (1/6, 1/B). Its Laplace transform is £ 4 (x) = 1/(1+

Bx)V/?, so that from (4.1),
1

(1+B1x1 + Paxz) 18’
where B; = B(j, j = 1, 2. Thus, (X1, X,) has a bivariate Lomax (Pareto Type II) distribution discussed by [31]
and [37] (see also e.g. [50]).

Consider a partially Schur-constant vector X built from (4.4). Its survival function (4.2) then becomes
.
(1+ Ba[xa] + Ba[x2 )0’
If 6 < 1/2, we have y; = (1/B;)0/(1 - 6), 07 = (1/B})6%/(1 - 6)*(1 - 26), and p = 6 which increases with 6
from O to 1/2. The survival copula (4.3) is the Clayton copula

1
(luz®) + [u5?] - ny —ny + DY’

S(x1,x2) = X1,X220, (4.4)

P(X;2x1,X52%) = xj,i2 0.

Clug,up) = u;; € [0,1],

; 0| _ -0 -0
after denoting [u;”| = uj; +... + Uj -

(2) A has a one-sided stable distribution with parameter 6 > 1. Its Laplace transform is £ (x) = exp(—x” oy,
so that from (4.1),
((1X1+('2Xz)”9’

X1,Xx2 0. (4.5)

Thus, (X1, X») has a bivariate Weibull distribution discussed in Section 5 of [25] (see also e.g. [19] and [32]).
A partially Schur-constant vector X built from (4.5) is of survival function

S(x1,x2) =€

P(X; 2 X1, X; 2 %,) = e Gl ;i 2 0.
We get y; = (1/¢;) 6I(6), 07 = (1/¢7)[26I'(26) - 6°T*(6)], and

_0r(20)- 6*1*(0) 1o 1
P = 26re)-e2r2(6) - 2- 612(6)/T(26)"

which increases with 6 from 0 for 6 = 1to 1/2 as 6 — oc. The associated survival copula is the Gumbel copula
Cluy, up) = e~ L DI+ InGua I} u;; € 10, 1],
where [- ln(|u,-\)]e denotes [—ln(u]-’l)]e +oo+[- ln(ui,,,f)]e.
(3) A has a shifted geometric distribution of parameter 6 € [0, 1). Its Laplace transform is £,(x) = (1 -
0)/(exp(x) - ), so that from (4.1),
1-6
exp(§ix1 + $x2) - 6

This survival function does not seem to be explicitly referenced in the literature.
A partially Schur-constant vector X built from (4.6) is such that

1-6
exp((1 (x| + §2[%2[) - 6
We find that p; = [(1 - 6)/6¢]Li1(6), of =[2(1- 0)/0(,-2]L1'2(9) - y]-z, and

S(x1,x2) = X1,X2 20, (4.6)

PX;2x1,X52%)) = X2 0.

_ 0Lz (0)-(1- )LL) _, 1

P = 26L5,6) - (1- OO 2-(1-0)[Lir(8)]2/6Li(6)’

in which the function Lis(6) = "7, 6!/ is the polylogarithm of order s = 1, 2. Recall that for s = 1, Li; (0) =
-1n(1-6), and for s > 2, 6d[Lis(0)]/d6 = Lis_1(6). It can be proved that the correlation increases with 6 from
0to 1/2. The associated survival copula is the Ali-Mikhail-Haq copula

[T wa,i [T o
1-0I - w I - u)’

Cluy, up) =

uj; €[0,1].
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(4) A has a logarithmic distribution of parameter p € (0, 1). Its Laplace transform is £,(x) = In(1 -

pe™)/In(1 - p), so that from (4.1),
S(x1, %) =In(1 - pe™ ¥ 72)/In(1 - p), x1,%,20, (%)

which does not seem to be standard either, to our knowledge.
A partially Schur-constant vector X built from (4.7) is of survival function

P(Xy 2 %1, X, 2 %,) = In(1 - pe 8I&®N)1n(1 - p),  x;;20.
We get ; = (1/¢)Li(p)/Lir(p), 07 = (2/47)Li3(p)/Lir(p) - 7, and
Liy(p)Liz(p) - [Li> ()] 1

P L L) - LL@E - 2- LhL@RILhO)LsE)’

which increases with p from 0 to 1/2 (numerical check). Setting p = 1 - e™? (8 > 0), the associated survival
copula is the Frank copula

Cluy, up) = ~(1/6) In[1 - (1 - e /™)1 - e M)/ (1 - 7], u;; [0, 1].

5 From bivariate Laplace transforms

We pass here to the interesting case, more complex, where S(x1, x,) is the Laplace transform of a positive
random vector (A1, A,) of arguments (x1, x,). So, S(x1, x;) is of the form

S(e1, x2) = E(e™M742%) x1,x; 20, (51

The function S defined by (5.1) is again infinitely monotone in x; and x,. From (3.9), the partially Schur-
constant vector X is of survival function

P(X; 2 X1, X, > %) = E(e™1PMi1721%D), G2
For the main moments, we get from (2.4), (2.5) that inside each group j, y; = E(Xj) = E(1/4), E(XiZJ) =
2E(1/Ajz) and E(X; 1 X;,) = E(Xfl)/z, and between the two groups, E(X1,1X2,1) = E(1/A145). Thus, p; has
values in (0, 1/2) and is equal to
_ EQ/A) - [E1/ApP
T 2EQ/AD - [EQ AR

while p1,5 = p(X1,1, X2,1) can be positive or not and is given by

_ E(1/A145) - EA/A1)E(1/4A3)
{2E(1/A3) - [E(1/A)2}2{2E(1/A3) - [E(1/A5)12}1/2°

P1,2

The associated partially Archimedean copula (3.4) is reduced to
Clur, wp) = Lay I3, (@] + €2, € 0, 10, (.3)

where £, (x1), £,(x2), £4,,4,)(X1, X2) are the Laplace transforms of A1, A, (A1, A;) of parameters x;, X, 2
0. For illustration, we consider several particular distributions for (A1, A5).

(1) (A1, Ay) has a bivariate gamma distribution of positive parameters (a, {1, {2, {3) with {3 < {1 {>. Follow-
ing [10, 12, 30], this means that the Laplace transform of (A1, A,) is of the form

1

E(e~Mxi-Aaxay _ ,
( ) 1+ Gxq + GXo + (3X1x0)%

X1,X220. (5.4)

As proved in [10], getting an effective Laplace transform requires that {3 < {;{,. Note that each A; has a
univariate gamma distribution of parameters (a, {j), and they are independent if {3 = {1{>. In the literature,
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the distribution of (A1, A;) is often called the Kibble and Moran distribution (see e.g. the books [3] and [23]).
We see that E(4)) = a{j, o? (45) = a(jz (the two coefficients of variation are identical and equal to 1/+/a), and
p(A1, A3) = 1-{5/¢ {5 = 0 and independent of a. As with the bivariate Normal distribution, the two variables
are independent when their correlation is 0.

Let us insert (5.4) in the survival function S(x1, x,) defined by (5.1). The corresponding vector (X1, X5)
has a bivariate Lomax (Pareto Type II) distribution of survival function

1
(1+ G + QX + G3x1x0)%°

S(xy,x2) = X1,X2 20, (5.5)
The condition on the parameters for the existence of a Lomax distribution is {53 < (1 + @){1{>. Recall that this
distribution comes from a Laplace transform under the more restrictive constraint {5 < ¢;{,. This bivariate
Lomax distribution was proposed by [17] in the case where {; = {, = 1. The general form was examined by [44]
and revisited by [43] as a bivariate Pareto model; see also e.g. [2], formula (16). Obviously, if (X1, X,) has this
Lomax distribution of parameters ({1, (>, {3, @), then ({; X1, {>X>) has the Lomax distribution of parameters
(1,1, 3/¢143, a) (considered by [17]). Note that each X; has a univariate Lomax distribution of parameters
(a, uj), and they are independent if {3 = {1{>.
A partially Schur-constant vector X built from (5.5) is such that

1

PX;>2x1,X; > = s
&1 20X 2 X2) = e e T Gl + G e

Xj,i 2 0.

For each group, if & > 2, we get p; = 1/¢j(a - 1), 07 = a/{?(a - 1)*(a - 2), and p; = 1/a, the same for the
two groups, which decreases with a from 1/2 to 0. Moreover, we see that if {3 < (=) {1(>, then S(x1, x2) =
(2)S(x1, 0)S(0, x2) and thus p;, = ()0, which is in agreement with Figure 1 in [43]. In the present case,
however, we assumed {3 < {1 {5, so that py,, > 0 (as p(A1, A3)). In [24], it is shown that when a > 2,

p12=11-@-2)/a’]F(1,2;a+1;1-9),

where ¢ = {5/{1{> (< 1 in our case) and F(a, b; c; 2) is the Gauss hypergeometric function (see e.g. Chapter 15
of [1]). Thus, p1,, decreases with ¢, from 1/a when ¢ = 0, i.e. {3 = 0 (since F(1, 2;a + 1;1) = a/(a - 2)) to O
when { = 1, i.e. {3 = {1{>. The associated survival copula (5.3) is

1
[+ 1% = ny = o + 1+ (G361 G) (1w = ) (1w, ) - )8

u;; € [0,1].

Clug, up) =

(2) (A1, Ay) has a bifactor gamma distribution of positive parameters (a1, a2, {1, {2, {3) with {3 < {1, and
a; < ;. Following [5, 11], this means that (A1, A2) =4 (Ajy), Ay + A) with (Ay, Ay)) has a bivariate gamma
distribution of positive parameters a1, {1, {2, {3 < {1{; and A has an independent gamma distribution of
positive parameters (a, — a1, ¢>). Equivalently, the Laplace transform of (A1, A,) is given by

1 1

E e-A1X1-AzX2 _ ,
¢ ) (1 +Gixa + Gxa + 3x1x2)% (1 + (Hxp)%

X1, X3 2 0. (5.6)

Note that each A; has a univariate gamma distribution of parameters (a;, {j), i.e. the parameters a; can also
be different here. We see that p(A1, A3) = p(Apy, Ap)) 0(A )/ 0(A3) with 6%(A;) = 0?(Ay) + 0(A), hence
p(A1, Ay) = (1 -G/ )V aa az € [0, Vaa/as].
Combining (5.1), (5.6) leads us to define a vector (X1, X,) of survival function
1 1
1+ Gx1 + Gxo + GBxaxg)® (1+Gxp)na’

S(x1, x2) = X1,X220. (5.7)

This implies that (X1, X5) =4 [X[I], min(X(y, X)] where (Xp1)5 X)) is @ bivariate Lomax vector of survival func-
tion (5.5) with a; substitued for a, and X is an independent Lomax variable of parameters (a; -a1, ¢>). Indeed,
thanks to the assumptions made, we have

PIX[q) > x1, min(Xpp, X) > x2] = P(X[q) > x1, X[} > x2)P(X > X2) = S(x1, X2).
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Note that X, is a Lomax variable of parameters (a5, {5). The survival function (5.7) does not seem to be refer-
enced in the literature.
We associate with (5.7) a partially Schur-constant vector X defined by

1 1

PX;2x1,X; 2 =
K220 2 %) = T Gl + G (1 + G e

, X 20.

If ay, az > 2, we have y; = 1/{(a; - 1), Uf = a]-/{jz(a,- -1)%(a; - 2), and p; = 1/a;, different for the two groups.
Moreover, p1,» = p(Xpy, Xj2p) 0(X )/ 0(X2) with 02(X3) = 03 and 02(X[)) = a1/¢F (a1 - 1)*(ay - 2), hence

p1,2 = p(Xpq3, Xpap) Vai(az - 1)2(az - 2)/ax (a1 - 1)%(ay - 2).

This time, the survival copula (5.3) is

1

[up @)+ (w32 = ny =y + 1+ (83/6G)(up ™ = ny)(juy /% | - np)]%
IS S

[ /) = o + 1)

C(uy,uy) =

s ui,i € [0, 1].

(3) Using an exponential transform of positive powers a;, a; < 1. Suppose that the vector ({1 X1, (>X>),
¢, ¢ > 0, is distributed as the vector [(Yy I (Y, /A%, ay, ay > 0, where A is some positive variable
and Y, Y, are two independent exponentials of parameter 1. Note that the model (4.1) corresponds to the
particular case where a; = a, = 1. Then, S(x1, x2) = P(X; > x1, X; > x,) is given by

S(xq, x2) = E(e—/l[((xxl)"l+((v<z)“1]), X1, %2 2 0. (5.8)

This function is a bivariate Laplace transform if it is infinitely monotone in x; and x,. We observe that this is
verified with the additional conditions on the parameters a1, a; < 1.
For example, if A as a one-sided stable distribution with parameter 6 > 1 (as for (4.5)), we get

S(x1, x2) = e‘[((ﬂh)a'+((2Xz)a2]1/g’ X1,%2 2 0. (59)

Thus, (X1, X,) has a bivariate Weibull distribution discussed by [26] (see also e.g. [32]). For {; = {> = 1, this
distribution is chosen by [42] as an example of a bivariate Laplace transform under the conditions a;, a; < 1.
If A has a gamma distribution with positive parameters (1/0, 1) (as for (4.4)),

1
[1+(Q1x1)® + ({oxz)@2]1/6°

Thus, (X1, X,) has a bivariate Burr (Pareto Type IV) distribution defined by [48] (see also e.g. [23]).
The partially Schur-constant vector built from (5.9) is of survival function

S(x1,x2) = X1, %3 2 0. (5.10)

P(Xy 2 %1, Xo 3 %) = E(e AlGImD Gl (.11)
For the moments, since
_Bx® 1
I/xme B gx = WF[(m+1)/a], m=20,a,8>0,
0

we find that y; = E(X;1) = (1/§a)I(1/a)E(1/AY%), E(X?,) = (2/¢?a)[(2/a)EQ1/AYY), E(X;1X;,) =
E(X?,)/2, and E(X1,1X2,1) = (1/¢101{a2)(1/a1)I(1/a2)E(1/AY*1+1/52), A formula for p; and p1,> follows
directly. For the associated survival copula, since [£ A(x?f Nt = L7 1Y%, we get

Clur, 1) = LA {[(L7 @a, )Y + .o+ (L21 (ug,n) /5]
+CA o, Y% + o+ (Lt o, )™)Y, wy; € [0, 1].
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6 A finitely monotone survival function

So far, we have presented examples of survival functions S(x1, x,) which correspond to Laplace transforms
and are therefore infinitely monotone in x; and x,. In this Section, we want to put forward a particular clas-
sical distribution for which S(x1, x,) is not a Laplace transform.

Among various possible cases, we choose the bivariate exponential distribution of Gumbel [17] with pos-
itive parameters ({1, {2, {3). Its survival function is given by

S(x1,x2) = e_(lxl_(zxr(}xm, X1,X2 20, (6.1)

and as the density shows, it is actually a distribution if 0 < {3 < {1 {>. Obviously, ({1X1, {>X>) has a bivariate
exponential distribution of parameters (1, 1, {) where 0 < { = {3/{1{> < 1.

Let us consider (6.1) as a possible generator for a partially Schur-constant model (3.9). According to Propo-
sition 2.2, we must verify that S(x1, x,) is indeed a (n;, n)-monotone function. The proposition below illus-
trates that this property depends on the value of the parameters and the size of the groups.

Proposition 6.1. S(x1, x,) defined by (6.1) is (1, n)-monotone if and only if

$</n)6s, n=zl. 6.2

To be (2, n)-monotone (n = 2), a sufficient conditionis {3 < [1-(1- 1/n)1/2](1 {>. To be (3, n)-monotone (n = 3),
it suffices that {3 < [1 - (1 - 1/n(n - 1)(n - 2))31¢1 (.

Proof. From (2.6), the function S is (1, n)-monotone when
18 (x1,x2) 2 0, for (i,f) = (0,1),...(0,n); (1,0),...,(1,n), (63)
and all x1, x, > 0. For i = 0, we have
$OD0x1,x2) = <1V (G2 + GxaY Sxa, x2),
hence (6.3) is satisfied for all j. For i = 1, we get
STy, x0) = (1 (G + Gx2) 7 iGs — (G + G3x2)(G2 + G3x1)IS(x1, X2),
so that (6.3) is satisfied for any given j if and only if
i = G+ Gx2)(G + Gxa), x1,x2 20,

which is equivalent to {5 < (1/j)¢1{>. Since it must be true for 1 < j < n, the global condition becomes (6.2).
The (2, n)-monotonicity of S, n > 2, requires that the condition (6.3) is also satisfied when (i,j) =
(2,0),...,(2, n). First, consider the case j > 2. Then, we have

S® (a1, x5) = (1) (L2 + G321V
UG - D8 - 25¢5(G + Gx2) (G + Gxa) + (G + $3x2) (G2 + $3x1)°1S (e, x2),

so that (6.3) for any given j is fulfilled if and only if
JG =18 - 2j63(8 + Bx)(G + Gx1) + (G + $3x2)* (G2 + (3x1)* 2 0,
which can be rewritten as
@1+ Gx)(Ga + Gaxa) = 17+ G2 = 2085 = (- D1 + §3x2)* (G + G3x1)* 2 0.
Since j2 - 2j > 0 (because j = 2), a sufficient condition is

JG + )G + §3xa) = G517 2 G- DG+ (x> (G + Gxa)®, xa, %2 20,
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and taking the square root then leads to the condition {3 < [1 - (1 - 1/j)1/2](1 {>. Since the upper bound is
decreasing with j, the overall condition for 2 < j < nbecomes {3 < [1—(1—1/)1)1/2](1 {>. Now, consider the cases
j=0andj = 1. For (2, 0), there is no condition on the parameters. For (2, 1), the condition is, as for (1, 2),
& <(1/2)(18, and since 1/2 > 1 - (1 - 1/n)Y/2 (because n > 2), the condition {5 < [1 - (1 - 1/n)Y/2]¢, &, still
applies. Finally, it remains to combine this result with the two other casesi=0andi=1.As1-(1- 1/n)1/? <
1/n, we keep the same sufficient condition.

For the (3, n)-monotonicity of S, n > 3, we obtain the sufficient condition announced using a similar
argument. Details are omitted. o

If S(x1, x,) is (n1, n)-monotone, we can build a partially Schur-constant vector of survival function
P(X12%1,X5 2Xp) = e’(l\XJ\’(Z\XZFG\MHXZ\’ xj,i 2 0. (6.4)

For example, when (n1, n,) = (1, n), we know from Proposition 6.1 that S(x1, x,) is (1, n)-monotone iff {3 <
(1/n)¢14>. Under this condition, the vector X = [X1, X5 = (X2,1, ..., X2,»)] is (1, n)-partially Schur-constant
with

P(X; 2x1,X5 2 %) = e’:lxl’((Z*(TXI)(XZ,l‘*»u*XZ,n), X1,%21 2 0.

Each vector X; is formed wih n; independent exponentials of parameter {j, so that y; = 1 / G» aj2 =1/ (f and
pj = 0. The correlation p; , = p1,2({) is given by the formula (2.12) of [17] in tems of the so-called logarithmic
integral. Using the related exponential integral E;(x) = f:° e~!/tdt (see e.g. Chapter 5.1in [1]), it becomes

p1,2(0) = -1+ (1/ e E1(1/0),

which shows that p1,,({) < 0 and decreases with ¢ from p;,5(0) = 0 to p;,2(1) = -0.4036527. Furthermore,
we can use a known approximation for the function xe*E; (x) (formula 5.1.54 in Chapter 5) to obtain

1/ +ai/{ +ay
1/¢2+b1/{+ by’

where a; = 2.334733,a, = 0.250621, b; = 3.330657, b, = 1.681534. If the model (6.4) is well defined,
the associated survival copula is given by

p12() =~ -1+ with an error of 5/10°,

ny ny
Cluy, up) = H Uy i (H uz,f)li(z’i“ Infus), u;; € [0,1].
i-1 i-1
Other cases of finitely monotone survival functions are provided by some distributions presented before,
but this time asking that S(x1, x») be only (n;, n,)-monotone (instead of infinitely monotone). So, we have
seen that the bivariate Lomax survival function exists if { < 1 + a and coresponds to a bivariate Laplace
transform if ¢ < 1. Now, it can be shown, for example, that S(x1, x,) defined by (5.5) is (1, n)-monotone if and
only if
{<l+a/n, n=1,

while it is (2, n)-monotone (n > 2) under the stronger condition ¢ < \/1 + a/n.

7 From bivariate Williamson transforms

By (2.8), a survival function S(x1, x,) which is (n;, n)-monotone can be represented as
-1 -1
S(Xl,Xz):E[(1*X1/21)fl (1*)(2/22)22 ] , X1,X220, (71)

where Z; is distributed as the sum of the variables in group j. Thus, it suffices to choose any distribution for
(Z1, Z5) to obtain a partially Schur-constant model.

In practice, however, the formula (7.1) turns out to be less convenient than it looks. Let us give two simple
illustrations.
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(1) Suppose that (Z;, Z5) is a continuous Schur-constant vector of univariate generator 3(x). This means
that (Z;, Z») is distributed as the vector Z(U, 1 - U) where U is a uniform variable on (0, 1) and Z is an inde-
pendent variable distributed as Z; + Z, (with density fz(2) = z8®(z)) (see e.g. [13]). By insertion in (7.1), we
get

oo

1
S(x1,x2) = / du / (1 -x1/zu)" 7 [1 - x2/2(1 - W7 f2(2)dz,
u=0 z:gu(X1,Xz)

where gy(x1, x2) = max{x1/u, x2/(1 - u)}. Applying the binomial rule then leads to

1 o n-1 ny-1
—1\, —x1. -1 - .
SO, x2) = /du / > <"1i )(ﬁ) Zo: ("Zj )(Z(lx_zu))’fz(z)dz

U0 z=gylxix) O )=

ni-1n,-1 ) ) 1 o -
=3 <n1i— 1> (lei— 1) (=x) (=x2) / mdu / 7 If,(2)dz. 72)
u=0

=0 j=0 2=gu(x1,X2)

For example, choose S(x) = exp(-Ax), A > 0. Thus, Z has an Erlang distribution of parameters (2, A) with
density f7(z) = A2z exp(-Az). In that case, the last integral in (7.2) can be rewritten as

pu / Z gz = () T -+ 2, Agulaa, )],
2=gu(x1,x2)

where I'(a, x) is the upper incomplete gamma function (= [;~ t*"*e”'dt, for x > 0, a € R). Substituting this
in formula (7.2) then gives us the expression of S(x1, x>).

As another example, choose 1/Z of gamma distribution with parameter 1/6, 6 > 0. Thus, Z is inverse
gamma with density f7(z) = [1/I(8)]z"%! exp(-1/z). The last integral in (7.2) then becomes
oo 1/gu(x1,%2)

~i-j-0-1,-1/z
4 e Fdz G

z=gu(x1,X2) t=0

1 i+j0-1 ~t
® t e 'dt

- %w[nwe,l/gu(xl,xzn,

where +(a, x) is the lower incomplete gamma function (= [; t*‘e™'dt, forx > 0,a > 0).

Due to the complexity of the function S, the partially Schur-constant vector itself is difficult to use. Its
moments and correlations, however, can be easily calculated. First, concerning the two variables Z;, we apply
(2.11) with nj = 2 to get uz, 02, pz,.z,; for example, pz = pz/2. Then, passing to the variables X; ; of the
model, we use (2.11), (2.12), this time with (n1, n,), to determine y;, ajz, pjand p1,,; for example, y; = yZ,/n,- =
Muz/2n;.

(2) Suppose that (Z1, Z,) is distributed as the bivariate gamma vector (A1, A,) of Laplace transform (5.4).
From (7.1), we have

5(X1,Xz)=/ /(1—Xl/Zl)Irlrl(l—Xz/Zz)T’lf(zl,zz)(Zl,Zz)dzldzz
21=02,=0
ni-1ny-1 1 1 o < o
=ZZ (nli_ )(nzj— )xﬁx’z / /z{'z;’f(zl‘zz)(zl,zz)dzldzz, (7.3)
i=0 j=0 Z21=X1 Z2=X2

in which f(z, 7,) is the corresponding density and is given by

fiz.2)(@122) = [T (@) (z12,) e @B f (c2,25),
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where ¢ = ({18 - ¢3)/¢2 and fa(2) = Y5 2°/T(a + k)k! (see [10]). The double integral ;10:)(1 f;;xZ in (7.3) is
explicitly written as

1 g~ [T avkeiot akeiot )=/
{3T@ 2= Ta+ K / / A e GG dn s,
k=0

21=X1 22=X2

and the two integrals above can be factorized and then expressed as
(k) s k=1, QoG o+ k=, G /.

By inserting this in (7.3), we obtain the survival function S(x1, x,).

The partially Schur-constant model is again little convenient. Still, as previously indicated, the formu-
las for piz;, U%,, pz,,2, are particularly simple in the case of a bivariate gamma vector (Z;, Z,). Thus, for the
variables X; ; of the model, we easily obtain from (2.11), (2.12) the parameters p;, 0/-2, pjand py,»; for example,
Hj = uz,/nj = ag/n;.

8 Building nested and multi-level models

Partially exchangeable models provide a flexible framework for representing the dependence between groups
of random variables. We briefly show below that this approach covers the well-known nested Archimedean
copulas, and that it can be easily generalized to model dependence on several levels.

Nested Schur-constant models. Hierarchical Archimedean copulas are an alternative to overcome the sym-
metry present in simple Archimedean copulas. A popular hierarchical method consists in nesting several
Archimedean copulas one inside the other, with a certain nesting constraint in order to obtain a proper cop-
ula. It was originally developed by Joe [20] and studied in detail by e.g. [18] and [33]. We show below that this
approach, although different, has links with the partially Archimedean copulas discussed here.

Let us partition the vector U = (Uy, ..., Un) as in Section 3, i.e.

U=(Uy,...,Un), where U;=(Uj,...,Ujy), 1sjsm.
A nested Archimedean copula with 1 level and m children is defined by
Cluy, ..., un) = Co[C1(uy), ..., Cm(um)]
= o {wo" (s (13 @)l)] +...+ e [om (19 Cam)]) |} ®

where 1 is the generator of the parent copula Co, and i1, ..., P are the generators of the m child copulas
C1 seesy Cm.

Now, consider a partially Archimedean copula (3.4) of generator (x, . .., Xm), and let ;(x;), 1 < j < m,
be the m marginals of 1.

Proposition 8.1. Ify can be expressed in the particular form
Y1, ..o xm) = Yoo (Pr(x)) + ... + P! Wmlem))],  X1,...,xm 20, (8.2)

where the function o(x) : R, — [0, 1] satisfies g ((0, . . ., 0)) = O, then the copula (3.4) corresponds to the
nested Archimedean copula (8.1).

Proof. By (3.4), the partially Archimedean copula is defined as l/)[\l,b{l(uﬂ\, ..., |¥nt(um)|]. Inserting the ex-
pression (8.2) for i then gives the copula (8.1). Note that 1,[)51(1/)(0, ...,0)) = 0 guarantees that 1;, 1 <j < m,
are the marginals of i as it was supposed. ¢
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We emphasize that (8.2) is a special form for ¥, not the general form. In addition, since a partially
Archimedean generator is necessarily (ny, ..., nm)-monotone, the function ¥, in (8.2) must be such that
this condition is effectively fulfilled, which is not an easy task to verify. Partially Archimedean copulas seem
to be more convenient to handle.

By Proposition 3.3 (ii), the partially Schur-constant model X = (X4, ..., X) whose generator S = ¥ is
given by (8.2) is provided by the vector

X1 =91 A -U1),..., Xm = P (1 - Un)l. 83)
In other words, (8.3) represents the Schur-constant model associated with the nested Archimedean copula
(8.1).

Multi-level Schur-constant models. Partially Schur-constant models can be generalized to describe a form
of dependence on several levels. This leads us to the introduction of a notion of partial exchangeability at
several levels which, to our knowledge, is not standard in the literature.

Specifically, consider 2 levels. The vector X is partitioned into I groups which are partially exchangeable
(instead of simply exchangeable). Each group k, 1 < k < [, is formed of m; subgroups (k, j) of n; ; random
variables, hence the notation

XK1+ Xigm,) Where Xy = (Xyj15-- o Xigjn )y 1< <my.
The whole vector X = (X1, ..., Xx) is thus represented as
X=[Xp,15ee s Ximy)seoos Kp1s s X))l

where, of course, .= ny1+ ...+ Nymy +ooo b N+ e+ Ny
Let us introduce a multivariate survival function S[(x1,1, ..., X1,m,)s -+ +» (X115 + oo Xp )] ¢ RETTTT
[0, 1]. We define the joint survival function of X by
Pl(X1,1> X115+« Xtymy > Xaymy)s e e v s Kij1 > X5 e Xpmy > X )]
=S (Rl e e s Xem s eees (Kpalsoevs Xpml)] s (8.4)

using the previous notation

[Xp il = Xpj1 + - + X 1% ks<l,1<jsmy.

We also consider the marginals of the I groups in the function S, with the notation
Si(Xi,1s + v v Xim) = S[(0,...,0),...,(0,...,0), (Xp 15+ -+ 5 Xjom)» (0,...,0),...,(0,...,0)].
Then, we have
PXp1 > Xp 155 Xy > Xiomy) = SklXi 1l -+ o0 [Xigm, )y 1<k,

which is asked to be a partially Schur-constant vector. Thus, each function S, : RT* — [0,1] is
(ng,15 - - - » N, )-monotone and admits the representation (2.8).

Now, we construct a partially Archimedean survival copula associated with the model (8.4). For that, we
introduce again a function $[(x1,1, ..., X1,m)s++-» Xp 1500, X)) 2 RETF™ — [0, 1] whose marginals
are denoted by

lpk,j(xk,j) = ¢(0, asey 0, Xk,jr 0, ceey 0),

and the marginals of the [ groups by
Y15 Xigm,) = IO, ..., 0),...,(0,...,0), (Xp15 -+ v s Xpymy)» (0, ..., 0), ..., (0,...,0).

We partition the vector U = (U, ..., Un) as X into I groups formed of m; subgroups (k, j) of sizes ny ;. For 2
levels, a partially Archimedean copula C(u) is then defined by

Cllug,1, et m)sees @1, e,y )]

= [(Wh @)l Wtk @) o (WA @D W n)])] . 65)
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where
[Pl = Yilluga) +... + W,l;(uk,j,nk.,)y l<ks<l, 1<jsmy.

When all the u; ; = 0 except in group k, C(u) is reduced to

Cilt s im,) = Pt [[WEA @ Wi, (i)l ], L5k s L,

in agreement with the definition (3.4).
Finally, compare with a nested Archimedean copula for 2 levels defined by

[ [CETST (U0 PO (' TR TR | T
= Po{¥o' [C1lur, 1, .o, upm)] + ..+ Y5 [Crug), - . o, Crm ()]} (8.6)

in which g : R+ — [0, 1] is the generator of the copula for the [ groups, and each of them is of copula defined
asin (8.1) by

Cr(Wy1s e s Wem) = Cro [Cr1 (1), -+ o> Cieon, (Wi m,)]

= Pio {Wido [Wra (W@ D] + o+ Wil [Wiom (Wi, Qe ID] o 15k s L,

where ¥ o : RT* — [0, 1] and ¢ ; : R+ — [0,1],j = 1,..., my, are the generators of the parent and child
copulas, respectively. It is easily seen that Proposition 8.1 can be extended to 2 levels. In other words, the
nested Archimedean copula (8.6) is a partially Archimedean copula (8.5) for which the generator  has a
particular expression generalizing (8.2).
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1 Introduction

The paper deals with the borderline of the copula theory and stochastic processes. It concerns the vector
valued stochastic processes X; = (X,...,X"), t € T. The goal is to describe the evolution of interdepen-
dences between X}, ..., X? in terms of copulas and copula processes. In a way it is a continuation of papers
by Sempi [31], Choe etal. [7], Jaworski and Krzywda [16] and Jaworski [15]. Sempi in ([31]) was studying the
possibility of coupling two Wiener processes by using a given copula. In [16] we started to investigate copulas
of self-similar processes. In [7] the partial differential equation for copulas of the Ito processes is derived but
under very tight technical assumptions. In [15] it is achieved but in a general case. It is shown that the copula
process is a weak solution of a parabolic partial differential equation.

In this paper we study the evolution of the dependence between two Wiener processes with random
quadratic covariation. Specifically we extend the research on two-dimensional 1/2-self-similar Ito diffusions
whose margins are Wiener processes and their interdependencies at every time moment are described by a
given copula, that we have initiated in [16]. We drop the assumption of differentiability of cumulative dis-
tribution functions and corresponding copulas. We replace the classical derivatives by weak derivatives in
Sobolev sense, so called distributional derivatives, as in [15]. This allows us to present new and more general
results. We consider 1/2-self-similar processes as solutions of certain stochastic differential equations (SDE)
and show how to construct 1/2-self-similar solution basing on a non-self-similar solution.

In more details, we consider a pair of stochastic processes (X¢, Y¢)e0, where X = (X¢)p0 and Y = (Y¢)e0
are one dimensional Wiener processes and their quadratic covariation is homogeneous for ¢ > 1

X Y )
diX,Y)y=A(—,—)dt, 1.1
wne-a (X2 )
where the real valued function A is defined on the real plane and |4| is a bounded by 1. Such processes arise
as solutions of the stochastic differential equations (SDE) with homogeneous coefficients

ax, = dwg, (1.2)

X Y X Y 2
ay;, = A| =%, —)dW; +B|—, — | dW¢,
‘ <ﬂ ﬁ) ‘ (ﬂ ﬂ) !
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where B(x, y) = /1 - A(x, y)2.

We begin with showing that for A and B Lipschitz, any pair of Wiener processes fulfilling 1.2 gives rise to
1/2-self similar solutions. They appear as limits of time-rescaled (time-shifted) processes (X¢r/ /T, Yir/v/T)e1
when 7 tends to infinity or as weighted generalized mixtures of time-rescaled processes. Then we derive a
partial differential equation (PDE) (satisfied in a weak sense) that describes the copula of the initial value,
i.e. the copula C of the random pair (X1, Y1), giving rise to 1/2-self similar solution.

@@ W)’ D*OCu, v) + p(@~ (v))* D** C(u, v)
+2A(@ 1 (w), @ W) (@ W)@ (W)DH1C(u, v) = 0, (1.3)

where @ and ¢ denote the cumulative distribution function and the density of the standard normal distribu-
tion N(0, 1) and D" denote the partial derivatives. We also present the opposite result by which if any copula
C fulfills the previously obtained PDE in a weak sense with coefficients satisfying certain regularity condi-
tions then there exists a 1/2-self-similar process (X¢, Y¢)s»1 such that the copula of (X¢, Y¢)s1 is equal to C.
Furthermore basing on the maximum principle for the elliptic PDE we show that the point-wise dominance
of the quadratic covariations A implies the concordance dominance of the corresponding copulas.

The structure of the paper is as follows: On the start we shortly recall basics on copulas, self-similarity and
weak derivatives (section 2). In section 3 we introduce the underlying stochastic processes X; and Y; and state
the results concerning their self-similarity. First concerning the existence of 1/2-self-similar solutions among
solutions of certain stochastic differential equations, next concerning their differential characterization. The
proofs are provided in section 4. In the last section we discuss some examples based on Gaussian, FGM and
Archimedean copulas.

2 Notation

We recall the basic concepts.

A (bivariate) copula is a restriction to [0, 1]? of a distribution function whose univariate margins are uni-
formly distributed on [0, 1]. Specifically, C: [0, 1] — [0, 1] is a copula if it satisfies the following properties:
(C1) C(x, 0) = C(0, x) = O for every x € [0, 1],

(C2)C(x, 1) = C(1, x) = x for every x € [0, 1],
(C3) C is 2-increasing, that is, the C-volume V¢ of any rectangle [x1, x,] x [y1, 2] of [0, 1]? is positive, i.e.

Vellx1, X2l x [y1, y2]) = C(x1, y1) + Clxa, y2) = Clx1, ¥2) = C(x2,y1) 2 0.

Due to the celebrated Sklar’s Theorem, the joint distribution function F of any pair (X, Y) of random variables
defined on the probability space (Q, F, P) can be written as a composition of a copula C and the univariate
marginals Fy and F,, i.e. for all (x, y) € R?, F(x, y) = C(F1(x), F2(y)). Moreover, if X, Y are random variables
with continuous cumulative distribution functions, then the copula C is uniquely determined.

We will denote the set of all two-dimensional copulas by ©2. Note, that €2 is a bounded, compact, convex
subset of the Banach space of the continuous functions on the unit square endowed with the supremum
metric. For copulas C; and C, we put

[1C2 = C1les = sUp{|Ca(u, v) = C1(u, V)| : (u,v) € [0, 11°}. @
Specifically any sequence of copulas contains a convergent subsequence, i.e.
V(Cn)per 3Cx 3(npdizy ng — o0, ||Cny — Cxlloo — 0. .2

The copulas Cx, being the limits of subsequences, are referred to as cluster points of the sequence Cp. For
more details about copula theory and some of its applications, we refer to [6, 9, 17-20, 26].
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A random process is self-similar if its distributions scale. Specifically (X¢, Y), t 2 to 2 0, is called H-self-
similar (with H > 0) when
Xat, Yar) ~ aH(Xt, Ye) foralla=>1,

where ~ denotes equality of joint distributions. We call H the exponent of self-similarity of the process. For
example standard Brownian Motion is 1/2-self-similar. For the details on self-similarity we refer to [10] and
[33]. Please note that our definition is a bit weaker than the common literature definition, ie. we do not require
the equality of distributions of stochastic processes but only those of random vectors at each time ¢ > to.

We can re-write the definition of self-similarity as follows

Fe(x,y) = F(t x, tHy),

where F is a cumulative distribution function of the pair (X;, Y;) and F = F;,. By Sklar’s theorem applied to
F
Filx,y) = C@ 0, w(My)),

where we use @ = @ and ¥ = ¥, to denote univariate cumulative distribution functions of X, and Y¢,
which we assume to be continuous. Since the processes X; and Y; also are self-similar analogously we may
write

o) =@y, W) =wEy).

Once again by Sklar’s theorem for each ¢ > t; we obtain a copula C; such that
Fi(x, y) = C(@c(0), i (y)).

Therefore, by the uniqueness of copula for random variables with continuous distribution functions, we have
Ce(x,y) = Ct,(x,y) foreach t > t,.

We conclude that, when X; and Y; have continuous distribution functions for each t > ty, then the
process (X¢, Y¢)et, is self-similar if and only if its copula is constant and both (X¢)i¢, and (Y¢)e¢, are
self-similar.

In the following we shall deal with H = 5

To characterize the copulas of 1/2-self-similar processes we will need to substantially weaken the notion
of partial derivatives (see [4, 11, 13]).

Definition 2.1. Suppose that U is an open subset of R", functions u and v are locally integrable on U and
a=(aq,...,an)is a multi-index.
We say that v is a" weak partial derivative of u, written

Du=v,

provided that
a]
/ U~ ”(X)andl Sdn = (1) / VOOR(x; ..

oxyt.
for all test functions h € C*°(U) with compact support and |a| = a; + - -+ + an.

Weak partial derivatives, if they exist, are unique up to a set of measure zero. Note that, since copulas are
Lipschitz functions, they are weakly differentiable. As an example of weak partial derivatives of a copula
C(u, v) one may consider one of the Dini derivatives ([8, 24]), say right-side upper one, applied respectively
to both variables
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D*° C(u, v) = limsup w, for uel0,1),velo,1], 2.3)
h—0* h
D% C(u, v) = lim sup W for uelo,1],velo,1). (2.4)

h—0*
The choice of the version of the weak derivative is related to the choice of the version of the conditional
probability. In more details, if C is a copula of the random variables X and Y, then the formula

Fxiyy () = Jim D1 C(Fx(®), Fy(y), 2.5)

expressing the conditional distribution function of X in terms of the right continuous modification of the weak
derivative (2.4), determines the version of the conditional probability P(-|o(Y)) on the o-field o(X) (compare
[2, 14]). Since the modifications occur only at "jumps" of D% C(Fx(-), Fy(y)), we have for fixed y, such that
Fy(y) <1,

Fyjy—y(®) € D> C(Fx(x), Fy(y)). (26)

3 Main results

We consider the solutions (X¢, Y¢):»1 of the following system of stochastic differential equations:

dx, = dwi, (31
X: Y 1 X Y, 2
dy; = A(=L, L)awi+B( =L, =L )aw;,
! <ﬂ ﬁ) ! (ﬂ ﬁ) ¢

where

Al. W' and W? are two independent Wiener processes defined on the probability space (Q, F, P),
A2. the functions 4, B : R? — R are Lipschitz,

A3. forall (x,y) € R wehave B(x,y) = \/1-A(x,y)? and |A(x,y)| < 1,

A4, A is differentiable with respect to the second variable.

By M, and L, we shall denote respectively the supremum of the modulus and the Lipschitz coefficient
of A with respect to the euclidean distance

My = sup{|A(x,y)|: (x,y) e R*} 32
Ly = sup {M 1 (x1,y1) # (X2, ¥2) (3.3)
V0 =x1)? +(y2 - y1)?

Furthermore we denote by L the square of the Lipschitz coefficient of the vector (4, B)

L =sup { Al 1) A((,:(;_};zl))‘i ; ll;z(x_ly{)lz) “B0IE e,y £ )/z)} (G4)
Note that when M, < 1, we have a bound )
s Th . G5
In fact we understand (3.1) as an integral equation:
X = Xi+Wi-wi, (3.6)

t
Xs Y

Y, - Y1+/A<\/§,\/§>dW51+1/tB<\/§,\/§>dWsZ,

1
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where the initial values, i.e. the random pair (X, Y1), and the two-dimensional Wiener process (W[1 -
W}, Wt2 - Wf)m are independent. The process (X¢, Y¢)s1 is adapted to the filtration defined by the Wiener
processes W' and W2 and the initial values

Fe=0(Xy, Yo, We - Wi, W2 - W3, s € [1,6)). (37)

Assumption Al. ensures that the Ito integrals in (3.6) are well defined and the quadratic covariation of
any solution of SDE (3.1) (X, Y) = (X¢, Y¢)p1 fulfills

Xt Y
dX,Y)=A(—,—)dt. 3.8
we-a (e ) 68
The second one, A2., implies the existence and uniqueness of the solution of SDE (3.1). Due to A3., the
quadratic variation of Y = (Y;)1 is given by

d(Y,Y) = (A% + B?)dt = 1- dt, (3.9)

which implies that (Y¢,1 — Y1)ss0 is @ Wiener process.

Our goal is to study the existence and properties of 1/2-self-similar solutions of SDE (3.1). Note that the
self-similarity of the process (X;, Y¢)1 does not depend on the choice of the probability space (Q, F, P) nei-
ther on the choice of the Wiener processes. It depends only on the joint distribution of the of the pair (X1, Y7).
It is a corollary from the uniqueness of the weak solutions of the SDE, see [5]. In more details, when the seven
tuple o

(8.5, B, &1, Y2), (WE, W, (R, Vet )

is a weak solution of equations (3.1) and
(X1, Y1) ~ (X, Y1),

then
(Xe, Yo) ~ (X, Yo).

Please also take note of the fact that the margins (X¢)s1 and (Y¢)1 are 1/2-self-similar if and only if they
coincide with one-dimensional Wiener processes.

Proposition 3.1. The processes (X()¢1 and (Y¢)e1 are 1/2-self-similar if and only if the beginning values X,
and Y, have the standard normal distribution

Xy ~ Y1 ~N(O,1).

The proof is elementary, we refer to section 4.1. Throughout the rest of this paper we denote by @ and ¢ the
cumulative distribution function and density of the standard normal distribution N(O, 1).

On the other hand, as it is shown in section 4.3, the set of 1/2-self-similar solutions is not empty. Indeed
for any functions A and B fulfilling A2 and A3 there exits a selfsimilar solution.

Theorem 3.2. Assume A1, A2 and A3, then for properly chosen initial values the SDE 3.1 have a 1/2-self-similar
solution.

Such 1/2-self-similar solutions arise as a weighted generalized mixtures of t-rescaled processes
Xt/ VT, Yet/ VD1, T> 1

When the functions A and B = v'1 — A2, i.e. the volatility of the solutions of (3.1), are varying in a moderate
way then the probability law of "properly chosen" initial values can be described just as a limit with respect to
convergence in distribution. Let C¢ denote a copula of the pair (X;, Y¢) for t > 1, where the process (X;, ()1 is
asolution of eq. (3.1), with initial values X; and Y, having the standard normal distribution X; ~ Y; ~ N(0, 1)
and linked by a copula C.
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Proposition 3.3. If L, the square of the Lipschitz coefficient of (A, B), is smaller than 1, then for any copula C a
solution of eq. (3.1), with initial values having a cumulative bivariate distribution C*(®(x), ®(y)), where

C'(u,v) = tle cfu,v), (3.10)
is 1/2-self-similar.

The proof is provided in section 4.3. Note that L < 1 when for example L] + A3, < 1. Under assumption
L < 1, Proposition 3.3 implies, that the rescalings (shiftings) of any solution of eq. (3.1) are converging in
distribution to a self similar solution. This has a certain practical impact. When we observe some phenomena
driven by a solution of SDE (3.1), with L < 1, for a sufficiently long time we may approximate the "true"
solution by a 1/2-self-similar one. In the last part of the section 5.1 we provide an illustration of this effect.

After this short discussion on existence we state our results on differential characterization of copulas of
1/2-selfsimilar solutions.

Theorem 3.4. Assume A1,A2, A3 and A4, then:
If the process (X¢, Y¢)1 is a 1/2-self-similar solution of eq. (3.1), then the copula of (X1, Y1) which we denote
by C(u, v) is twice differentiable in a weak sense in (0, 1)> and almost everywhere in (0, 1)? fulfills the equation

D*°C(u, V)o@ ' W)* + D> C(u, V(@ (V)
+2A(@7 (), @ (W)DV! Cu, V(@ W)p(@ (V) = 0. G1)

the cumulative distribution function of (X1, Y1) which we denote by F(x, y) is twice differentiable in a weak sense
and fulfills the equation

D>°F(x,y) + D®?F(x, y) + 2A(x, y)D*'F(x, y)
+xDVOF(x, y) + yDO’lF(x, y)=0 (B.12)

almost everywhere in R,

As a consequence of the maximum principle for elliptic PDE, we get:

Theorem 3.5. Let A;, i = 1, 2, be bounded Lipschitz functions, |A;| < 1. If copulas C, and C, fulfill PDE (3.11)
with A equals respectively to A, and A, and

Vi, y) €R? A1, Y) 2 Ar(x, Y),
then copula C, dominates in concordance ordering
Y(u,v) € [0, 11 C1(u,v) 2 Cy(u,v),
Theorem 3.5 implies two important corollaries.

Corollary 3.6. Any two 1/2-self-similar solutions of eq. (3.1), with coefficients fulfilling A2, A3 and A4, are law
equivalent. Specifically, the copulas of the initial values of any two such 1/2-self-similar solutions of eq. (3.1) are
equal to each other.

Corollary 3.7. Let a twice weakly differentiable copula C be a solution of PDE (3.11) with coefficient A and Gap,
p € (-1, 1), be a Gaussian copula with correlation coefficient p.
e IfA(x,y) < p for all (x, y) € R? then

Y(u,v) € [0, 11> C(u,v) < Gap(u, v);
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e IfA(x,y) = p for all (x, y) € R? then
Y(u,v) € [0, 1] Clu,v) = Gap(u, v);
o If A(x, y) is nonnegative then the copula C is PQD
Y(u,v) € [0,1% Clu,v) = I(u,v) = uv;
o If A(x, y) is nonpositive then the copula C is NPQD
Y(u,v) € [0, 1% C(u,v) < I(u,v) = uv;
The "existence" Theorem 3.2 and the "uniqueness" Corollary 3.6 imply the following theorem.

Theorem 3.8. If a copula C(x,y) is twice differentiable in a weak sense and fulfills the equation (3.11) with
A(x, y) bounded, |A| < 1, A and V1 - A? Lipschitz and A differentiable with respect to the second variable,
then there exists a 1/2-self-similar solution (X;, Y¢)e1 of eq. (3.1), such that C is the copula of (X;, Y¢) for all
t=1.

The "uniqueness" Corollary 3.6 allows us to restate Theorem 3.2 in a more effective way.

Theorem 3.9. Assume A1,A2, A3 and A4, then for any copula C, a solution of eq. (3.1), with initial values having
a cumulative bivariate distribution C*(®(x), ®(y)), where

n

e
¢, = lim 1 / Lcfw,vas, (13)
1

is 1/2-self-similar.

The proofs of the subsequent theorems and corollaries stated above are provided in sections 4.5, and 4.6.
With the exception of Corollary 3.7 which is based on Section 5.1

The weak derivatives proved also to be very useful in a study concerning dynamics of copulas of more
general Ito processes, see [15].

In section 5, we will show that the set of solutions of equations (3.11) contains Gaussian copulas with
p? < 1, FGM copulas with a? < 1 and some but not all Frank copulas and does not contain Clayton copulas.
In the first case A is constant, it equals to correlation coefficient. In the second and third A may vary.

4 Proofs and auxiliary results
4.1 Margins - proof of Proposition 3.1

Let X; = X; + W} — W}, where X; and W} - W} are independent. If X; ~ N(0, 1), then X, for t > 1, has
normal distribution, with zero mean, as well. Furthermore

0*(X) = 0> (X)) + 0> (We - W) =1+ (t-1) = t.

Hence (X¢)»1 is 1/2-self-similar, ie,: X; ~ vX;.
Now let (X¢)¢1 be 1/2-self-similar. We need to show that X; ~ N(0, 1). We will base on the properties of
characteristic functions (see [3] §26). Since
1 1

1
Xy~ Xt = —X1 + —(W; - Wy),
1 \/Et \/El \/Z([ l)
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E(exp(isX1)) = E (exp (15{%)) exp (—#%) .

Since % converges to O when t — +oo, we obtain by Lebesgue dominated convergence Theorem

E(exp(isX;)) = tlLTeE (exp <IS%>> exp <—%§> = exp (—%) .

Hence X, has standard normal distribution.
When it comes to the second variable, the stochastic process

t t
,_ Xs Y5 1 Xs Y5 2
W“/A(ﬁ’ﬁ>dW5+/B<ﬁ’ ﬁ)dw“

1 1

we get for fixed s

where B(x,y) = \/1-A(x,y)?, is a (time-rescaled) Brownian Motion, therefore re-writing Y; = Y; + W},
we can see that by repeating the above reasoning we may conclude that Y; is 1/2-self-similar if and only
Y1 ~ N(0, 1).

4.2 Semigroup property

Let Cf denote a copula of the pair (X;, Y;) for t > 1, where the process (X;, Y¢)¢1 is a solution of eq. (3.1), with
initial values X; and Y; having the standard normal distribution X; ~ ¥; ~ N(0O, 1) and linked by a copula
C. Basing on Proposition 4.2 we show that the mapping

H:[1,00)xC2 — €2, H(t,C)=CE, (4.)

is a representation of a multiplicative semigroup ([1, o), -, 1) (see section 4.3 for more details). Observe
that copula of a 1/2-self-similar process is a fixed point of H. It shows that such copulas can be obtained as
generalized weighted averages along the orbit of H.

We start with the following auxiliary proposition which will be essential in the course of proving Theorem
3.2. We show that the rescaling (shifting) of a strong solution of SDE (3.1) give rise to a weak solution of the
same equations.

Proposition 4.1. If a stochastic process (Xt, Yt)..; is a solution of the set of equations (3.1) with initial values
(X1, Y1) then for any T > 1 the 7-tuple

Xx Yr thf Wtzr Xir  Yir
(Q, ffr, IP, {rftf}tzly <T1/2 ’ Tl/z) ) (71/2 ) 11/2 o1 > 11/2 ’ T1/2 o1

is a (weak) solution of (3.1).

Proof.

First we observe that for 7 > 1

X = Xe+ Wi -WE,

tr tt
_ Xs Y 1 Xs Y5 2
Yir = YT+/A <7§,7§> dW5+/B<—\/§,—\/§> dws,

7 T
where B(x,y) = m
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Next by the change of variables (s := ut) we get

Xer

Xr 1., 1.,
S N R
/T VALY -
t t
Y[T YT : XuT YHT 1 1 / XMT YuT 1 2
— = — A , —dw, B s —dWy,.
VT ﬁ+, (x/u‘r \/u‘r> VT "T+, vut vut ) v
1 1

Since for fixed T 1 1
Wi=—w} and W2=—W2
t \/? tt t \/‘lj tt
are independent Wiener processes (defined on the same probability space as W' and W?), we conclude that
indeed we obtained a solution of the stochastic differential equations (3.1) with another pair of Wiener pro-

cesses

dx, = dwf,
Xt Y[) 1 (Xt Yt) G2
dy, = A|=—=,— |dW;+B|—, — ) dW;.
! veve) TP\ ve) T
with initial values (72X, T7/2Y;). o

Due to the uniqueness of the weak solutions of the SDE (see [5]) Proposition 4.1 implies Proposition 4.2.

Proposition 4.2. We assume A1, A2 and A3. Then the solution (X}, Y{)=1 of SDE (3.1) with initial values law
equivalent to (X<//7, Y/ V/T), T>1,
X4, YD) ~ (X— ﬁ) :

VTVT

is law equivalent to the t-rescaled process

Xee Y
XL, Yi)er ~ (—’, —) .
\/‘? \/‘F t=1

4.3 Existence
We assume Al, A2 and A3 throughout this section.
First we establish some estimates which imply the continuity of solutions of equations (3.1) in L? norm.

In more details, since both (X()1 and (Y;)s1 coincide with Wiener processes we have for s, ¢ > 1
IXe-Xsllf: = E(Xe-Xo)*) = t-s,
[|Ye-Ys|lf2 = E((Ye-Ye)?) =|t-s| (4.2)

Let us consider two processes (X}, Y{)s1 and (X/, Y{')1 which solve equation (3.1) with different initial
values:

X, = X\+W}-wi (4.3)

X! = X{+wl-wi, (4.4)
t t

oy X5 YN gt / X YN a2

Y, = Y1+/A<\/§,\/§ dwi+ | B NN dwg, (4.5)
1 1
t t

v oy [a(Z YN gy (X YN qun 6

t = Yi+ 5V s+ 5 S (4.6)

1 1
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where B(x,y) =/1-A(x,y)2.
By the following lemma the distances between (X})»1 and (X{)s1 and also between (Y})s1 and (Y{)s1
are linear functions of the distances between the initial values.

Lemma 4.3. Forany T = 1:
X7 - X7l = 11X5 - XTI, @7
[|Yr- 7|} < (1+TL1n(T))|¢y1-y;/|\; (4.8)

N

+ L (ln(T) I 1n2(T)> [|x5 - x1|[?
5 12>

where L is a sum of squares of Lipschitz coefficients for A and B,
v,y (. y") e R?

\A(x’,y’) 7A(X”,y”)\2 ¥ |B(x’,y’) *B(X//,y”)|2 <L (‘X' 7X”\2 . ‘y/ 7y//‘2) .
Proof.

Equality (4.7) follows readily since
Xi-X{ =Xy - X} (4.9)
For the proof of (4.8), we apply subsequently the Ito formula, Lipschitz inequality and (4.9). Finally we
getfort € [0, T-1]

E|¥i - Y[ = E[Yi-v{|’
1t X v X! y! 2
+ E Al Yy _a(2s X5
/(( (\/5 x/§> (\/5 \/§>>
1

AR AN AN AN
(o) a (%) )
1+t
u<:|y1—Y’1’|2+/%(IE|Y;-Y;’|Z+IE\X;—X;’\2) ds
1

E|v} - ¥{)* +LIn(1 + DE|X} - X}

1+tL
+/;]E}Y§—Y§’}2ds.

1

In

In

‘ 2

Hence
1 , w2 1 , m2  Lln(1l+1t) , 12
m]E Yi-Yi" < m]ﬂ\yl - Y7 +17+t]E\X1 - X1|
L 1+t
1 ’ 12
+1+t/§JE\YS—YS\ ds. (4.10)

1
The Gronwall Lemma (see [11] Appendix B.j) applied for a function

1+t
n() = /%E\YQ—YQ’\st (@.11)
1

yields for t € [0, T - 1]

n®<@+o <1n(1 +OB|Y] - Y/ + %lnz(l +OE |X] - X’1’|2> . (4.12)
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Subsequently
Vi - Y|l (1 +(1+6FIn( + t)) |IY:- YY1, (%.13)
+ L <1n(1 +6)+ @lnz(l + t)) [|X1 —X’{Hi2 .
Having substituted ¢ = T — 1 we conclude the proof of Lemma. O

To prove the existence of self-similar solutions, we follow the approach of Khasminskii (§2.2 [21]) and
construct a self-similar solution basing on the averages of a process.

In more details, let C be any copula. We shall consider the solutions (X;, Y¢);.1 of the set of equations (3.1)
with initial values (X1, Y1), for which we assume that both X; and Y; are standard normal N(0, 1) and the
copula of their joint distribution is C. By H(t, C) we denote the copula of (X;, Y¢). Since X; and Y; have normal
distribution with mean 0 and variance equal t (N(0, t)), the joint cumulative distribution of the pair (X;, Y;)
is given by

Fe(x,y)=H(t, O) (@(%), dﬁ(%)) . (4.14)

Since for any copula C there exists a pair of random variables with joint distribution function
C(D(x), (), the function H is well defined on [1, o0) x €2 (compare [21] Th. 3.4).

For the solution (X¢, Y¢)e1 of (3.1) to be a 1/2-self-similar process we need to show that H(t, C) = C for all
t = 1, therefore we are in fact interested in the existence of fixed points of H.

In the following proposition we list the basic properties of H.

Proposition 4.4. 1. H defines a representation of the multiplicative semigroup ([1, =), -, 1). For any t,s = 1
and copula C
H(t, H(s, C)) = H(ts, C).

2. H is continuous with respect to the metric
d((t, ), (s, D)) = |t - s| + sup{|C(u, v) - D(u, V)| : (u, V) € [0, 1]},

where C and D are copulas and s and t are real numbers.
3. H commutes with the mixture of copulas, ie. if Co(u,v),0 € 6 C RX is a measurable family of copulas then
for any probabilistic measure pon © and any t > 1

H|¢, Cedy(e)) = [ H(t, Co)du(®).
[+ fem) -]

Proof.
Point 1. Follows directly from Proposition 4.1.

Point 2. Follows from the continuity of solutions of equations (3.1) in L? norm. For the proof we shall
apply Skorohod representation Theorem (see [3] Th. 25.6).

Let {Cn}nen, be any sequence of copulas convergent to copula C. Then, by the Skorohod Theorem,
there exists a probability space (21, F1, P1), a sequence of random pairs {(Z, Z%)}nem and a random vector
(zL, Z%) (all defined on (Q1, F1, P1)), such that:

1. Ca(@(x), @()) is a distribution function of (Z}, Z2),n=1,2,...,00;
2. (Z%, Z2) almost surely converges to (ZL,, Z%).

Let us consider the following product of probability spaces

(@, 5, P) = (Qx 01, F xF1, PxPy).
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Since Wiener processes W', W2 have been defined on (2, F, P) and the initial values Z on (Q1, F1, P;) we
extend them onto the product space by putting

Wiw, w) = Wiw), Zhi(w,w)) = Zi(wy).

Next we analyze the stochastic equations (3.1) on the previously defined product space, denoting by
(Xn.¢, Yn,o) their solutions with initial values (Z3, Z2), forn = 1, 2, ..., co.

Obviously H(t, Cyr) are copulas of (Xn,¢, Yn,e).

Note that due to Lebesgue dominated convergence Theorem the sequence {(Z3, Zﬁ)},,gm converges in L?
norm

]E((Z,l, 7+ (22 - zi)z) =%,

Therefore, by Lemma 4.3 and equalities (4.2), for any convergent sequence of indices {sn}nen, C [1, o0)
the sequence of random pairs {(Xn,s,, Yn,s,)}nen, converges in L? t0 (Xoo,s..., Yoo,s..), Where s denotes the
limit of sp.

By the following lemma, convergence in L? and convergence in distribution are closely related. To sim-
plify the notation we put for two random pairs V; = (X;, ¥;),i=1,2

V2= Vallf: = E((Xz - X2)?) +E((Y2 - Y2)°). (@.15)

Lemma 4.5. Let V; and V, be two random pairs with standard normal margins and copulas respectively C!
and C?, defined on the same probability space. Then

3
1C% = Cllew < 5= I1V2 = Va2,

Proof.
Let (x, y) be any point of the real plane and ¢ a positive constant. Applying the elementary set theory and
Markov inequality (see [3] formula (21.12)) we get the following estimate

CH@(X), D)) - CH(D(x + &), D(y + £)) (4.16)
=PX;<x,Y1<y)-PXosx+€g,Yysy+e)
sIP({w X)) sxAY(w) sy \{w: X (w) sx+en Yz(w)sers})

= lP’({a; :Xi(w)sxAYi(w) <y A (Xz((u) >x+eVYyw)> y+£)})
= IF’({u) : (Xl(w) sxANYi(w) sy A Xo(w) > x+£)
\/(Xl(w) <xAYi(w) sy A Ya(w) > y+s)})
< IP’({w  Xi(w) s x A Xp(w) > x+ e}) + [P’({w Yi(w)syAYy(w)>y+ s})
< IP‘(|X1 — X2 e) +IP(|Y1 AR e)
1 1
< 5 (E(X-XP) +E (V- Yal?) ) = SIV2 - Val .
Since copulas are Lipschitz functions (with Lipschitz constant 1) and @ is also Lipschitz function (with
Lipschitz constant ¢(0) = ﬁ) we further estimate
(D), DY) - CH(PX), DY) (@17)
1
< CH@(x+ ), Dy + ) - CH(@0), DY) + IV1 = Val 2
V2

*—e+i|
NZag=s

Since the bound is valid for all positive £, we substitute

Vi - V3|22

e=V2m||Vy - V|22,
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which minimizes the estimate.

V2nr ’

The above bound remains valid when we replace C? and C!. Moreover it is valid for all points (x, y) € R?.
Therefore

(@), D)) - CH(@(), D)) < 3

[IC*=CYjwo = sup{|C*(u,V)-C'u,V)|: (u,v) <0, 1]*} (4.18)
= sup{|C*(D(x), D(y)) - CH (D), D)) : (x,y) € R?}
3
FrzlVi-ValliZ.
O

Thus convergence in L? implies convergence in distribution and the joint cumulative distribution func-
tions of (Xn,s,, Yn,s,) are converging to the cumulative distribution functions of (Xee,s.., Yoo,s..)

Jim_H(sn, C)(@(), D)) = H(seo, Coo)(P(x), D(y)). (4.19)
Hence the copulas H(sn, Cn) converge to H(Seo, Coo)
lim H(sn, Cx) = H ( lim s, lim cn) . (4.20)
n—eo n—yeo n—oo
O
Point 3. follows from the fact that a solution of equations (3.1) with random initial values is a mixture

of solutions with deterministic initial values (compare [21] Theorem 3.4 point 2). Thus we have to show the
associativity of iterated mixtures.

We recall that a random pair Zy, is a mixture of random pairs Zy, 8 € 0, with respect to the probabilistic
measure y on O, when for every bounded Borel function f on R?

E((Z,) = / E(f(Zo))dp. %.21)

2]

We assume that the random pairs Z, and Zy, 6 € 6, and the two-dimensional Wiener process (Wt1 -
W}, W? - W3),, are independent. We denote by (X7, Y7) (respectively by (X, Y?) and by (X}, Y¥)) a solution
of (3.1) with deterministic initial values (X1, Y1) = z, z € R? (respectively with random initial values (X1, Y1) =
Zgand (X1, Y1) = Z,). Thanks to the assumptions A1, A2 and A3 such objects exist and are unique (Theorem
3.4 [21]). Let f be a bounded Borel function on R?. We put

u(t, z) = E(F(XE, Y7)). (4.22)
We get
E(F(x?, vD)) = EEGFx], vDIxd, v]) = B(u(t, 2%) (“.23)
and similarly
E(F(XY, Y1) = E(u(¢, 2M). (4.24)
Applying (4.21) to the right side, we obtain
E(FX", Y)) = / EQu(t, 2°)dy = / EGFXY, Y9)d. (4.25)
6 6

Thus for each ¢ = 1 (X¥, Y¥) is a mixture of (X, Y?).
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To conclude the proof of point 3 it is enough to select
78 ~ Co(@(x), @(y)), and ZV ~ Cu(@(x), D)),

where
Culioy) = / Colx, ().
c]

O

Next we show that the set of fixed points of the semigroup H is not empty. We select a copula C and as a
fixed point take the generalized average of the trajectory of C. In more details.

Proposition 4.6. For any copula C the set of cluster points of the sequence (Ck)kzl, given by

k

Ck(u,v)=/k—1$H(s, C)(u, v)ds
1

is not empty. Furthermore any such cluster point is a fixed point of H.

Proof.
Due to Ascoli theorem there exists a subsequence of C* having a limit, i.e. a cluster point of the sequence. We
denote this limit copula by C*
ck .
Since H is continuous and commutes with the mixtures we get

H(t,C") (4.26)

ekn

- H(t, lim C5) = lim H(t, €)= lim H(, / L H(s, 0)ds)
n—oo n—oo n—oo . an
1

ekn

efn
. 1 . 1
nlgralq. mH(t, H(s, C))ds = nhﬂnelo / mH(ts, C)ds
1 1

tefn

. 1
nlgrolq / mH(s, C)ds.
t

Therefore, since copulas are bounded by 1, we get for ¢ > 1

[H(t, C)(u, v) - C"(u, )| (4.27)
Jim [H(¢, C)ut, v) = € (u, V)|

tekn K
1

= lim /%H(s, C)(u,v)ds—/—sH(s, O)(u, v)ds
1

n—eo| |k kn

tekn

t
1 1
= lim —H(s, C)(u,v)ds - | —H(s, C)(u, v)ds
kn

n—oo an
ekn

tel t
1 1
li 1 1
FLts /knsds+/knsds
ekn 1

= lim kin (ln(t)+1n(ek")—1n(ek")+1n(t)—ln(1))

n—soo

In

im 21n(t) _

= m =

0.
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O
The following corollary concludes the proof of Theorem 3.2.
Corollary 4.7. Let C* be a fixed point of H. Then the solution of equations (3.1) with initial values
Xi=Wi, Yi=@ " W(@W), oY),
where ¥ is a generalized inverse of the weak derivative of C*
Y(u,v) =inf{w: DYOC (u, w) = v}.
is (1/2)-self-similar.
Proof.
Let F¢(x, y) be a cumulative distribution function of the solution (X;, Y¢). Since
F1(x,y) = C(®(x), D)),
we get from Proposition 4.4
R O R RICARIED)
X
O

4.4 Proof of Proposition 3.3

In this section we assume that the sum of squares of Lipschitz coefficients of A and B, denoted by L, is smaller
than 1. Let C* be a fixed point of the semigroup H from Proposition 4.6 and (X;, Y¢)»1 be a 1/2-self-similar
solution of equations (3.1) from Corollary 4.7. Its distribution functions are equal to

e (o(5) ()

We compare it with an arbitrary solution of equations (3.1) (X}, Y{)s1. Let

Fix,y) = C ((p <\%> , @ (%)) )

be its distribution functions. Due to Lemmas 4.3 and 4.5 we have for every ¢ > 1

33 1
lIC - Cell& < Euﬁ(xf—xzm—yz)uiz (4.28)
271
= 2L (- XU + Y- VEIR:)
271

A

s ((1+ ¢ m@) v - vi|

1+Lln(t)+Lﬁ1n2(t) [|1x] —X"H2
2 1= X1l )

+

Since X1, X}, Y1 and Y] have mean 0 and variance 1 we may bound

IXe = Xl < 4, (1Ye= Yl < 4.



258 = Piotr)aworski and Marcin Krzywda DE GRUYTER

Hence
l1Ce - Cili2. < % (w e <1n(t) . % 1n2(t)>> ) 4.29)
Since L is smaller than 1,
Jim ||Ce - Cll = 0. (4.30)

Which concludes the proof of Proposition 3.3.

4.5 Generalized solutions of PDEs

In this section we begin the proof of Theorem 3.4.

We show that the copula process C; is a "weak generalized" solution of PDE (3.12) (we follow the nam-
ing used in [13] and [11], see also [15]). We assume A1 — A4. By H! we denote the Hilbert space of weakly
differentiable functions, which together with their derivatives are square integrable.

Proposition 4.8. Forany h € H'(R?) and t > 0
% / h(u, v)Ce(u, v)dudv = ~Be(h, Co), (431)
01

where for fixed t > 0 and fixed copula C, B(-, C) is a continuous linear functional on H'(R?), given by the formula

B, €)= / D (h(w, V(@ () ) D"0C(u, V)dudy “32)
[0,1]2
+ % Do‘l(h(u,v)tp(@’l(v))Z)DO’lC(u,v)dudv
[0,1]2
+ % / Do'l(h(u,v)(p(dTl(u))(p(LD’l(v))A(lD’l(u),LD’l(v)))Dl’OC(u,v)dudv.
0,11

Proof.
We base on results from [15]. We shift time ¢ by 1, put 0; = 1 and y; = 0 and apply Theorem 4.1 from [15]. O

Since for selfsimilar processes the copula process C; is constant, say C; = C for t > 1, we get

Bi(h,C) =0. (4.33)
To continue the proof of theorem 3.4 we have to improve the regularity of C. We apply Theorem 8.8 of [13].
In the notation used in [13], the divergence form of B; looks like
Bi(h,0) = / a'p*°cp*%h + a*2p** D% h + a>*D*OCD h (4.34)
[0,1]2
+ (chl'OC + C2D0.1c) hdudv,

where
Ay = le@ Wy, (435)
a’u,v) = %tp(@’l(v»z, (4.36)
a'w,v) = @@ W)@ VAP W), V), (4.37)
cw,v) = —e@ W) W) - p(@ W) MA@ (W), &) (4.38)

+ @@ W)D*A@ (W), DIV,
Awv) = -p@ W) ). (4.39)
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We restrict the domain to the smaller square Q; = (®(-r), @())?, r > 0. We observe that, forany r > 0, on

0y the coefficients a1, a>?, a>!, ¢! and c? are bounded. Furthermore a®!, a>?, a®! are Lipschitz and B is
strongly elliptic
1 1 _ _ _ _
abu, va®i(w,v) - 7@ w,v)* = 2@ W) (@ (1)1 - A@™ (), @ (V)*) > 0. (4.40)

Therefore Theorem 8.8 of [13] implies that C(u, v) belongs to H2(Q,) for any r > 0, thus it is weakly twice
differentiable on (0, 1)? and fulfills almost everywhere equation (3.11).
D*°C(u, (@ (W)* + D**C(u, V(@' (V)
+2A(07 (W), @7 (M)D Cu, V(@ W)p(@ ™' (v) = 0. (@41)
When C is weakly twice differentiable so is the cumulative distribution function F(x, y) = C(®(x), @(y)).
Furthermore
D“F(x,y) = D“°C(@x), D(y)eX), (4.42)
D¥'F(x,y) = D™'C(P(0), DY)y,
DMF(x,y) = D''C(@X), d()e)ey),
D*°Fx,y) = D*°C(@(X), Dy)p(x)* - D C(@X), D()xp(X),
D*?*F(x,y) = D>2C(P(), D)) - D*! C(@(x), DW)ye(y).
If C fulfills almost everywhere equation (4.41), then F fulfills almost everywhere on R? the equation (3.12)

D*°F + D%2F + 2A(x, y)DV'F + xD*°F + yD*'F = 0 (4.43)

In such a way we conclude the proof of Theorem 3.4.

Remark 4.1. 1. Equation (3.11) can be derived from the Fokker-Planck equation (see [7]) But this requires the
existence and twice-differentiability of the density of the process (X;, Y¢).
2. Equations (3.11) and (3.12) can be derived without the assumption A4, see [22].

4.6 Dominance and uniqueness

Theorem 4.9. Let A;, i = 1, 2, be bounded Lipschitz functions, |A;| < 1. If copulas C, and C, fulfill PDE (3.11)
with A equal respectively to A, and A, and

Vix,y) € R* Ai(x,y) 2 As(x, ),
then copula C1 dominates in concordance ordering

Y(u,v) €[0,1]> Ci(u,v) = Co(u,v),

The proof of Theorem 3.5 follows from the maximum principle for elliptic partial differential equations, see
[13] or [11]. In more details: If copulas C; and C, fulfill PDE (3.11) with A equals respectively to A; and A, and
A1 dominates

Vix,y) € R* As(x,y) 2 As(x, ),
then a function U(u, v) = C1(u, v) - C2(u, v) is a sub-solution of the equation (3.11) with A equals to A, with
zero boundary condition. Indeed, since C; is a copula its mixed derivative is almost everywhere nonnegative
and for almost all (u, v) € (0, 1)* we get

D*°U(u, v)(p((;lfl(u))2 +D%2U(u, v)(p((ifl(v))2 (4.44)
+24,(@7 (W), @' W))D U, v)p(@ 7 () (@7 (v))

= D*°C;(u, (@7 (W) + D¥*C1(u, V(™' (v))
+24,(@7' (w), @ (W)D" C1(u, V(@ W) (@7 (v))

= 2(A@7MW), &' W) - AL(@7 (W), DT (V) D Ci(w, V(@ W)p(@ (V) < 0.
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Let 6 be a minimum of U and let it be attained at the point (ug, vo)
8 =min{U(u,v) : (u, v) € [0, 1]*} = Uluo, vo).

We show that § must be 0. If it happened that § < 0 then knowing that U is a Lipschitz function vanishing on
the border of the unit square we would be able to select an enough big r that:

1. the point (ug, vo) would belong to Q; = (®(-r), @(r)?;

2. the infimum of U on the complement of Q, would be greater than §/2.

Next basing on the same arguments as in the previous section, we would apply Theorem 8.1 from [13] and
would get

0> 6 = Uuo, vo) = inf{U(u, v) : (u,v) € Qr 2 inf{U(u,v) : (u,v) € 00} > g,

Dividing both sides by negative § we would get 1 < 1/2, a contradiction.

Hence U = C; — C, must be nonnegative, i.e. copula C; dominates in concordance ordering.

This concludes the proof of Theorem 3.5.

To prove Corollary 3.6 we consider two copulas C(u, v) and D(u, v) which fulfill PDE (3.11) with the same
A. Due to proved above Theorem 3.5 C dominates D and D dominates C and they have to be equal each other.

Theorem 3.8 follows from the "existence" Theorem 3.2, "PDE characterization" Theorem 3.4 and the
"uniqueness" Corollary 3.6.

Let a copula C(x, y) be twice differentiable in a weak sense and fulfill the equation (3.11) with A(x, y)
bounded, |A| < 1, A and v'1 - A2 Lipschitz and A differentiable with respect to the second variable. Due to
Theorem 3.2 there exits a 1/2-self-similar solution (X;, Y¢)¢1 of eq. (3.1) with coefficients A and B = v'1 — A2,
Let D be the copula of (X¢, Y¢) forall ¢ > 1. Due to Theorem 3.4 copula D is a solution of the equation (3.11) with
coefficient A(x, y). Hence Corollary 3.6 implies that C = D. Which means that C is a copula of the mentioned
above a 1/2-self-similar process (X, Y¢)es1-

Theorem 3.9 follows from Proposition 4.6, Corollary 4.7, "PDE characterization" Theorem 3.4 and the
"uniqueness" Corollary 3.6.

Proposition 4.6 and Corollary 4.7 imply that every cluster point (cluster copula) of the sequence

o
1 1
C":H/ECSC’ n=1,2,...
1

is a copula of a 1/2-selfsimilar process. If we assume condition A4 then the cluster copulas fulfill the same
PDE. Hence due to Corollary 3.6 they coincide. Which implies that the limit of the sequence C,, exists.

5 Examples

5.1 Gaussian copula
Let us recall that the Gaussian copula is defined as follows:
Gap(u,v) = Pp(@ (), ' (v)), forp e (-1,1)

where @, is the joint distribution function of a bi-dimensional standard normal vector, with linear correlation
coefficient p. For more details see [25] or [20] §4.3.1.
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Taking derivatives of Ga, yields

%Gay wv) - P, (V) - p@t(w) 1
ou? V/1-p? V1-p2 d(@1(w)

o2 Gap( )y = P4 W) - p@'(v) 1

v YT A e Ji-p2 ) @)
3%Ga, 1 O (w2 + 07 (v)?
Tbvp(u’ v) = \/W exp ( 5 ) x

2007 WO (V) - 2 W) - D (v)?
x exp < 21-p) .
We may substitute into eq. (3.11) and obtain

%Ga,
ou?

2
+20% 0% ) p(@ 7 w)p(@ () = 0

*Gap

vz W Ve@ " w)?

(V)@ W)* +

thus A(x, y) = p.

By the use of Theorem 3.8 we conclude that for any initial conditions X; and Y; having standard normal
distribution and independent with the increments of the underlying Wiener process there exists a 1/2-self-
similar solution of eq. (3.1), with coefficients A(x,y) = p, B(x,y) = /1 -p2, where [p| < 1, such that the
copula of its initial values is Gaussian with linear correlation coefficient p.

Since Gaussian copulas are solutions of PDE (3.11) with constant coefficient A equal to p, Theorem 3.5
implies that when the quadratic covariation A is bounded from 1 or -1 than the corresponding copula C is
dominated by a Gaussian copula or dominates such. The above implies Corollary 3.7.

To conclude the Gaussian example, we consider the solutions of eq. (3.1), with coefficients A(x,y) =
p,B(x,y) = /1-p? when the initial values (X1, Y;) having bivariate normal distribution with standard
margins and independent with the increments of the underlying Wiener process, have the linear correlation
coefficient p; different than p, |p| < 1 and |p;| < 1.

We have

Xe = X +W!-wi,
Yo = Yi+p(Wi-W)++/1-p2(W7 - WP).

The joint distribution of the pair (X;, Y;) is normal and the linear correlation coefficient equals

1

Corr(X¢, Ye)=p + ?(Pl -p).
For 7 rescaled solution we get
1 1 1 oo
Corr(%Xm WYU) =p+lp1-p) =5 p,
which implies that the rescaled processes when 7 — oo are converging in distribution to the self-similar
solution.
Basing on [25], formula 2.6, we get the following uniform bound for corresponding copulas

p+pr-p)/t/T

Gty V) - Gy, v)| = / 2@ w), @7 (), Ndr
p
Y [ i\Pl—P\
2 /1-p? /1—p§ tt
< o ipi ),
/1 -max(p?, p?)
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where t > 1 and ¢,(x, y, r) is a density of a bivariate normal distribution with correlation r and standard
margins. Note that ¢, is bounded. For all (x, y) € R%?andr e (-1,1)

11

211 -2’

Pa(x,y, 1) <

5.2 FGM copula
The Farlie-Gumbel-Morgenstern copula is defined as
Cu,v) =uv (1+a(l-u)(1-v)), forae(-1,1]

The partial derivatives of C are given by

22C 22c

W("’ v) = 2av(v-1), W(“’ v) = 2au(u - 1),
J%C
W(”’ v) = 1+a(1-2u)(1-2v).

After substituting into eq. (3.11) we obtain

2av(v - Do(@ (w)* + 2au(u - D@ (v))?
+2A(@ 7Y (w), @1 (V))(1 + a(1 - 2u)(1 - 2v))<p(d>’1(u))(p(®’l(v)) =0

where
_ a®W)(1- d))e’ T +ad(1 - D)
Al y) = T+ a1 —2000)(1 - 200)) G0
Note that N
2a- 7 a
A(0,0) = 1+a-40 -2

We show that |4| is bounded by |a|/2 for any a € [-1, 1], so the maximum of |4| is attained to the point
(0, 0) (compare [16] Section 3.4). Indeed, we have an estimate for any x,y € Rand a € [-1, 1]
K22

D)1 - Dy)e’ T + DX - D(x))e’ T
1-((1 - 2060)(1 - 26())|

Since the right side of (5.2) is invariant with respect to change of sign of x, change of sign of y and symmetry
(x,y) — (v, x) it is enough to show that for y > x > 0, a function

X0, y) = 200)®(-y)e Y ) 1 20()D(-x)e ¥ V) + (1 - 20(0))(1 - 20(y)

[ACx, y)| < |al (5.2)

is bounded by 1. We observe that the directional derivative

y D ) 50y - ) [900) (200) - 1) - ) (2000 - 1)]

is nonnegative for y > x = 0. Hence x is nondecreasing along the hyperbola
y?=r’+x*, y=xz0.
Since moreover y(x, y) is positive for y > x > 0, we get

0<x(y) < sup{x(§, Vr2+4§2):¢&>x} (5.3)
= glim X, \/r2+8&2)=1

Furthermore, since both nominator and denominator have bounded derivatives and for |a| < 1 denomi-
nator is bounded from zero, A is differentiable with bounded derivatives. Hence A and B(x, y) = /1 - A(x, ¥)?
are Lipschitz. Therefore by Theorem 3.4 point 3 there exists a 1/2-self-similar solution of eq. (3.1), with coeffi-
cients A as above and B(x, y) = \/1 - A(x, y)2, such that the copula of its initial values is FGM with parameter
ae(-1,1).
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5.3 Archimedean copulas
We recall that by a strict Archimedean copula we mean a copula that takes the following form
Celu,v) = g7 (g) + 8W)),
where a function g: [0, 1] — [0, +oo] is continuous, strictly decreasing, convex and
g(1)=1, g(0)=+oo.

The function g is called a generator of the copula Cg. For more details concerning Archimedean copulas,
both strict and nonstrict, the reader is referred to [9, 19, 20, 26].

Due to convexity, g is differentiable at all but at most countably many points and the derivative may have
jumps. Therefore, for simplicity, we restrict ourselves to twice differentiable generators g. Then we have for
te(0,1)

g<o, g'®=o0. (5.4)

We start with calculating the partial derivatives of C. In order to simplify the notation let us introduce
auxiliary variable z = g~ (g(u) + g(v)).

aC(u, v) g'(w)

3 = 7@’ (5.5)
aWCw,v) g
o < @’ (5.6)
a2, v) g”(u)g’(Z)—g’(u)g”(Z)%
ou? (g@)’
_gw 2 8@
- o 2 7)
ey _ 8@ -gWg" @Y
ov?2 (g/(z))z
_ 2w 2 82
- g'(2) ( V) (g/(z))3’ (5.8)
aC(u, / o2 108
a%vV) = fW-CD- (@) g (z)ég
8" (2)g' (Wg'(v)
-8 e e (5.9)
(e@)’

If we further assume that g”(t) # for all t € (0, 1), then substituting into eq. (3.11) we obtain

@)~ g"C([@0), D)) @0 @)
1 {g’@(y)) g"(@0) (8'(C(@0), P)))* } e

Ay - - {g’(@(x))_ 8'(@0) (g (Ca(@(), D))’ }eygxz

2 | g(@0) g"(Ca(@(), D))g'(@(x)g (@)

As we show in next subsections for some generators A fulfill assumptions A2 and A3, for some not.
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5.3.1 Clayton copula
As a specific example let us consider the following generator

a>0.

0= (r°-1),

This way we in fact obtain a member of the Clayton family of copulas (compare [9, 20, 26]),

1

Cou,v) = (W +v*-1)"«, a>o0.

Since

g ==t and g'(t)=(a+1)t7*72,

we get

D()P(y)

D(y)p(x)

A, y) = & ((1 )" )rp(y)dJ(x) (1- o) )(D(x)qb(y))

We show that A is not bounded by 1. We apply the limit

z]@(2) _

z~) oo ¢( =1L
which follows from the de I'Hospital rule:

H $(2)

e

We substitute x = zand y = 2z and take the limit as z tends to —co.

(2)
z%mwz 1¢(Z)

lim A(z, 2z)
Z—r—oc0

12(z|@(2z) ¢(2)

900 Hor T10@02

hm = ((1 D(22)* )

1/1
3 (5 +2> =1,25.

5.3.2 Frank copula

As a next specific example let us consider the following generator

fa[_l

e
8= _]ne—T

1’ a#0.

|zl @)  ¢(22)
$2) 20z|P(22)

This way we in fact obtain a member of the Frank family of copulas (compare [9, 20, 26]),

—au _ -av _
Cg(u,v)=—§ln <1+%) , a#0.
We have
ae ™™ a
g = 76_‘,_ 1= 1z ear
- 't
g0 = (e“af ey e O

DE GRUYTER

)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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and
g g'wg@? | fw_e™gw (5.20)
gv) g"(2)g'wg'(v) gv) ewg'(v)
g '(w) ™0Z gt
= 1-
g 17
_ gw ™ -1)Ee™ -1\ a
< Tw (1 <1+ a1 e
1-e%v
T 1_em
. (efa _ 1)(1 _ eau) _ (efau _ 1)(eflxv _ l)eau
ea-1
e X _ gV
= ey (-
l+e - _ efa(lfv)
I B
Finally the quadratic covariation is given by
Actxy) = 3 (xe@) S et 80 ). (5.21)
where
1-e @ @ efa(lf[)
Xa(O) = =" (5.22)
1-e® 4 — ea(lft)
T et
Since for any t € (0, 1)
lim xq(t) =
a—rtoo

we get for x? # y?

Jim_[Aa( )| = 3 (gg; ggi) > 1.

Hence for sufficiently big |a| |A«| is not bounded by 1.
But for sufficiently small |a| |Aq| is bounded by 1. Specifically it is bounded for |a| < 2. Indeed, since the
functions |y« (t)| and ¢(@1()) are concave, we get estimates for t € (0, 1)

||

[Xa(D)] < |@| min(t, 1 - £) < 2¢(O)¢(q>’1(t)). (5.23)
Hence forallx,y € R
. 1 (Xa(@B))] [xa(@(0)|
ety = 5 (R0l g - KelHO gy (524)
1( laf |a] laf
: <2¢(0)¢(0) . ¢(0)¢(0))

Moreover A(x, y) is Lipschitz continuous since derivatives of the ratio ya(®(¢))/ (&) are bounded. Hence
for |a| < 2 Theorem 3.4 point 3 is applicable.

Conflict of interest statement: Authors state no conflict of interest.
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Abstract: We consider a completely specified factor model for a risk vector X = (X1, ..., X4) , where the joint
distributions of the components of X with a risk factor Z and the conditional distributions of X given Z are
specified. We extend the notion of x-product of d-copulas as introduced for d = 2 and continuous factor
distribution in Darsow et al. [6] and Durante et al. [8] to the multivariate and discontinuous case. We give
a Sklar-type representation theorem for factor models showing that these x-products determine the copula
of a completely specified factor model. We investigate in detail approximation, transformation, and ordering
properties of x-products and, based on them, derive general orthant ordering results for completely speci-
fied factor models in dependence on their specifications. The paper generalizes previously known ordering
results for the worst case partially specified risk factor models to some general classes of positive or negative
dependent risk factor models. In particular, it develops some tools to derive sharp worst case dependence
bounds in subclasses of completely specified factor models.

Keywords: componentwise convex copulas, concordance order, conditional distribution function, condi-
tional independence, factor model, product of copulas
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1 Introduction

A relevant class of distributions for modeling dependencies are factor models where each component of the
underlying random vector X = (X1, ..., X,) is supposed to depend on some common random factor Z through

Xi=filZ, &), 1<i<d,

for some functions f; and a random vector (g1, . . . , £4) that is independent of Z . In this paper, we consider
the case where Z is a real-valued random variable. If the bivariate distribution of (X;, Z) is specified and the
distribution of X|Z = z is known for all i and z, then the distribution of X is fully specified. We denote this
setting a completely specified factor model (CSFM).

For applications to risk modeling, partially specified factor models (PSFMs) are introduced in Bernard
et al. [5]. In these models, the distributions of (X;, Z) are specified. The joint distribution of (eq, ..., &4) is,
however, not prescribed. This means, that only the distributions of X; and Z as well as the copula Di=C X,z
of (X;, Z) are given. Then, the worst case distribution in the PSFM is determined by the conditionally comono-
tonic random vector X% = (F,}h Z0), ... ,F;(;‘ ,(U)), where U ~ U(0, 1) is independent of Z, assuming gen-
erally a non-atomic underlying probability space (Q, A, P). If Z has a continuous distribution, the copula of

% is given by the upper product of the bivariate copulas D, see [2].
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X1 Y;
D! E?
2 2 >
Xp— D* v, E
Z~G C—Z7Z~G
/ : gl
Xa Yy
Figure 1 0n the left: a partially specified factor model with dependence specifications D, ..., D and risk factor distribution
function G . On the right: a completely specified factor model with dependence specifications E, ..., E4, conditional copula
family C and factor distribution function G’ .
In standard factor models, the individual factors €1, ..., £, are assumed to be independent. Then, the

distribution of X is completely specified and the components of X are conditionally independent given Z = z
for all z. Further, the copula of X is then given by the conditional independence product of the bivariate
specifications D!, which is an extension of the bivariate copula product introduced in Darsow et al. [6] to
arbitrary dimension, see [15].

In this paper, we introduce and study the %-product of copulas as an extension of the bivariate copula
product considered in [8] to the multivariate case and to general factor distribution functions in order to model
the copula of X = (f;(Z, €;)); for general dependence structures among (¢, . .., £4) and also discontinuous
Z . We provide a simple representation of a conditional distribution function by the corresponding univari-
ate distribution functions and a generalized derivative of the associated copula. Then, we derive a Sklar-type
theorem implying that the dependence structure of X is determined by the x-product of the dependence spec-
ifications in the CSFM. Further, we establish a general continuity result for the x-product in dependence on
all its arguments which is useful for corresponding approximation results. We study transformation prop-
erties of the x-product and introduce, as a counterpart of the upper product, the lower product of bivariate
copulas in the two- and three-dimensional case.

In Section 3, we derive general lower and upper orthant ordering results for the x-product in dependence
on the copula specifications. This requires the consideration of integral inequalities like the rearrangement
results of Lorentz [16] and Fan and Lorentz [11]. We extend and strengthen several recent results on the lower
and upper orthant ordering of upper products to general x-products. In particular, we show that componen-
twise convexity of the conditional copulas plays an important role for the ordering of the x-products. We
introduce the <, s-ordering on the set of bivariate copulas based on the Schur-ordering of copula derivatives
allowing to derive a meaningful comparison criterion. We show that many well-known copula families satisfy
this ordering.

Finally, in Section 4, we combine the x-product ordering results with the ordering of marginal distribu-
tions and obtain several general ordering results in CSFMs. As a consequence, this yields maximum elements
and, thus, sharp bounds w.r.t. the lower and upper orthant ordering for classes of PSFMs as well as for classes
of CSFMs with the conditional independence assumption.

2 The x-product of copulas in completely specified factor models

A d-copula is a distribution function C: [0, 1]¢ — [0, 1] with uniform univariate marginal distribution func-
tions. Due to Sklar’s theorem, every d-dimensional distribution function F can be decomposed into a com-
position of a d-copula C and the univariate marginal distribution functions Fy, ..., F; of F, i.e.,

F(x) = C (F1(x1), ..., Falxq)) ®
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forall x = (xq,...,xq) € R?. The copula C is uniquely determined on the Cartesian product x,fil Ran(F;) of
therangesof F;, 1 < i < d . Further, for every d-copula and for all distribution functions Fy, ..., F4, theright-
hand side in (1) defines a d-variate distribution function, see the original papers of Sklar [29] and Schweizer
and Sklar [27], see also Nelsen [22], Riischendorf [25], and Durante and Sempi [10]. Denote by C, the set of all
d-copulas and by 9 (F9) the set of (continuous) d-dimensional distribution functions.

In the setting of a completely specified factor model, the distribution function F of X = (X1, ..., X4) can
be decomposed into

oo

Fix, ... xg) = / oty x)dG(2) = [ Ca (Fypla)s . Fap(xa) dG@),

—oo oo

where F; is the conditional distribution function of (X1, ..., X4)|Z = z with univariate marginal conditional
distribution functions F;, and conditional copula C; € €4 . Each F;, depends via

z

D' (Fi(1), 60)) = Fr.20,2) = [ Fis (04605

—oo

only on the dependence specification D' = C x,,z and the marginal distribution functions F; and G, where
G = F; denotes the distribution function of Z .

Altogether, this motivates to introduce the x-product of copulas as a product of the specifications
D',...,D% € @,, of the conditional copulas (C;);, C. € C4, and of the risk factor distribution function
G € F'. In a Sklar-type theorem, we show that the x-product is a copula that describes the dependence
structure of the risk vector X in the CSFM. We give the basic properties of the x-products that are used in the
following sections to develop several ordering results for x-products and, thus, ordering results for CSFMs.

Our results extend the bivariate x-product considered in Durante et al. [8] and the bivariate conditional
independence product introduced in Darsow et al. [6]. A discussion of some properties of bivariate x-products
is given in Durante and Sempi [10, Section 5.5]. An important particular case of the x-product in the present
paper is the multivariate conditional independence product which describes the dependence structure of
the commonly used factor models with conditional independence assumption, compare Krupskii and Joe
[15]. The particular case of upper products that corresponds to upper risk bounds in partially specified factor
models has been investigated in [2]. As a counterpart of upper products, we introduce the lower product of
bivariate copulas that describes best case bounds in the two-, respectively, three-dimensional PSFM.

2.1 Definition of x-products

The consideration of general factor distributions needs the following notion of generalized differentiation.
For G € F' denote by

i: [0,1] — Ran(G), ts GoG D),
ig:[0,1] - Ran(G7), t—G o G0,

the transformation of the identity w.r.t. to G, resp. G~, where G™*: [0, 1] — R U {too} given by G'(u) :=
inf{x|G(x) = u}, inf(@ = oo, is the generalized inverse of G, and G~ is the left-continuous version of G .
Several properties of the transformations ( and 1;; are given in Lemma A.1 in the Appendix, see also Figure
2.
Define for a function f: [0, 1] — R the generalized differential operator o6 by the left-hand limit
(16(t0)) - f15(0)

0 (to) = lim L

R (B 13 @

to € (0, 1], if the limit exists. As usual, denote by a? the operator 9¢ which is applied to the i-th coordinate
of a function of several arguments.
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Figure 2 On the left: a distribution function G ; on the right: its corresponding transformations ¢ (dashed and solid line) and
[ (dotted and solid line) which both coincide with the identity function on the interior of the range of G . Note that [ is left-
continuous, and (¢ is neither left- nor right-continuous, see Lemma A.1.

Remark 2.1. (a) The denominator in (2) is positive for all O < t < ty < 1 because t5(to) = to > t > (5(t) by
Lemma A.1(iv).

(b) Ifo is left-'continuous and if the (ordina;"y) left-hand derivative f'(ty) := lim; o ﬂ%:{f‘) exists, thefz
9Cf(to) exists for all G € F'. To see this, we know by (a) that 15(to) > to > lim; »¢, 15(t) . Hence, if
16(to) = limg »¢ 15(t) = to, then Cf(to) = f(to). If 16(to) > lim¢ g, 15(), then 9%f(to) exists since f
and (g are left-continuous, see Lemma A.1(vi).

(c) A useful transformation property of 3¢ is that

aGf(t) = aGf(lc;(t)) = aGf(G(x)) forall G € ! and for Lebesgue-almost all t , 3)

where x = G™(t) . This is a consequence of Lemma A.1(v) considering the cases where G is continuous at x
or has a jump discontinuity at x , compare equations (38) and (39) in the proof of Theorem 2.2.

The following result gives the representation of a conditional distribution function by the univariate
marginals and the generalized partial derivative of the corresponding copula.

Theorem 2.2 (Representation of conditional distribution functions).
ForF,G € 5!, let X ~ F and Z ~ G be real random variables with copula C € C , i.e., C = Cx,z . Then, the
following statements hold true:

(i) Forall x € R, there exists a G-null set Ny such that the conditional distribution function of X given Z = z
evaluated at x is represented by

C(F(x), G(2)) - C(F(x), G(z - h))

_ 3G
G- 6Geoh = 3 C(F(), 6(2) @

Fxiz-,(x) = lim
X\Z—z() ANO

forall z € Ny .
(ii) There exists a G-null set N such that

Fyjz-:() = lim 95 C(F(w), G(2) )

forall x € Rand forall z € N¢.

The proof is given in the Appendix.
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Remark 2.3. (a) For the representation of the conditional distribution function in (4) and (5), we make use of
the left-hand limit in the definition of the generalized differential operator given by (2). If G has a discontinu-
ity at z , then the operator 05 is the difference quotient operator w.r.t. the second component of C between
G(z2) and G™(2) . If G is continuous at z , the operator 35 reduces to the d3-operator denoting the left-hand
partial derivative with respect to the second variable. Hence, if G is continuous for all z , then it holds that
ag = 05 . Denote by 0, the operator which takes the partial derivative w.r.t. the second component of a mul-
tivariate function. Since copulas are almost surely partially differentiable, see Nelsen [22, Theorem 2.2.7], it
holds for all u , that 0;C(u, v) = 9,C(u, v) for almost all v .

(b) We point out that the right-hand expression in (4) is not necessarily right-continuous in x , and, thus, it does
not generally define a distribution function in x . However, in the following definition of the x-product as well
as in most results of the paper, we integrate over the conditioning variable and, then, this representation of
the conditional distribution function is appropriate.

In the following definition, we extend the x-product introduced by Darsow et al. [6] for Markov structures,
and, for arbitrary conditional dependencies, by Durante et al. [8] (for d = 2) and [2] (ford > 2) to G € F!
allowing also discontinuous factor distribution functions.

We need a measurability assumption which is implicitly assumed in the above mentioned literature by
the definition of the corresponding integrals. We call a family B = (B),¢[o,1] of d-copulas measurable if the
mapping (t, u) — B.(u), (t, u) € [0, 1] x [0, 1]¢, is measurable.

The -product of bivariate copulas is defined in dependence on a measurable family B = (By);c[o,1] of
d-dimensional copulas and on a distribution function G € F* .

Definition 2.4 (x-product of copulas).

(i) Let B := (Bt);c[o,1] be measurable, B € C4,0<t<1,andG € F1 . For bivariate copulas D, ... ,D4¢e
@, , the (d-dimensional) %-product of D', ..., D w.r.t. B and G is defined by

1
6D’ (W) = KLy p,gD' (W) := / Bf (0§D (s, 0),...., 0§D, 0) dt ®
0

foru = (uy, ..., uy) € [0, 1]? where BS is defined by

B¢, ifig(t) = 16(0),
B9 ) B e f ?( ) = 16(t) @
[EONAG) jtg(t) Bsds, ifiG0 # 16(0).

(ii) Ifthere exists a copula B € Cq such that B® = B for almost all t , then we use the notion *B,GD" = *B,GD"
and call it simplified x-product of DY, ..., D?w.rt. Band G .

(iii) If G is continuous, then the (simplified) x-product is abbreviated by kgD’ := g ;D' and kD' :=
*p,cD", respectively.

Note that the number d of bivariate copulas is typically clear from the context and therefore the simplified
notation is used. We also sometimes use the notation D' xp g - -+ %p, D¢ := kg ;D' for the x-product of d
bivariate copulas D' ..., D4 w.rt.toBand G .

Note that for fixed uy, ..., uy € [0, 1] the integrand in (6) is well-defined as a consequence of Remark
2.1(b) because copulas are Lipschitz-continuous. The justification for the simplified notation in (iii) of the
above definition is due to Proposition 2.14.

As usual, we denote by 4, M4, and W4, defined by

1<isd

d
Hd(u) =Upeelg, Md(u) = min{y;}, Wd(u) 1= max{Zui—dJrl,O} s
1s<isd
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the product copula, the upper Fréchet copula, and the lower Fréchet bound, respectively, where W is a copula
only for d < 2. As special %-products, we consider the following simplified products of bivariate copulas.

Definition 2.5 (Some specific simplified x-products).
(i) The conditional independence product is defined as gD := *Hd‘GDi .
(it) The upper product is defined as \/; Di:=D'vg---vgD?:= *Md’GDi .
(iii) The lower product is defined as )\ D' :=D! NG+ NG D4 = *Wd‘GDi .

If G is continuous, we abbreviate the independence product by TID! = H;’ZlDi , the upper product by \/ Di =
V&, D' =D'v---v D, and the lower product by AD' = AL, D' = D' A--- A D?.

Since W is a copula only if d < 2 , we clarify that for d > 3, the lower product is defined in the sense of (6).

The following result shows that the x-product is a copula. It extends [2, Proposition 2.1] from continuous
to general factor distribution functions.

Proposition 2.6. For all measurable B = (Bt);c[o,1]» Bt € Cq forallt, forall G € F!, andforallD',...,D% ¢
€, the x-product g D' is a d-copula.

Proof. Due to Theorem 2.2, the functions H., 1 < i < d, defined by Hi(u) := lim,~ agD"(v, G(2)) foru €
[0, 1) and Hi(1) := agnfu, G(2)) = 1 are univariate distribution functions for G-almost all z € R. Then, by
Sklar’s Theorem, F; defined by

Fous, ..., ug) = Bioy(H(ur), ..., HE(ug)), (ua,...,ug) €10,1]%,
is a d-dimensional distribution function on [0, 1]¢ , where (B?) is defined by (7). It follows that

1
D' o) = [ B (05D, 0, ..., 2D%wg,0) e

0
1

- [ Bl (25D s, t6(0). ... D g 16(0)) o
0 8

- / By (0§D (w1, G(2)), ..., 9§ D%(ua, 6(2))) dG(2)
R

- /Bg(z) (Hi@y), ..., Hiu) d6(2) = /Fz(ul, e u)dG(@),
3 R
where we apply (3) for the second equality and use that BY = Bfi(t) which follows from Lemma A.1(v). The third
equality follows from the transformation formula, see, e.g., [32, Theorem 2]. For the fourth equality, we use
for fixed (uy, . ... , ug) € [0, 119 that Hi(u;) = 9§ D'(u;, G(2)), 1 < i < d, for G-almost all z, see Theorem 2.2(i).
Since the last integral is a mixture of distribution functions, the product s g ;D' is a distribution function. The

measurability of F;(ug, . .., uy) in z is a consequence of the measurability of B and, by (4), of t agDi(ui, t)
forallu; € [0,1],1<i=<d.
It remains to show that *B,GDi has uniform marginals. Fori € {1,...,d}, letv = (vq,...,v4) with

vie[0,1]and v; = 1forallj #1i. Since 0§ D/(v;, ) = 1 forall t and j # i, it follows that
1. .
k6D (V1 ..., Va) = / 3§D (v;, ) dt - / 25D (v, 6(2)d6(2) = v;,
0 R

where the first equality holds due to the uniform marginals of the copula B , the second one is a consequence
of the transformation formula and (3), and the last equality is given by Theorem 2.2 and the disintegration
theorem. O
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2.2 Sklar-type theorem for factor models

The following theorem describes the meaning of the notion of x-products. It is a version of Sklar’s Theorem
for completely specified factor models and states that the dependence structure of a random vector (X;);<j<q
that follows a completely specified factor model, X; = f;(Z, €;) , is given by a x-product of the specifications
G=Fz,C'=Cyx,z,and Bf = Cy, _ y,1z-1(0,t€0,1].

Theorem 2.7 (Sklar’s Theorem for completely specified factor models).

,,,,, 411 € T4V be a (d + 1)-dimensional distribution function with univariate marginal distribution func-
tions F1,..., F4,1 . Denote by F; 4.1 the bivariate marginal distribution function of its (i, d + 1)-marginal, by
F1,...,a the distribution function of its first d components, and by F, __yr-1 () the conditional distribution func-
tion of its first d components given that the (d + 1)-st component equals F&h(t)‘ Then, there exist bivariate
copulas cl,...,cle ©, and a measurable family B = (Bt)te[o,l] of d-copulas such that

Fi,ae1 0ty Xgu1) = C'(Fi(x), Faa (as1)) fori=1,...,d, (©)]
Fl‘.“.d\F;‘i(l)(Xl' ceesXg) = Bf“*‘ (( ligl r)g"*lci(Fi(wi), t)> ) foralmost all t € [0, 1], (10)
. WiNXi 1sisd

Fi,q(1,. .., Xg) = ¥g g, C (F1(x1), ..., Fq(xg)) (1)

forall (xq,...,Xg,) € R¥L.
Conversely, for distribution functions Fy, ..., Fq,, € F', bivariate copulas C', ..., c? € ¢, and a measur-
able family B = (Bt);c(o,1] of d-copulas, the family (Flwwd\F;f](f))[e[o u in (10) defines a (d + 1)-dimensional
distribution function Fy, 4,1 with bivariate marginal distribution ﬁJrfctions F; 4.1 given by (9) and d-variate
distribution function Fy 4 given by (11).

Further, for 1 < i < d, the copula C' is uniquely determined on Ran(F;) x Ran(F4,;) , and Bf“*‘ is uniquely

determined onX¢., Ran (limwl\. b Cl(Fi(wy), t)) for almost all t € [0,1].

Proof. Due to Sklar’s Theorem in the bivariate case, there exist C,..., c? € @, such that (9) holds for all

(X1, ..., X4:1) € R¥*1 . The univariate marginal distribution functions of F; d|F;2, () are given by
Fijpa o) = lim bgd*‘ C'(Fi(w), t), forallx € Rand for almostall ¢ € [0, 1], (12)
d+1 WX

1<i=<d, see Theorem 2.2(ii). Due to Sklar’s Theorem in the d-variate case, B; € C4, t € [0, 1], with
B = Fr_arz o (File, 0@ oo Falis o)) o = (ua, oo yug) € [0, 117,

for almost all ¢ defines a family B = (Bt)¢|o, 1) of d-copulas such that (10) holds true. Note that B is measurable
because the mappings [0, 1]xR? 3 (¢, x) — Fl---d|F;1,1(‘)(X) and [0, 1]x[0, 1] > (¢, u;) — Fi_\}’ﬁh (t)(u,-), 1<izd,
are measurable.
To show (11), we apply the disintegration theorem and obtain for all x = (x1,...,x4) € R4 that
1

1
Frod® = [ Fyary o@0de= [ BE (050 (.0) ) de=skar,, € (Filx),
'0 ~0 <1<

where for the second equality we use the representation in (10) and that lim,,\ y, ag“"C"(F,-(wi), t) =
ag“ 1 CU(F;(x;), t) for all t outside a Lebesgue-null set Ny C [0, 1], see Theorem 2.2.
For the converse direction, let Fi,...,Fsq € F1, CL, ..., ¢4 e @ andB = (Bt)ze[o,l] be measurable,

distribution function for almost all ¢ € [0, 1]. As a consequence of the measurability of B, the mapping
te Fy _ajrz, () is measurable for all x € R?, compare (8). Hence, F; _ 4., defined by

Fay(2)

Fi,an(62) = Fy, a0 Xa) dt,

o
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X = (x1,...,x9) € RY, z € R, is a (d + 1)-dimensional distribution function with marginal distribution
function of the first d components given by

1
Frod®) = Franalt o) = [ B (08RG, 0) ) de
J "

1
- / B ((im oFe Ci(Fywy), ) dt = kg, C (F1 (1), ..., Falxg))
3 WiNeXi 1<isd e

and bivariate marginal distribution functions w.r.t. to the i-th and (d + 1)-st component given by

Fa.1(2)
Fian(Xi,2) = Fy__4:1(00, .., 00,X;,00,...,00,2) = / o541t (Fi(xy), 0) dt = C'(Fi(x;), F4:1(2)) .
0
The uniqueness properties follow directly from the uniqueness properties in Sklar’s Theorem. O

Remark 2.8. (a) For Fi,...,F4,G € F', let (X1,...,Xg4, Z) be a (d + 1)-dimensional random vector with
Xi~F;,1<i<dandZ ~ G. Then, from Theorem 2.7 it follows that

(X1, ..., Xg) ~ kg D'(F1, ..., Fy),

for D! Cx,,z and B = (B()c[o,1) measurable such that BS = Cx,,....xa|z-G-1(¢) 1S the conditional copula of
X1,..., X ) givenZ = G™X(¢).
(b) As a weakening of (10), there exists for all x = (x1, ..., xq) € R9 a Lebesgue-null set Ny such that

Fl,-u,d\F;il(t)(x) = Bfm ((0?'1 Ci(Fi(xy), t)) 151‘5,1) forallt € Ng,
compare Theorem 2.2.

As a consequence of Sklar’s theorem 2.7 for factor models, the conditional independence product, the upper
product, and the lower product is characterized by conditional independence, conditional comonotonicity,
and conditional countermonotonicity, respectively.

Corollary 2.9. For1<i<dandF; € ', let X; ~ F; be random variables on a non-atomic probability space.
Then, for G € ¥* and D', ..., D% € €, , the following statements hold true.

O X1,...,Xq) ~ HgDi (F1,...,Fy) if and only if there exists a random variable Z ~ G such that
(X1,...,X)|Z = zis independent for G-almost all z .
(i) (X1,...,X0) ~ Vg Di(F1,...,Fy) if and only if there exists a random variable Z ~ G such that
(X1, ..., Xq)|Z = z is comonotonic for G-almost all z .
(iii) (X1, X3) ~ D* Ag D? (F1, F>) if and only if there exists a random variable Z ~ G such that (X1, X,)|Z = z
is countermonotonic for G-almost all z .

Throughout the following sections, the copula families B and C are assumed to be measurable.

2.3 Basic properties of x-products

For a d-copula C, denote by C the corresponding survival function and by C its survival copula. Then, the
survival function and the survival copula of the x-product are determined as follows.
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Proposition 2.10 (Survival function and survival copul/a_).\
The survival function kg ;D' and the survival copula g D' of the x-product kg ;D' are given by

1
*g,6Diu) = / B (1-0§D'(ur, 0., 1- 0§ D%w;, 0) d, 1)
0

1
Kp.0Di) = / BY (1-0§D(1 - uy,0), .., 1- 3§01 ~wy, ) di,

0
foru=(uy,...,ug) €0, 1]¢, where E,G is the survival copula ofo .
Proof. Let (Uy,..., Uy, Z) be arandom vector such that U; is uniformly distributed on (0, 1), Z ~ G, and

Uty s UZ = GHt) ~ B[<lim SD (w1, 8),..., lim agud(wd,z))
Wi Wa N\

for almost all t € (0, 1) and Cy, z = Diforall 1 < i < d, compare Remark 2.8(a). Then, it holds by (1) that
*p,cD'(u) = P(U; < u;, 1<i<d). Further, we obtain

1
*p,cDi (W) = P(U; > u; Vi) = /P (U,- > Vi|Z = G’l(t)) dt
0
1.
- / BY (1 = lim $D'(w1,0),...,1~ lim a?ud(wd,t)) dt
w1N\U1 Wa\Ug

1
- /E? (1 ~ 38D s, 8), ..., 1 - 35D (u;, t)) dt,
o

where the third equality follows by the application of Sklar’s Theorem for survival functions to the conditional
survival function in the integrand, see, e.g., Georges et al. [12, Theorems 1and 2] using that the i-th conditional
marginal survival function is given by Fy;_6-1(9s) = 1 - Fy,z--1(9) = 1 = limy, ., 05D (w;, t). The
fourth equality is a consequence of Theorem 2.2.

The second statement follows from the relationship E(ul, cooug) = CA-ug, .., 1-ug), (Ug, ..., ug) €
[0, 1], between the survival copula C and the survival function C of a copulaC € Cy4. O

For some particular specifications, the x-products simplify as follows.

Proposition 2.11 (Particular specifications).
Forallu = (uy, ..., uy) € [0,1]?, the following statements hold true.

(i) If D) = M? for all j # ithen kgD*(u) = D' (u;, minj.{u;}) .
(i) IfD/ = W? for all j # ithen *gD*(u) = Di(u;, min;,i{u;}), where D4 (v1, v2) := v1 = D(v1, 1 - v3).
(iii) If D' = I* for all i, then % g cD'(u) = [} BS(u)dt.
(iv) Marginalizationproperty: For] C {1, ..., d}, the J-marginal of g ;D' is given by g, D’ with bivariate
copulas (Di),-E, and conditional copulas B’ = (B}); where B} € Cyy| is the J-marginal of B, .
(v) Identifiability property: If D' = M? , then the (i, j)-marginal of gD is given by D' .



276 = Jonathan Ansariand Ludger Riischendorf DE GRUYTER

Proof. To show statement (i), observe that 0, M?(v, t) = 1 {t<v} for almost all ¢. This yields

1
*kpD* (u) = /Bt (1{1%},..-,Tl{mu,l},azDi(ui,t),]l(num}’~..,]l{kud}) dt
0

min; {u;}
= / azDi(ui, t)dt = Di(ui, m#i_n{u,»})
B J#
0

foru = (uy,...,uy) € [0, 1], where the second equality follows because all B; have uniform univariate
marginals and are grounded.

Statement (ii) follows similarly with 0, W2(v, t) = 1 {t>1-v} for almost all ¢, and statement (iii) follows from
I (v,H)=v.

(iv): Foru = (uy, ..., ug) withu; = 1 fori ¢ J , it follows that skg D'(u) = kg, ;D/(y) , where uy = (uy)je; .
Statement (v) is a consequence of (i) setting u; = 1 forallk € {1,...,d}\ {i,j}.

Note that statements (i), (ii), and (v) in the above result are formulated w.r.t. continuous risk factor distribution
functions and cannot be generalized to arbitrary G € F1. A counterexample can be constructed from the
following example.

Example 2.12. Let D' = M? for all i and G = 1j0,) be the distribution function of the Dirac distributionin 0.
Then, it holds that igD' = I1% # M9 using that 15(t) = 1 and (5(t) = O forall t € (0, 1). In fact, for Z ~ G, it
holds that P(Z = 0) = 1, and, thus, the dependence specifications Cx, 7 = D! = M? do not yield any information
on the X; and cannot force comonotonicity of (X1, ..., Xg) -

Next, we study the product *B’GD" in the case where D' = M? for all i . We make use of ordinal sums defined
as follows.

Let ] C N be a finite or countable subset of the natural numbers. Let (ay, by)re; be a family of pair-
wise disjoint, open subinterval of [0, 1] and let (Cy)xc; be a family of d-copulas. Then, the ordinal sum
({ax, b, Ci)iey of (Cidkes WLt (ay, bi)e is defined by

L N e = B
((axs brs CicDieeyW) = if min{uy,...,uy} € (ay, by) forsome k € J

min{uy,...,uy} else,

where u = (uy, ..., ug) € [0, 1]%, see, e.g., Mesiar and Sempi [17].
The following proposition characterizes ordinal sums by *-products.

Proposition 2.13 (Ordinal sums).
For G € F', for a measurable family B = (Bt)¢eo,1) and a sequence (Ci)xe; of d-copulas, and for pairwise
disjoint open subintervals (ay, by)xej of (0, 1), the following statements are equivalent:

) *B,GMZ = ((ak, bx, CkDkes
(it) (ay, bkey = {(tg(), 16(O) | 15(t) # 16(6) , t € (0, 1)} and Cy = BY for t € (ay, by) = (15(0), 16(0) .

Proof. Foru = (ug,...,ug) €[0,1],letv := min{u;} . Then, we have that
1

*p,6M> @) = [ BE (021 e 1siza) At

v if (5(v) = 16(v)

)=
0
- {zg(v) + () - ;) BS ((7'"‘“{””“("]}"0("))1<i<d) if (5(v) # 16(v),

16(V)-15V)
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which implies the assertion. Note that B? is constant for t € (15(f), t6(t)) . O

Denote by A the closure of aset A C R . The following result justifies the simplified notation for the x-products
where the argument G is omitted in the case that G is continuous, see Definition 2.4(iii). The proof is given in
the Appendix.

Proposition 2.14.
Let d = 2. Then, the following statements are equivalent:

@) *B,GID" = *B'GZD"for all measurable families B = (B;)o<(<1 of d-copulas and forall D' € €, , 1 <i<d,
(ii) Ran(G,) = Ran(G,).
(iii) 16, (t) = 15,(t) for Lebesgue-almost all t € [0, 1] .

As a consequence of the above result, the x-product depends only on the closure of the range of the risk
factor distribution G . Thus, the copula of a completely specified factor model is invariant under strictly
increasing transformations of the factor variable.

The following result shows in which relevant cases the x-product attains the upper Fréchet copula.

Proposition 2.15 (Maximality).
For the x-product, the following statements hold true.

(i) IfD' = M? forall i , then kyD' = M?.
(ii) If D' = W for all i, then %D’ = M9
(iii) \/¢ D' = M4 if and only if D = D* on [0, 1] x Ran(G) for all j # k.

Proof. Statements (i) and (ii) follow from Proposition 2.11(i) and (ii).
Statement (iii) is an extension of [2, Proposition 2.4(v)] to arbitrary G € F . We give the proof in the Appendix.
O

The definition of the x-product also yields an invariance property under Lebesgue-measure preserving trans-
formations.

Let A be the Lebesgue measure on B([0, 1]). Denote by T the set of measurable transformations
T: ([0, 1], B([0, 1]),A) — ([0, 1], B([0, 1]), A) that are measure preserving, i.e. AT = A, where AT(4) :=
AT 1(A)) for all A € B([0, 1]) denotes the distribution of T w.r.t. A. Let Tp be the set of all T € T such
that T is bijective. Then, elements of Tp are called shuffles, see [9].

The following statement shows that simplified x-products are invariant under joint shuffles of the factor
variable Z assuming a continuous distribution function.

Proposition 2.16 (Invariance under shuffles). Forall T € Tpand C € €, , the function $1(C): [0, 1]> — [0, 1]
given through

$1(C)u, ) o= / 0,C(u, T(H)dt
0

is a bivariate copula. Furthermore, for simplified x-products with continuous factor distribution function and
B € @4 holds
*kpC' = kSr(CY).

The proof is given in the Appendix.
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2.4 Continuity results for x-products

In this section, we derive continuity properties of the x-product w.r.t. to all its specifications.
For the approximation of x-products w.r.t. the factor distribution, we need the following lemma. The
proof is given in the Appendix.

Lemma2.17. ForGn, GeF',neN, the following statements hold true.

(i) 1 determines g uniquely by i1;(t) = inf{s | (5(s) = t} .

(i) If i, — 16, then i, — 1 , where each convergence is almost surely pointwise.
In the following example, we consider some typical approximations of distribution functions for which the
corresponding transformations ¢ converge almost surely pointwise.

Example 2.18. (a) Denote by T} the set of distribution functions with compact support. For G € 3, con-

sider the discretization (Gn)n given by Gn(x) := m . Then, Gy is a distribution function for all n with
Ran(Gn) C {0,%,2,...,1}. For t € (0,1) such that G * is continuous at t, it can be verified that

16,(t) = 16(t) . Thus, 15, converges to 1 almost surely pointwise.
(b) For G € F*, consider the discretization (Gn)n € F* given by

sup{¥1G(x) 2 X, keNo}, ifGL)<}3,
Gn(¥) =13 ifGx) =1,
inf{¥160) s &, keNo}, ifGR)>3.

Similarly to the above example, it holds that Ran(Gr) C {0, %, %, ..., 1} and 15, — 1 almost surely point-

wise.

The following two counterexamples show that, in general, neither convergence in distribution (denoted by
2)) implies almost surely pointwise convergence of the corresponding transformations ¢ nor that the con-
verse holds true.

Example 2.19 (Gn 2,6 = 16, = 1G).

Let Gn = Fyq,1/n) be the distribution function of the normal distribution with mean 0 and variance L. Then,
Gn 2.6-= 1o,e) - But 1, —# 1 almost surely pointwise because for all t € (0, 1) it holds that 15,(t) = t #
1o,1)(f) = tg(f) foralln e N.

Example 2.20 (i, — 1 = Gn 2, G).

Let G, G’ € F¢ be continuous distribution functions with G # G’ . Let (Gn)n be the approximation of G given by
Example 2.18(b). Then, 15, — ¢/ almost surely pointwise because 1, (t) — 16(t) = t = 15/(t) forall t € (0, 1).
But Gn 2# G because Gn 2> Gand G' #G.

For a continuity result of the x-product *B,GD" w.r.t. the bivariate dependence specifications D' , we consider
as slightly generalized version of the 0-convergence for bivariate copulas in Mikusifiski and Taylor [18].

Definition 2.21 (9,-convergence).
Let Dn, D € C; be bivariate copulas for all n € N . Then, the d,-convergence Dy 2, pis defined by

1
/ |02Dn(x, t) - 9,D(x, )| dt == 0 forall x € [0,1].
0
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Remark 2.22. a) Some typical approximations of copulas are the checkerboard, the checkmin and the Bern-
stein approximation, respectively. All these approximations are w.r.t. the 9-convergence, see Mikusiriski and
Taylor [18], and, thus, also w.r.t. the d,-convergence. In contrast, the d,-convergence does not generally hold
for the shuffle-of-min approximation, see Mikusinski and Taylor [18, Example 4].

b) For a bivariate copula D , denote by DT with D™ (u, v) := D(v, u), (u, v) € [0, 1]?, the transposed copula of
D, and by Kp the associated Markov kernel defined by Kp(t, [0, v]) := lim,~ , 01D(t, u) for all u € [0, 1]
and for Lebesgue-almost all t € [0, 1]. Then, the d,-convergence is metrizable with a metric r given by
(A, B) = D1 (AT, BT), where D, denotes the metric defined by

11
Dy(4, B) := / / |Kat, [0, v]) - Ky(t, [0, v])| dedv (14)
00
for A, B € C,, see [30]. Note that for all v € [0, 1], there exists a Lebesgue-null set Ny such that 0, A(t, v) =
K,(t, [0, v]) and 91B(t, v) = K3(t, [0, v]) for all t € N{, see, e.g., Theorem 2.2(i).
As a main result, we give sufficient conditions for the continuity of the %-product w.r.t. all its arguments.
Theorem 2.23 (Continuity of x-products).
Let Di, D' € ©, be bivariate copulas,1 <i<d,B" = (B;l)te[o,l]’B = (Bt)¢ejo,1] be measurable families of
d-copulas, and Gn, G € F* be distribution functions for alln € N. If
@) D\ 2% Diforalll<is<d,
(ii) B} 2, By for Lebesgue-almost all t € [0, 1], and
(iii) 16,(t) — 15(t) for Lebesgue-almost all t € [0, 1],
then it holds true that
kpn g, Db — kp D' uniformly.

Proof. We show for u = (uy, ..., ug) € [0, 1]¢ that

*B"‘,G,(Dil (w) == *Bm,GkDi (u) forallk,meN, (15)
kpm g, Db (u) T2 kg D (u) forallk,neN, (16)
*Bm,GkDi, (w) X2, *Bm,GDil (u) foralln,meN. 17)

Due to the equicontinuity of copulas, the above x-products converge uniformly using Arzela-Ascoli’s theo-
rem. Thus, the statement follows from the exchangeability of applying the limits and, again, from Arzela-
Ascoli’s theorem.

First, we show (17). Assume w.l.g. that D} = D and B™ = B for all n, m € N. From Lemma 2.17(ii) we
obtain that (5, — (¢ a.s. implies that (5, (t) — 15(t) for all t € N§ N[0, 1] outside a Lebesgue-null set Ny . Fix
te Ngn[o,1].

If (5(t) < 16(t), then there exists R € N such that for all k = R it holds that 1gk(t) < 16,(t) and, thus,

LGy l6(0)

Gy _ 1 k—oo 1 06
B/ (u) = W / Bs(w)ds — m / Bs(u)ds = Bf (u)
l;;k([) (NG

and

Diuj, 16,(0) - Dy, 15,(0) ke Di(uy, 16(8)) - Dz, (5(D)

Gipi(y. t) =
07D i, 0 = 16,0~ 15, () 1600~ 15(0)

= 05D (u;, )
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fori=1,...,d.
If 15(t) = 15(t) and lbk(t) =15, (t) for all k, then it follows that

Bf"(u) =Bi(u)=BS(u) and bg*Di(ui, ) = 0,D'(u;, t) = afni(ui, t) forallk.
If (5(t) = 16(¢) and zgkl(t) < g, (t) for a subsequence (kj)cy , then it follows from Lebesgue’s differential
theorem, see, e.g., [4, Theorem 8.4.6], that

{65, 0

Gi, _ l—o0 _ nG
¢ m / Bsds 2= Bi(u) - BS()

and, since the partial derivative of a copula exists almost surely, that

Di(uj, tg, (6) - D'(wi, G, 0)

Gy i o0 i G i
0, 'D'(u;, t) = 0,D'(u;, t) = 03D (u;, ¢
2 ( i ) lel(t) — l&k’ 0] — 0,D( i ) 2 ( i )

if t € N{ N0, 1] is outside of a Lebesgue-null set Ny O Nj .
Altogether, this yields

BSGk ((aZGkDi(ui’ S)) 1sisd) IH—N> BSG ((azGDi(ui’ S)) lsisd)

forall s € N{ n [0, 1] using that Bk € €4 is equicontinuous for all s . This implies

1 1
Di(u) = | BSx G pi(y, BS S ity _ Di
*B’Gk (u) / s ((62 (H,, S)) 1<isd) ds — s ((62 (ul’ S)) 1sisd) ds *B’G (H)
0 0

as k — oo, where we apply the dominated convergence theorem.

To show (15), letj € {1,...,d} and choose w.L.g. G, = G, B™ = B, and D, = Dy, forall k, m,n € N

1

andi#j. Let (GI)IeN be the discrete approximation of G given in Example 2.18(b). Then, the family (B? )t is
constant in t on the intervals (*; 1 x D), 1<x=l,andeach B 'is Lipschitz continuous with Lipschitz constant
1.

Thus, for the Lebesgue measure A on [0, 1], it holds that

({t IBE (5 D s, )rea) ~ BY (0 Dhlus, ):2iza)| > )1 (552, )

n—eo

< A ({t: 108 Dh(wj, 0)- 9 Diay, 0] > €} N (51, ) == 0

foralle > 0and 1 < x < [, where the convergence follows from the assumption that D’;l 22, pJ Then

1
/ 1BE (05 Diy(uts, 0)1.124) - B (05 (D (ut, 1) i) it

1
Z IBE (05 Diy(ui, 0);) - B (05 D'(u;, 0):1iea)] dt "5 0,

K=

=
N‘u\—qx

which implies that *ng,DL(u) — *B’G,Di(u) as n — oo for all I. Thus, the statement follows from
gD = %y D uniformly, see (17).

Statement (16) follows with the dominated convergence theorem. O
In the following remark, we note that a weak approximation of the bivariate dependence specifications or

a weak approximation of the factor distribution does not guarantee the convergence of the corresponding
*-products.
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Remark 2.24. (a) In general, the x-product *B,GD" is not continuous in D' w.r.t. weak convergence. A coun-
terexample is given for the upper product and G € F¢ in [2, Example 2.7].

(b) In general, the x-product is not continuous in the factor distribution w.r.t. weak convergence, i.e. Gn 2,
G = %pg,D' > kgD
For a counterexample, let (Gn)n be the approximation of G given by Example 2.19. Then, Gy 2,6-= Lio,00) -
If the D' do not coincide for all i, then the x-products do not necessarily converge because, e.g., for the
upper products, it holds that

\/D'=\/D' #M?=\/ D',
Gn G

where the first equality holds due to the continuity of Gn for all n, and the inequality is true because of the
maximality property of the upper product, see Proposition 2.15(iii). The last equality follows from

1
min{uy,...,ug} = /min{bng(ul,t),‘..,r)gD‘i(ud,t)} dt
0

since

Grif, p D (u;, 16(8)) - D (uy, 15(0)) o
P07 60150 -

forallu; € [0,1] and 1 < i < d because 15(t) = 1 and 1(t) = O forall t € (0,1).

2.5 The lower product of bivariate copulas

In the following proposition, we provide basic properties for the lower product of bivariate copulas which are
parallel to some results in [2] for the upper product.
For a bivariate copula D € C, , define the reflected copulas D. and D* by

D.(u,v):=v-D(1-u,v), and D*(u,v):=u-D(u,1-v), (18)

respectively, for (u, v) € [0, 1] . Remember that the transposed copula D7 is defined by DT (u, v) := D(v, u),
(u,v) € [0,1]%.

Proposition 2.25. For D, E € C, and for a random vector (U1, U,, Us) the following statements hold true:

(i) Minimality property: D Ag E = W? ifand only if D = E. on [0, 1] x Ran(G) .
(ii) M? Ag D Ag Eis a 3-copulaif and only if G € F¢ .
(iit) (U1, Uz, U3) ~M>* ADANE & Cy,y, =D*, Cy,,u, = E* and (U, U3)|U; = t is countermonotonic for
almost all t .
(iv) D Ag M? = D on [0, 1] x Ran(G) and M? Ag D = DT on Ran(G) x [0, 1].
(v) D Ag W? =D* on [0, 1] x Ran(G) and W? Ag D = (D*)T onRan(G) x [0, 1].
(vi) In general, the lower product is neither commutative nor associative.

The proof is given in the Appendix.

3 Ordering results for x-products

In this section, we establish lower and upper orthant ordering results for the x-product *B,GD" w.r.t. the
conditional copulas B and the bivariate specifications D'. By the Sklar-representation theorem (Theorem
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2.7) these results imply corresponding dependence ordering results for CSFM w.r.t. their specifications.

Definition 3.1 (Stochastic orderings).
Let &, & be d-dimensional random vectors. Then, define the

(i) lower orthant ordering ¢ <, &' if for the corresponding distributions holds that F¢(x) < Fg (x) for all
x e R?,
(ii) upper orthant ordering & <o &' if for the corresponding survival functions holds that Fg(x) < F;, (x) for all
xeRY,
(iii) concordance ordering ¢ < & if it holds that & <, & and & sy &',

Note that all these orderings depend only on the distributions and, thus, are also defined for the correspond-
ing distribution functions. A comparison w.r.t. the concordance ordering requires that the corresponding uni-
variate marginal distributions are equal, i.e., (&1, ..., &) sc (&1, ..., &) implies ¢; d & for all i . Further, if
d=2and¢; 4 &!, the orderings <, , <uo , and <¢ are equivalent and we denote them as the standard bivariate
dependence orderings.

For an overview of stochastic orderings, see Miiller and Stoyan [21], Shaked and Shanthikumar [28] and
Riischendorf [26].

In comparison to the ordering of *B,GDi w.r.t. the specifications D', an ordering w.r.t. the copula family
B is a simple task and given by the following proposition which extends Durante et al. [8, Proposition 3].

Proposition 3.2 (Ordering w.r.t. conditional copulas).
Let B = (Bf)ost<1, C = (Ct)ost<1 be measurable families of d-copulas. If By < C; for almost all t, where < is one
of the orders <, , <uo , and <c , respectively, then it holds true that

*p,6D' < %D
forall G € F* and for all copulas D' € €, , 1<i<d.

Proof. The statement follows from the closure of these orders under mixtures (see Shaked and Shanthikumar
[28, Theorems 6.G.3.(d)]). O

In the sequel, we are interested in ordering conditions for *B,GD" w.r.t. the specifications D' .

Intuitively, if the D' increase in the standard bivariate dependence orderings, then the product *B’GD"
should increase due to the following reason: If all the D' get closer to the upper Fréchet bound M? , then each
X; = fi(Z, &;) depends more strongly positively on Z. Thus, the copula Cy, . x, of (X1, ..., X4) should be
closer to the upper Fréchet bound M? . But it turns out that ordering criteria on D' are more complicated. One
can also couple each X; more strongly negatively with Z which also leads to a stronger positive dependence
among the X; . Further, as we see in Theorem 3.7, general ordering conditions for *B’GD" in D' for fixed D/ ,
j # 1, restrict the choice of the conditional copula family B.

Another difficulty is that, for fixed i € {1,...,d}, ordering results for %, p D’ w.r.t. D' always involve
integral inequalities because

1
ol @)= [ BE (QSDy 0)1a) e
0

depends on D' through the (generalized) partial derivative 05D of D' . More precisely, a pointwise ordering
of the integrands w.r.t. D' and E' , i.e., Bf ((ang(ui, t))lsjsd) < Bf ((agEj(uj, t))lgl«gd) for all (uy,...,uy) €
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[0,1]%and ¢ € (0, 1), is not possible: If we set u; = 1forallj # i, then
Gpi _ G ((5Grj G ((5Gri _ 3G
98D (wi, 0 = B ((0§D/(uj, 0)1.5ea) = BY ((OFEwj, )1 ) = O (i, 0)
for all t implies D' = E' on [0, 1] x Ran(G) and, thus, *}"jzl,B,GDi = *leyvaE".

In the remaining part of this section, we derive several lower and upper orthant ordering results for
*,4:1,3,(;17] w.r.t. the D' verifying integral inequalities based on the Schur-ordering, the sign-change order-
ing, and the lower orthant ordering, respectively.

3.1 Ordering results for componentwise convex conditional copulas

Denote by < the Schur-ordering for functions, i.e., for integrable functions f, g: [0, 1] — R, the relation
f <s gisdefined by [5 f*(t)dt < [ g*(t)dt forall x € (0, 1) and jol fOdt = fol g(t)dt . Here h* denotes the
decreasing rearrangement of an integrable function h, i.e., the (essentially w.r.t. the Lebesgue measure A)
uniquely determined decreasing function h* such that A(h* < t) = A(h < t) forallt € R.

We say that a family (®),c[o,1 of functions @¢: @ — R is continuous, © = R? or @ = [0, 1]%, if the
mapping (¢, x) — @¢(x) is continuous for all (¢, x) € [0, 1] x O . As a basic integral inequality result, we make

use of the following theorem on rearrangements from Fan and Lorentz [11, Theorem 1].

Theorem 3.3 (Ky Fan-Lorentz Theorem).
Let®;: R R, t € [0, 1], be a family of continuous functions. Then, the following statements are equivalent:

(i) For all bounded and decreasing functions f;, g; on [0, 1] with f; <s g;, it holds that

1 1
/rpz(fl,...,fd)dts/amgl,...,gd)dt. (19)
’ )

(ii) @ with @(t, -) := () satisfies the following conditions forall0 < t<1,0<a<1-2§,6>0,u, =20,
k=1,...,d,h=0andi # j where those arguments are omitted which are the same in each expression:

@(u; + h, uj + h) - @(u; + h, u;) = O(u;, uj + h) + O(u;, u;) = 0, (20)
@(u; + h) - 20(u;) + d@(u; - h) 20, (21)
5
/ (@grbes (W) = Pgugrs Wi + h) + Pars(u; + h) — Pass(u;)) ds = 0. 22
0

For a function f: RY - R, let AFf(x) := f(x + ge;) - f(x) be the difference operator where € > 0 and where e;
denotes the i-th unit vector w.r.t. the canonical base in R?. Then, f is said to be supermodular, respectively,
directionally convex if Af’ Af’f(x) >0forall x € R?, forall €i,€ > 0,and forall 1 <i<j<d, respectively,
1 <i<j<d.Notethatin the literature, directionally convex functions are also called ultramodular or Wright
convex.

Here, Condition (20) is supermodularity of @; for all ¢, condition (21) is convexity of @; in each com-
ponent for all ¢. Functions that fulfill both conditions (20) and (21) are directionally convex. Motivated by
Theorem 3.3, we consider the class €5 of componentwise convex d-copulas which is identical to the class
of directionally convex copulas since copulas are supermodular.
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3

Remark 3.4. (a) As a consequence of the transformation formula, Theorem 3.3 also holds true if “decreasing™
in (i) is substituted by “increasing” and the inequality in (22) is reversed, i.e.,
5
/ (Passes W) = Parsrs(Uj + h) + Pars(u; + h) - Paurs(uy)) ds < 0. 23)
0
forall0<a<1-26,6>0,u;,20,k=1,...,d,h=0.
(b) If @ has continuous second partial derivatives w.r.t. all variables, then conditions (20), (21), (22), and (23),
respectively, are equivalent to
o’ o’ o’

auiau,-zo Vi#j, auizzo Vi, mso Vi, and

i >0 Vi,
Ui
respectively, see Lorentz [16].

In order to apply the Ky Fan-Lorentz Theorem to x-products, we consider an important class of bivariate
copulas which are convex or concave in the second variable.

Definition 3.5 (CI/CIS/CDS copula). A bivariate copula D € C, is said to be conditionally increasing in se-
quence (CIS), respectively, conditionally decreasing in sequence (CDS) if 9, D(u, t) is decreasing, respectively,
increasing int forallu € [0, 1] .

Further, D is conditionally increasing (CI) if D and DT are CIS, i.e., D is concave in both components.

In the literature, the CIS property is often defined by the partial derivative w.r.t. the first component. However,
we define it in this way because the x-product depends on the derivatives of the bivariate copulas w.r.t. the
second component.

Note that for a random vector (Uy, U,) ~ D with D € €, CIS, the conditional distribution U | U, = vis
stochastically increasing in v . This explains the denomination of conditional increasingness.

For the next theorem, we need the following lemma. The proof is given in the Appendix.

Lemma 3.6. For G € 5, conditions (21), (22), and (23), respectively, transfer from measurable B = (Bt)teo 1] »
By € €y, to the mixtures B® = (BY);c[0.1] -

As a consequence of the Ky Fan—Lorentz Theorem 3.3, we obtain that general <,-ordering results for *B'GDi
w.r.t. D! require convexity of B; in each component for all ¢ .

Theorem 3.7 (5),-ordering of componentwise convex -products).
Assume that B = (Bt)¢(o,1] i a continuous family of d-copulas. Then, the following statements are equivalent:

(i) Forall G € ' and for all CIS copulas D' E' € @, with D! <o E',1<iz<d,itholds
*B,GDi <lo *B,GEi~
(i) B fulfills conditions (21) and (22).

Proof. Assume (ii). Let G € ' and D, E! € €, be CIS. For (ug, ..., ug) € [0,1]?, define f;(t) := agDi(ui, t)
and g;(t) := 0SE!(u;, t) , for almost all t € (0, 1). For v € (0, 1], we obtain from D' <;, E! that

/ £ dt = Diuy, (5() + (v - () A Di(us, V)
0

< E'(u;, gV) + (v - (V) 05 E' (u;, v) = /g,-(t) dt
0
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with equality if v = 1. Since D' and E are CIS, the functions f; and g; are decreasing; this yields f; <5 g; .
Together with the boundedness of f; and g; it follows from the Ky Fan-Lorentz Theorem 3.3 that

1

1
*p.6D' (W) = / BS (Fu(0), ... fal®)) dt = / B (g1(0), ..., ga(D)) dt = kg 6E' (),
' 3

0

because (B[G)t fulfills conditions (21) and (22), see Lemma 3.6. This proves (i).

The reverse direction follows in the same way as in the proof of the Ky Fan-Lorentz Theorem 3.3 (see
Fan and Lorentz [11, Theorem 1]) because for all decreasing functions f;, g;: [0, 1] — [0, 1] with f; <s g;,
there exist (uy, ..., ug) € [0,1]¢ and copulas D!, E! € €, with D! <, E' such that f;(t) = 9,D'(u;, £) and
gi(t) = ain(ui, t) holds. O

A similar result holds true w.r.t. the upper orthant ordering as follows.

Theorem 3.8 (<yo-ordering of componentwise convex x-products).
Assume that B = (Bt)c[o,1] is a continuous family of d-copulas. Then, the following statements are equivalent:

(i) Forall G € F* and for all CIS copulas D', E' € @, with D' <;, E', 1 <i<d, holds
*B,GDi <uo *B,GEi .

(ii) The survival copulas B-= (Et)ze(o,n fulfill conditions (21) and (23).

Proof. The proof is similar to the proof of Theorem 3.7 applying the Ky Fan-Lorentz Theorem to the survival
functions of the x-products given by (13). Since 1 - afDi(ui, t) is increasing in ¢ for all u; and i, the survival
copulas B have to fulfill condition (23), see Remark 3.4(a). [m]

Remark 3.9. (a) If B and the associated survival copulas B fulfill the convexity condition (21) as well as con-
dition (22) and (23), respectively, then it holds g D' <c g E' for all CIS copulas D', E' with D' <, E',
1 < i < d. For simplified x-products, condition (22) and (23) are trivially fulfilled. If d = 2, then By is
componentwise convex if and only if Et is componentwise convex.

(b) The componentwise convexity condition (21) for each B; implies negative lower orthant dependence for all
the bivariate marginals of B; . To see this, leti # j and u = (uy, ..., uq) withuy = 1 forallk # i, j . Then, it
holds true that

uj

uj
B[(u)=/aiBt(ul,...,ui,l,s,um,...,ud)dss/ujdt=Hd(u)
0 0

using the uniform marginal condition fol 0;B¢(u) du; = u; and that 0;B.(u) is increasing in u; . For a discus-
sion of componentwise convex copulas, see, e.g., Klement et al. [14] and Klement et al. [13].

If By is not componentwise convex for some t outside a null set, then general lower orthant ordering results
for *BDk w.r.t. D' dependon D/, j #1i.

For example, the conditional copula M9 corresponding to the upper product \/ = >k is component-wise
concave (and not convex). Due to the maximality property of the upper product, general ordering conditions
for\/ DX w.r.t. D' depend on I/, see Proposition 2.15(iii).

(c) The ordering results for comonotonic random vectors in Riischendorf [24, Corollary 3(b)] and for random
vectors with common CI copula in Miiller and Scarsini [19, Theorem 4.5], respectively, are based on the
application of the Ky Fan-Lorentz Theorem 3.3 to (conditional) quantile functions. In contrast, Theorem
3.7 follows from the Ky Fan-Lorentz Theorem 3.3 comparing conditional distribution functions w.r.t. the
conditioning variable.

We make use of another integral inequality due to Lorentz [16] as follows.
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Theorem 3.10 (Lorentz). Let @: [0, 1] x RY — R be continuous. The following statements are equivalent:

(i) For all positive bounded measurable functions f on [0, 1], 1 < k < d, holds
1 1
/ D (O, .., fa(®)dt < / O fL (O, .., F3(O)dt
0 0

(ii) @ satisfies conditions (20) and (22).

Note that the above result also holds true if we replace the decreasing rearrangements f;" by the increasing
rearrangements f;« of f; and condition (22) by (23).

As a consequence of the Lorentz Theorem 3.10, we obtain for continuous factor distribution functions
G € 7} the following result concerning shuffles.

Proposition 3.11. Let D', ..., D¢ € C, be CIS copulas.

(i) If B = (Bt)seio,1) 1S a continuous family of d-copulas that fulfills condition (22), then it holds true that
*gS7,(DY) 50 kgD’
for all shuffles T; € Tp of D.
(ii) For B € G4, the simplified products satisfy
*581,(D") 51 *pS7(D") (24)

for all shuffles T;, T € Tp.

Proof. Foru = (uy,...,uy) €10, 1], define Giu; () 1= 0287, (D")(u;, t) . Since D' is conditionally increasing,
the decreasing rearrangement is given by g;‘.u‘(t) = 9,Di(u;, t) for almost all ¢ . Hence, Theorem 3.10 implies

1

1
g8, (D)) = / Be (1 (0)1eieq) dlt < / Bt (87, (0)1-iza) At = kpD'(0).
0

0

The second statement follows from the first one with Proposition 2.16. ]

Remark 3.12. (a) Note that the specifications on the right side of (24) are jointly shuffled.

(b) A similar result to Proposition 3.11 holds true w.r.t. the upper orthant ordering. A generalization to arbitrary
factor distribution functions G € F' is not possible because, in general, Siw = ags T D)y, -)%sagD"(u,—, D]
and, thus, g;‘,u‘ # agp"(u,-, -), see also Example 3.15.

To apply Lorentz’s Theorem 3.10 to the ordering of *B,GDk w.rt. D!, we introduce and study the orderings
<5,5,6 and <y, s on the set €, of bivariate copulas.

Definition 3.13 (<,,5 , Schur order for copula derivatives).
For G € ¥* and D, E € @, , define the Schur order for the partial copula derivative (w.r.t. the second variable)
by

D <y,5.6 E ifo5D(v, ) <5 9SE(v,-) forallv e [0,1].

For G € F%, we abbreviate <3,8,6 by 24,5 -

The least element in €, w.r.t to the <, s-order is given by the independence copula I1?, i.e., it holds that
II? 55,5 Cforall C € €, . In contrast, a greatest element does not exist. However, M> and W? as well as every
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shuffle of these copulas are maximal elements.
Let {1: C; — [0, 1] be the dependence measure defined by
G4)=3D1A, 1%,
see [31]. By the following result, {; is increasing w.r.t. the <,,s-ordering, compare Figure 4.
Proposition 3.14. Let D and E be bivariate copulas. Then D <,,s E implies {, (D7) < G(ET).

Proof. By definition of the D;-metric in (14) and by the transpose of a copula, we have that

1
G0 =107, (Y1) = [ [ [Kr(610,) =Kt [0, vD) e
0

e O —

1 11

= [ []o1D7(t,v) - 0217 (¢, )| dtdv = [ [ 0:D(v, 5| ded
0/0/|1 V) - 01 v‘ v 0/0/{2 % v| v

-
-

s/l/\azE(v,t)—v\ dtdv=---=G(ED),
00

where the inequality follows from the Hardy-Littlewood-Polya theorem which states that f <g g is equivalent
to jol e(f(t)de < jol @(g(t)) dt for all convex functions ¢ : R — R such that the expectations exist, see, e.g.,
[26, Theorem 3.21]. O

In general, D <, E does not imply D <,,5,; E even if E is a CIS copula, which is shown by the following
counterexample.

Example 3.15 (5,5 = <5,5,6)-

Let D = ((ay, by, C))ke{1,2,3} e the ordinal sum of Cy = C; = I and C3 = M w.r.t. the intervals (ay, by) =
0,1), (a2, b5) = (3, 1), and a3, bs) = (4,1).. Consider the symmetric copula D* of D defined by (18). It can
easily be seen that D* <y,s M* and D* #,,s M* . Let G € F" be given by G(x) = 3(1 + (x A 1))1ys0y - Then, it
holds that Ran(G) = {0} U [3, 11, 16(8) = 310 1/5)(0) + £ L3 /2.1)(), and (5 () = ¢ - Ly 5 1(8) .

Foru < %, it holds that

min{u, () }-min{u,;(t)} _ _uo0 -2 ift 0 1
oM, 6 - 7‘@4&([) . R u, ifte(0,3],
lims/t mm{u‘l}tirsnm{u.s} -0, ifte (%‘ 1],

=2u-Tyg /9, and
5D (u, t) = 4u - Lz 4)(0).

Hence, we obtain for u € (0, %] that bgD*(u, ) =5 b?MZ(u, -) and c)gD*(u, ) # agMz(u, -). But this means
that D*¢,,s cM> .

However, if both D and E are CIS (or CDS), then it can easily be verified that D <,,5 E yields D <,,5 6 E .

A relation of the <,, s-ordering to the lower orthant ordering is given as follows. Note that we obtain from
the definition of the reflected copula E* of E in (18) that E* =,,5 E, where, as usual, =,,s holds if <,,5 and
2,,s is fulfilled.

Lemma 3.16. For D, E € G, , the following statements hold true.

(i) IfEis CIS, then D <,,5 E implies E* <, D <, E..
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(ii) If D and E are CIS, then D <,,5 E and D <, E are equivalent.

Proof. (i): Let (u, v) € [0, 1]% . For the decreasing rearrangement g;; of 3,D(u, -, it follows that
v 4 v
D(u, v) = /azD(u, fdt < /g;(z) dt < /aZE(u, fdt = Ew,v).
0 0 0
For the increasing rearrangement g¥ of 9,D(u, t) , it similarly holds that
v v v v
E*(u,v) = /azE*(u, t)dt = /azE(u, 1-t)dt< /gi‘(t) dt < /azD(u, t)dt = D(u,v).
0 0 0 0
(i): If D <, E, then D <, E follows from
v v
/azD(u, f)dt = D, v) < Eu,v) = /azE(u, fdt
0 0

forall u, v € [0, 1], using that D and E are CIS. The reverse direction is given by (i). O
Consider the class
€5 ={Dee|DsysE},

of bivariate copulas that are closer than E to the independence copula or equal to E w.r.t. the <, s-ordering.
Due to the following result, the class C5 has a least and a greatest element w.r.t. the lower orthant ordering
given by a CDS and a CIS copula.

Proposition 3.17. There exist a unique CDS copula E| € Gf and a unique CIS copula E; € (3125 such that
E| =55 E=5,5 Et. (25)
It holds that E| = EY, where E is defined by (18), and
Ey <o D<o B forallD e €5. (26)

Proof. To show (25), let u € [0, 1] and denote by f,: (0, 1) — [0, 1] the essentially (w.r.t. the Lebesgue mea-
sure) unique decreasing rearrangement of ,E(u, -) . For (u, v) € [0, 1]?, define

v
Eq(u,v) := /fu(t) dt.
0
Then, E; is a bivariate copula, where the property of 2-increasingness follows for (u1, v1) < (uz, v,) from

V2
Ey(uq, v1) + Eq(uz, v2) - Ex(u1, v2) - Ex(ua, v1) = /fuz(t) —fu,(t) dt =0
o SN———
v >0
because 0,E(uy, t) > 0,E(uq, t) forall t.
Since 0, E+(u, -) is a rearrangement of 0, E(u, -) , it holds that E =;,5 E; . Since 0, E+(u, t) = fu(t) for almost
all t and fy, is the essentially uniquely determined decreasing rearrangement of 9, E(u, -) , it follows that E;
is the uniquely determined CIS copula with E =5 ¢ E .
For the lower bound E |, given by E| (u, v) := ff_v fu(®dt, (u,v) € [0,1]?, the statement follows simi-
larly, so (25) is proved. Since fol fu(t)dt = uforall u € [0, 1], it follows that
1-v
E (u,v)=u- /fu(t)dt =u-Ey(u,1-v)=E;(u,v)
0
for all (u, v) € [0, 1]? . Statement (26) follows with Lemma 3.16 (i). O
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In the following, we give some examples of <,,s-ordered copula families.

Example 3.18 (Elliptical copulas).
Let (DP)pe|1,1) be a family of bivariate elliptical copulas with correlation parameter p . If D' and DIP2! are I,
then

lo1l s [p2| = D' <4,5 DP2. (27)

A sufficient condition for DIP1! to be CI is given by Abdous et al. [1, Proposition 1.2]. Then also D!P?| is CI. Note
that only in the Gaussian case, D° is CI, compare Riischendorf [23, Theorem 2].

To show (27), let O < p; < p, . Since elliptical distributions are increasing w.r.t. the lower orthant ordering in
the (generalized) correlation parameter, see Das Gupta et al. [7, Theorem 5.1], it follows that DP* <, DP . Then,
Lemma 3.16(ii) implies D' <,,s D> using that D’* and DP? are CI. The general case follows from the symmetry
(DP)* = DP of elliptical copulas.

Example 3.19 (Archimedean copulas).

Let Cy, defined by Cy(u,v) = Y~ (u) + Y1 (v)) be the bivariate Archimedean copula with (strict) generator

Y: R, — [0, 1] . The CI-property of C, y is characterized by the log-convexity of -y’ , see Miiller and Scarsini [20,

Theorem 2.8]. Further, it holds that Cy, <10 Cy, if and only if 7! o, is subadditive, see Nelsen [22, Theorem

4.4.2]. Thus, we obtain from Lemma 3.16(ii) the following <,,s-criterion for Archimedean copulas:

If -1} is log-convex for i = 1, 2, then it holds that Cy, <,,s Cy, if and only if 1! o Y, is subadditive.
Sufficient conditions for the subadditivity are given in [22, Section 4.4]. We give some illustrating examples

of <, s-increasing Archimedean copula families. The log-convexity of -y’ can be verified straightforwardly.

(a) The Clayton family (Cy,)ge[-1,.) With (inverse) generator pq(t) = Yg'(t) = 5 (t’o - 1) for 6 # 0 and
©o(O) = Y5 (t) = —1n(t) is <;o-increasing, see Nelsen [22, Example 4.14]. Since —yy, is log-convex for 6 = 0,
it follows that (Cy,)g0 IS <y,s-increasing in 6 .

(b) The Gumbel-Hougaard family (Cy,)pci1,00) With (inverse) generator gq(t) = () = (-In(6)? is ;-
increasing, see Nelsen [22, Example 4.12]. Since 1y, is log-convex for all 8 , it follows that (Cy,)gs1 is <, s-
increasingin 6.

(c) The Frank family (Cy,)ocr with (inverse) generator py(t) = l/)él(t) =-In (ee’;‘]’)((i%?:ll) for 8 # 0 and @o(t) =
ol () = —In(b) is <p,-increasing, see Nelsen [22, p. 150]. Since —y is log-convex for 6 = 0 and C% =Cy,»
see Nelsen [22, p. 133], it follows that (6] < |0'| implies Cy, <5,5 Cy,, -

Combining the Ky Fan-Lorentz Theorem 3.3 and Lorentz’s Theorem 3.10, we get the following main result.

Theorem 3.20 (<,,s-ordering criterion).
Let G € 7' and let D', E' € ©, be bivariate copulas with E' CIS and D' <5 ¢ E' forall 1 < i < d . Assume that
B = (Bt)¢e(o,1] is continuous, By € Cq forall t.

(i) IfB fulfills condition (22) and if B € C5™ for all t , then
*B,GDi <lo *B,GEi'
(ii) Ifﬁ = (E[)te[o,” fulfills condition (23) and ifﬁt € CE* forall t, then
*p D" <uo kpGE .
Proof. To show (i), define for u = (uy,...,uy) € [0, 1]¢ the function &iu(t) = bgDi(ui, t) for almost all

te(0,1)andfori=1,...,d.Since E' is CIS, it holds that 0$E!(u;, -) is decreasing. From the assumption
that D' <,,5 6 E', we obtain for the decreasing rearrangement g} ,, of g; ,,, that g7, <s 05E'(u;, -) . This yields
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the integral inequalities

1
gD’ (W) =/B? (a?nl(ul,t),...,ang(ud,t)) dt
0
1
< / B (81,0, (8), -, g, (8) At
0
1

< / BE (9SE s, 0), .., 09 E(ug, ) dt = kg E' ()
0
where we apply Theorems 3.10 and 3.3 using that also the copulas (BY), are componentwise convex and fulfill
condition (22), see Lemma 3.6.
Statement (ii) follows similarly to (i) applying formula (13) for the survival function of the x-product. [m]

Since the independence copula coincides with its survival copula and is componentwise convex, we obtain
the following result as a consequence of Theorem 3.20.

Corollary 3.21 (Ordering the conditional independence product).
IfG € 3 and D', E' € ©, such that E'is CIS and D' <5, E' forall 1 <i < d, then

gD <c MGE' .

Remark 3.22. (a) For simplified x-products, condition (22) of Proposition 3.11 and Theorem 3.20 are trivially
fulfilled. In Proposition 3.11 there is no convexity condition w.r.t. B and B, respectively. The statement in
Theorem 3.20 also holds true if the E! are conditionally decreasing, i.e. if 3,E!(u;, -) is increasing for all u; .

(b) Corollary 3.21 extends [15, Proposition 1] to arbitrary dimension and general factor distribution G € F*
where the authors show that %, E' (u, v) = IT*(u, v) = uv for u, v € [0, 1] and CIS copulas E*, E* € ©; .

(c) The intuition why Theorem 3.20 is true can be seen in the following explanation. The condition D <0,8 E!
indicates that D' is closer to the independence copula than E' . Since additionally E' is CIS, E' is closer to the
upper Fréchet bound than D' , and (E')* is closer to the lower Fréchet bound than D' . This yields a stronger
positive dependence among the X; in the factor model with specifications E' . However, in general, such a
statement cannot be obtained if the conditional copulas are not componentwise convex.

The following counterexample shows that the assumption D! £0,5,G E' in Theorem 3.20 cannot be simplified
to D' 5,5 E', and that, in general, kgD’ <;, *E' does not imply kg ;D' <1, %k E' for G € I\ J}.

Example 3.23. Ford = 2, let D' = D* and E' = M? with D* and G € F* given by Example3.15,i=1,...,d.
As shown there, it holds that D' <,,s E' as well as $D(u, ) »s 0SE'(u, -) for u < L. This yields by Theorem
3.20 for all continuous B = (Bt)icio,1]» Bt € €, satisfying condition (22) that >|<BDi <10 >|<BEi and, as a
consequence of Theorems 3.3 and 3.10, that *B,GD"(u, Lo u)2 *BYGEi(u, ..., u).So, for general G € T\ F}
and for a general continuous family B of componentwise convex d-copulas which fulfills condition (22), we have
the following diagram:

D <5 E = D'sy56E
] > i}

*pD' <o kpE & koD’ sy Kk

3.2 Upper product ordering results

To derive ordering results for upper and lower products of bivariate copulas, consider on €, the sign change
ordering and the symmetric sign change ordering defined as follows.
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For bivariate copulas D, E € €, , define the function f,,v: [0, 1] — [-1, 1] by
fu(t) = 02E(u, t) - 0,D(v, t)

for almost all ¢ € (0, 1) as the difference of the partial derivatives of E and D w.r.t. the second variable for
fixed first components u, v € [0, 1].

Definition 3.24 (Sign change orderings).
The sign change ordering D <3, E, respectively, the symmetric sign change ordering D <4, E is defined via
the property that for all u, v , respectively, for all u = v, the function fy,y has no (-, +)-sign change.

The sign change orderings strengthen the standard bivariate dependence orderings. It holds true that
D<sgphE = DsgopE = D<cE & D<,E,

see [2, Proposition 3.4]. Note that the lower and upper Fréchet copula are the least and greatest element,
respectively, w.r.t. the <,,-ordering, i.e., it holds that W? <y, D <5y M? for all D € €, . Examples of <,,-
ordered copula families are elliptical copulas and some families of Archimedean copulas, see [2].
Each of both conditions
D =F <y DV EY, Disp EY, Vi<jcd-1, (28)
and D/ = F 25, DY, E?, DYz E?, V1<j<d-1, (29)

implies \/ Dl >, VEi , see [2, Proposition 3.6]. We generalize this result to arbitrary factor distributions as
follows.

Theorem 3.25 (Sign-change ordering criterion for upper products).
Let G € F* be a distribution function and let D', E' € C,, 1 < i < d, be bivariate copulas. If either (28) or (29)
holds, then it follows that

\/ D'z \/E.
G G
Proof. Assume (28).For1<i=<d-1andu;,v € [0, 1], the functions f;, g;, h: (0, 1) — [-1, 1] given by

[0 = 02E(v, ) - 9:D'(uy, ),
gi(t) = 02D(v, ) - 0,D'(u;, t), and
h(®) = fi(D) - &i(t) = 32E(v, ) - 9,D(v, 1)
have a.s. no (-, +)-sign change. Then, also the piecewise averaged functions f,-G s giG ,h%:(0,1) = [-1,1]
given by
FE® = 05E v, 0 - 3§ Di(w;, 1),
i = SDUv, ©) - 35D (u;, t), and
o0 = £7(0) - 8 (0) = 0FE* (v, ) - 95 D(v, )
have a.s. no (-, +)-sign change. Thus, the assertion follows in the same way as the proof of [2, Proposition
3.6].

Under the assumption of (29), the statement follows similarly with [2, Lemma 3.2], using that the functions
f£, g%, and h{ have a.s. no (+, -)-sign change. |

Since we make use of it later on, we cite another concordance ordering criterion for upper products, based on
the lower orthant ordering of the arguments.
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Proposition 3.26 (<,-ordering criterion for upper products).
ForD?,...,D* Ec G, , the following statements are equivalent:

(i) D', Eforall1<is<d,

(i) M vD?v---vDi<c M*VEV---VE.
e veE
(d-1)-times

The result of Proposition 3.26 is given by [3, Theorem 1] even for the tighter supermodular ordering.

3.3 Lower product ordering results

An ordering criterion similar to the sign change criterion for upper products in Theorem 3.25 holds true for
lower products. Remember that, in general, the lower products M? Ag D Ag E and W2 Ag D Ag E are 3-copulas
only for continuous G . The symmetric copula D, associated with D € C; is defined in (18).

Theorem 3.27 (Sign-change ordering criterion for lower products).
For bivariate copulas D*, D*, D* € @, and G € 5, the following statements hold true:

(i) If DL <44 D?, D3 and D? <44, D>, then

M2 ADYAD? < M* AD' AD? and D' AgD? <, D* Ag D
(ii) If D} >55 D?, D? and D? 245, D? , then

W2 ADYAD? <o W AD*AD? and D' g D* <, D A D?.

Proof. To show the lower orthant ordering in (i), let u = (uy, u, u3) € [0, 1% . In the case that G € 5\ Fl is
discontinuous, set u; = 1. Consider the functions f, g, h: [0, 1] — [-1, 1] defined by

£(&) == 05D*(1 - u3, ) - 95 DL (ua, t),
g(®) :=05D°(1 - us, ) - 0§ DL(us, 8),
() := 05D°(1 - u3, ) - 95 D*(1 - u3, ) = g(O) - f(1).

Then f, g, h have no (-, +)-sign change and it holds that [ f(¢)dt = [ g(t) dt. This yields the integral inequal-
ity

up uy
/max{f(t), 0}dt < /max{g(t), o}dt,
0 0
compare [2, Lemma 3.2]. Thus, we obtain
uy
M? AG D! AG D*(u) = /max{bng(uz, t) + 6§D2(1 -u3, t)-1, 0} dt
0
uy
= /max {a§D2(1 —us, t) - 6§;Di(u2, t), 0} dt
0

= /max{f(t),O} dt
0

uy
< /max{g(t),o} dt=---=M> Ag D' Ag D*(u),
0
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where the first equality follows from agMZ (ug, t) = Leyse for almost all ¢ and for arbitrary u; € [0, 1] in
the case that G is continuous, respectively, for u; = 1 if G is discontinuous. This yields M> A D* A D? <,
M? A D' A D3 in the continuous case and D! Ag D? <, D! Ag D3 for arbitrary G .

For the upper orthant ordering in (i), we obtain analogously that

1
M2 Ag DI Ag D2 (u) = /max {1 ~ 35D (uy, ) - 0SD*(1 — u3, ), 0} dt

uy

1
< /max{l ~ 35D (uy, ) - 0SD3(1 - u3, 8) o} dt = MZ ng DI Ag D3 (u).
uy

Statement (ii) follows analogously. ]

Similarly to the <;,-ordering criterion for the concordance ordering of upper products in Proposition 3.26, we
obtain a concordance-ordering result for lower products based on a <,-ordering criterion for the bivariate
dependence specifications.

Theorem 3.28 (<,-ordering criterion for lower products).
Let D, E', E? € @, be bivariate copulas. Then, the following statements are equivalent:

(i) D < E' and D <, E?,
(i) MM ADAD. <c M* ANE* AE2.

Proof. Assume (i). To show the lower orthant ordering, let u = (u1, u, u3) € [0, 1] . Then, it holds that

up up
M>ADAD. (u) = /max{azD(uz, ) +0,Dx(u3, ) - 1,0} dt = /max{sz(uz, ) - 09;D(1 - us,t),0} dt
0 0

uy
= /max {02D(uz, t),9,D(1 - u3, t)} dt - D(1 - u3, uy)
0

=max {D(uz, u1), D(1 - u3, u1)} - D(1 - u3, uy)
< max {El(uz, w), E2(1-u3, ul)} -EX(1-u3,u1)

uy
< /max {azEl(uz, 0, 0,E2(1 - u3, t)} dt - E2(1 - u3, u1) = M* AE* A E2 (u),
0

where the first inequality follows from the assumptions using that D, <;, E? if and only if D 2;, E2. The
second inequality holds due to Jensen’s inequality.
For the upper orthant ordering, we similarly obtain

1
MZADAD. (u) = /max{sz(uz, £) - 02D, (u3, 1), 0} dt

uy
1

< /max {azEl(uz, ) - 0:E(us, f) o} dt = MZAELAE2 (u).
uy

Assume (ii). Then, (i) follows from the closure of the lower orthant ordering under marginalization and from
the marginalization property of x-products, see Proposition 2.11(iv). [m]
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3.4 Ordering results for convex combinations

In Section 3.1, we have established that general lower orthant ordering results for g D' in D' for fixed D/,
i # j, are only possible if the conditional copulas B = (By); fulfill the convexity condition (21). Remember that
this convexity condition implies negative dependence of the bivariate marginals of By .

Motivated by Theorem 3.20 for componentwise convex conditional copulas and by Proposition 3.26 con-
cerning a <j,-ordering criterion for the upper product, the question arises for which x-products ordering
results of the form

D' <55 E, Vi,ECIS = kgD’ <), kgE (30)

hold true. Note that E is assumed to be a joint upper bound for the D'
To partly answer this question, we generalize the necessary integral ordering condition in the Ky Fan—
Lorentz Theorem 3.3 under an additional ordering assumption on the upper bound.

Proposition 3.29. If for all decreasing and bounded functions f;, g; on [0, 1] withg;, < ... < g, ,i1,...,1g €
{1,...,d}, suchthat f; <s g; the integral inequality (19) holds true, then @ fulfills the milder convexity condi-
tion

D(u; +h) - 2¢(u;) + @(u; - h) =0 foralli,u;,u;#u;, h< m}n [u; = u; (31
J#
where those components are omitted which are the same in each expression.

Proof. We modify the proof of Fan and Lorentz [11, Theorem 1]: Let O < a < a+28 < 1,and uy, ..., uy € [0,1].
For some fixed i, let h € [0, min;; [u; — u;|] . Assume w.l.g. that u; # u; for all j # i . Define

uj+h, Osts<a,
fil =< u;, a<tsa+26,
ui-h, a+26<t<1,

i) =gi®) =u;, j#i.

uij+h, Osts<a+§é,
gi() =
ui-h, a+é<ts<1,

Then, it holds true that f; <s gy, k=1,...,d.Further, there exist iy, ..., iy € {1,..., d} pairwise different
such that g;, (t) <... < g;,(t) for all t . The inequality (19) reduces in this case to

)
/{tp(a+t,u,-+h)—(D(a+t,u,—)+<1>(a+6+t,ui—h,-)—tD(a+6+t,ui)} dt=0.
0

Dividing by § and making § — 0, yields (31). dJ

As a consequence, we obtain that lower orthant ordering results for x-products with a joint upper bound for
all copulas also restrict the choice of conditional copulas.

Corollary 3.30. If for all CIS copulas D', E € €, with D' <a,s E the inequality
*gD' <o kgE (32)
holds true, then B fulfills the milder convexity condition (31).

Proof. Let f;, g; be decreasing and bounded such that f; <5 g;and g;, < ... < g, i1,...,1q € {1,...,d}.
Assume w.l.g. that O < f;, g; < 1. Then, there exist uy,...,uy € [0, 1] and CIS copulas D\, E € €, with
D! ~a,s E such that fi(t) = szi(ui, t) and g;(t) = 0,E(u;, t). Thus, the statement follows from Proposition
3.29. O
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Remark 3.31. (a) Due to Corollary 3.30, ordering results of the form (30) can not be obtained for all continuous
families B = (Bt)c[o,1] of d-copulas.

(b) The upper Fréchet copula M? fulfills the milder convexity condition (31). In this case, inequality (32) is triv-
ially fulfilled because \/ E' = M? whenever E' = E for all i . Note that for the upper product the non-trivial
generalized inequality

M>*vD*v---vD <  M*VEV---VE (33)
Ev--vE
(d-1)-times

holds true whenever D' <, E (see Proposition 3.26).

Denote by co(M?, C&™) the set of convex combinations of M’ 4 with elements of C&* . Then, we obtain the
following result.

Theorem3.32. Let D' = E' = M? and D' € @, such that for a CIS copula E € €, holds D' <,,s E = E',
2<izd.LetB e coM?, €5™) . Then, for the simplified x-products, it holds true that

*BDi <lo *BEi ‘

Proof. The copula B is of the form B = aM? + (1 - a)C, for some a € [0, 1], where C € C&™ fulfills the
convexity condition (21). Thus, the statement follows from Theorem 3.20 and from (33) using that D' <0,s E
implies D' <;, E, see Lemma 3.16. ]

Note that in the above result, E' = E fori € {2, ..., d} is a joint upper bound for the copulas D?, ..., De.

4 Ordering results for completely specified factor models

In this section, we combine the ordering results on x-products in Section 3 with the ordering of the univariate
marginal distributions. This leads to lower and upper orthant as well as concordance ordering results for
CSFMs and, thus, to bounds w.r.t. these orderings in classes of CSFMs and PSFMs, respectively.

Suppose that X = (X1,...,Xy) with X; = fi(Z,&) and Y = (Yy,...,Y,) with ¥; = gi(Z', &) are d-
dimensional random vectors that follow a completely specified factor model with factor distribution function
G = Fyand G’ = F , respectively, such that Ran(G) = Ran(G’) . Then the corresponding copulas are given by
the x-products

Cx =%pD" and Cy =g E',

respectively, where D' = Cy, 7, E' = Cy, 27, BY = Cyz-g-1(9» and €' = Cy)z1_g-1(y) » See Theorem 2.7. Further,
by Sklar’s Theorem, the corresponding distribution functions are given by

Fy =%pg D (Fx,,...,Fx,) and Fy=sk¢GE (Fy,...,Fy,),

using that Ran(G) = Ran(G’), see Proposition 2.14.

We establish conditions on the conditional copula families B and C assumed generally to be measurable,
on the dependence specifications D' and E', and on the distributions of the components X; and ¥; to infer
lower orthant, upper orthant and concordance comparison results for X and Y .

The following proposition compares CSFMs where the bivariate dependence specifications D! and E' co-
incide.

Proposition 4.1 (Ordering conditional copulas).
Assume that D' = E! for all i . Then, the following statements hold true.
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X1 Y;
Dl EI
2 2
Xz D Yz E B
\B‘Z~G \Q‘Z'NG'
2~ | /
Xa Y4

Figure 3 The setting in Section 4: completely specified factor models with dependence specifications D' and B = (B;); as well as
E'and C = (C¢)¢, 1 < i < d, and with factor distribution function G and G’ , respectively, such that Ran(G) = Ran(G’) .

(i) IfBs<, Cand X; <, YithenX <, Y.
(i) IfB <uo Cand X; <yo YithenX <y0 Y.
(iii) IfBsc Cand X; S Y; thenX < Y.

Proof. The statements follow from Proposition 3.2 for fixed marginal distributions together with Sklar’s The-
orem (respectively, Sklar’s Theorem for survival functions) for fixed conditional copulas using that X; <;, Y;
(respectively, X; <uo Y;) implies Fx, (x) < Fy,(x) (respectively, Fx,(x) = Fy,(x)) forallx e Rand1<i<d. [

In the remaining part of this section, we also establish ordering conditions w.r.t. the dependence specifica-
tions D' and E' .

For the following theorem, we need a family of componentwise convex conditional (survival) copulas
that lies between B and C. Then, we obtain a general ordering condition in dependence on the bivariate
specifications, the conditional copulas and the marginal distributions.

Theorem 4.2. Let B’ = (Bf),c(o,1) C Cq be continuous. Assume that all E are CIS.
(i) IfB' satisfies condition (22) and if By € €™ for all t, then
B, B <, C, D sy56 E', and X; <, Yiforalli = X<, Y.
(i) If B satisfies condition (23) and if Bre C5* forall t, then
B <uo B <uo C, D' <y, E', and X; <uo Yiforalli = X<y Y.
(iii) IfB' and B’ satisfy condition (22) and (23), respectively, and if By, Bre C5* forall t, then

B<cB < C,D s556E, andX; 3 Y foralli = X< Y.

Proof. To show (i), we obtain from Proposition 3.2 and Theorem 3.20 that
*B,GDi <lo *B’,GDi <lo *B’,GEi <lo *C,GEi .
Then, the statement follows with Sklar’s Theorem. Statements (ii) and (iii) follow analogously. ]

Since the independence copula and its associated survival copula are componentwise convex, we obtain as
a consequence of the above theorem ordering results for the standard factor model.

Corollary 4.3 (Ordering results for standard factor models).
Assume that B = C = I1% = (11%) . If D! <, 5 ¢ E' and if E' is CIS for all i, then
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M? M? M2
<lo
1 2 d
e e; N €
w? w? w?
Figure 4 Classes (EfX ={Cec|C <9,8 Ei} of bivariate copulas generated by the copulas El € €,i=1,...,d,viathe

<y,s-ordering. Note that M?, I1?, and W? denote the upper Fréchet copula, the independence copula, and the lower Fréchet
copula, respectively. The copulas E% and Ei are the uniquely determined copulas that are CIS and CDS, respectively, such that

E’T =0, B =5, El , see Proposition 3.17. As a consequence of Proposition 3.14, it holds forall D € €£' that {1 (D7) < {; (E)T).

(i) X; < Y;foralliimpliesX <, Y,
(i) X; <uo Y; for all i implies X <yo Y,
(iii) X; = Y; foralliimpliesX <c Y .

[[f=Y

In the following remark, we determine sharp bounds for some relevant classes of CSFMs including classes of
standard factor models with bounded bivariate specification sets.

Remark 4.4. Let F; ¢ F* for all i . Denote by < one of the orderings <, and <uo . For E' € @, , denote by
(3’25' ={CeC|Csys Ei} the class of bivariate copulas that is upper bounded w.r.t. <5,s by E',1<i<d.For
arisk factor Z ~ G, G € FL, consider the class

xf = {{: @1eees )| Cz € 8, Fy < Fiforalli, Cezy < deorallz}

of d-variate random vectors that are conditionally on Z = z negatively dependent w.r.t. <, have marginal dis-
tributions upper bounded by F;, and have dependence specifications Cg, 7 € Cfx , see Figure 4. Then, for all
& e Xf, it holds that

Fg <ML EL (Fr,... Fy), (34)

where EIT is the uniquely determined CIS copula such that E’T =0,8 E!, see Proposition 3.17. Further, a vector
¢ e X/ such that &~ H?ZlE% (F1, ..., Fy) can explicitly be determined which implies that the bound in (34) is
attained, compare Corollary 2.9.

In PSFMs, the conditional copulas are not specified. For the comparison of upper bounds in classes of PSFMs,
we note that the worst case distribution in a PSFM w.r.t. the orthant orders is obtained when the conditional
copula specifications attain the upper Fréchet copula.

Theorem 4.5 (Upper bounds in classes of PSFMs).
Assume that C = M® = (M9) . If D/ = F/ <5, D4, E%forj=1,...,d -1 and D? <;55 E¢, then

(i) X;i < YiforalliimpliesX <, Y,
(ii) X; <uo Y; for all i implies X <o Y,
(i) X; 2 Y; for all i implies X <. Y .
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Proof. From Proposition 3.2 and Theorem 3.25 we obtain that
*p,6D' <10 \/Di <lo \/Ei = *c6E -
G G

Then (i) follows with Sklar’s Theorem. Statements (ii) and (iii) follow analogously. O
Similarly, we obtain for lower bounds in the two- and three-dimensional case the following result.

Theorem 4.6 (Lower bounds in classes of PSFMs, d = 3).
Assume that B = W3 = (W3) and D' = E' = M? . If D? = E2 <4, D?, E® and D> <, E>, Then

() X; <, Y;implies (X2, X3) <1, (Y2, Y3), and if G € F¢ then (X1, X2, X3) <10 (Y1, Y5, Y3),
(i1) X; <uo Y;implies (X2, X3) <uo (Y2, Y3), and if G € F¢ then (X1, X2, X3) <uo (Y1, Y2, Y3),
(i) X; 4 Y; implies (X2, X3) <c (Y2, Y3), and if G € F¢ then (X1, X2, X3) < (Y1, Y2, Y3),

Proof. For G € ¥}, we obtain from Theorem 3.27 and Proposition 3.2 that
kD' = M2 AD* AD? 5o M* NEX ANE? <1 kcE'

Then, (X1, X2, X3) <1, (Y1, Y2, Y3) follows with Sklar’s Theorem.
For general G € F', denote by C?3 = (Cf3)[E (0,1] the bivariate (2, 3)-marginal copulas of C, i.e., C[B(u, v) =
Ce(1,u,v)forall t,u,v € [0, 1] . Similarly, B>> = W2 = (W?) .. Then, we obtain that

D?skpns ¢D? = D? A D? 510 E? NG E2 <o E* ks E2
and, thus, (X2, X3) <j, (Y2, Y3). For the upper orthant and concordance ordering, the statements follow
analogously. 0
Note that the same results hold true if the inequality signs <5, and <z, in Theorem 4.5 and Theorem 4.6

(with D' = E' = W?) are reversed.

For classes of partially specified internal factor models (PSIFMs) where the first component of the risk vec-
tor in the PSFM coincides with (an increasing function of) the factor variable, see [3], we obtain the following
results. Note that in this class, the first bivariate dependence specification is given by the upper Fréchet copula
M.

Theorem 4.7 (Upper bounds in classes of PSIFMs).
Assume that G € Ft andC =M% = (M) . If D' =E' =M?> and D <;, F = Eforj=2,...,dandE € €, , then

(1) X;i <, Y;foralliimpliesX <, Y,
(it) X; <uo Y; foralliimplies X <yo Y,
@iii) X; 2 Y; forall i implies X < Y .

Proof. From Proposition 3.2 and Theorem 3.26, we obtain that
gD’ <o \/ D' <o \/ E' = kcE'.
Thus, the statement follows with Sklar’s Theorem. Statements (ii) and (iii) follow analogously. O

For lower bounds in the three-dimensional case, we obtain the following result.

Theorem 4.8 (Lower bounds in classes of PSIFMs, d = 3).
Assume that G € F and B=W3 = (W3).IfD' = E' = M?> and D> = D3 <, F/ forj = 2, 3, then
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(i) X; < YiforalliimpliesX <, Y,
(i) X; <uo Y; for all i implies X <yo Y,
(ii)) X; 2 Y, for all i implies X < Y .

Proof. From Theorem 3.28 and Proposition 3.2, we obtain
%pD' = D' AD* AD? <,y EL AE? NEP < (E.

Then, (X1, X5, X3) <10 (Y1, Y2, Y3) follows with Sklar’s Theorem. Statements (ii) and (iii) follow analogously.
O

Conclusion

In this paper, we obtain some general ordering results for factor models w.r.t. the specifications of the joint
distributions of the components with the risk factor variable. The results generalize the upper product
ordering results in [2, 3] to general conditional dependence structures and are based essentially on a version
of Sklar‘s theorem as well as on classical ordering results based on rearrangements. The results in this paper
allow to determine worst case distributions w.r.t. the orthant orderings for classes of CSFMs as well as in
subclasses of PSFMs for any d > 2 and, similarly, of best case distributions for d = 2, 3. Related ordering
results w.r.t. the stronger supermodular and the directionally convex ordering need different techniques and
are the subject of a subsequent study.
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A Appendix
Lemma A.1. For G € 51, the following statements hold true.

(i) 1 and t; are non-decreasing and Lebesgue-almost surely continuous.

(ii) G (16(t) = G™1(t) and 15(G(x)) = G(x) forall t € [0,1] and x € R.

(iit) If G(x - &) < G(x) forall € > 0, then (5(G(x)) = G™(x).

@iv) () st <1(t)Vt €(0,1),15(0) =0 = 15(0) and (;(1) < 1 = 15(1).

V) gotg=tgandigoig=1;.

(Vi) 15 is left-continuous.

(vii) Forally € R, (5 is left-continuous at G(y) and (g, is continuous at G™(y) .
(viii) In general, (; is neither left-continuous nor right-continuous.

(ix) 15(t) = t = 16() if and only if G is continuous at G™'(t) .

() 150 =t=15(0)forallt € [0,1]ifand only if G € T} .

(i) Ifi(t) > t, then 1(t + &) = 16(t) and 15(t + €) = 15(t) forall0 < e < 15(t) - t.
(xii) If ig(t) < t, thenig(t - €) = 16(t) and (5 (t - &) = (5(¢) forall 0 < e < t —15(t) .

Proof. (i): The non-decreasingness is clear. Since (g and (; can only have an at most countable number of
jumps, the set of discontinuity points is a Lebesgue-null set.
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(ii), (iii) and (iv) follow from the definition of G™! and G~, respectively, considering the cases where G is
discontinuous and constant around x , respectively.

(v) is a consequence of (ii).

(vi): This follows from the left-continuity of G- and G™* .

(vii): To show the left-continuity of i at G(y), let (tn)cn be strictly increasing in [0, 1] with limit G(y) > 0.
Then, we have

G(y) = 16(G(y)) = 15(tn) 2 tn — G(y)

as n — oo applying (ii), (i), and (iv). To show the right-continuity of (; at G™(y), let (tn)en be strictly decreas-
ing in [0, 1] with limit G™(y) < 1. Then, we obtain similarly that

G () =16(G W) <igltn) sta = G (y).

(viii): Consider the distribution functions G and H defined by

0 ifx<o, 0 ifx<o,
2x ifxe(o, 1), x ifxelo,3),
G=¢3" [1 2) HOO={" [1 2) (35)
ix+3 ifxel3,1], 3 ifxel[3,1),
ifx>1. 1 ifx=1.

Then (¢ and (g are given by

t iftefo,Hu, 1], t iftelo, ],
-8 TeD0G PR S
5 iftels, 3, 1 ift> 3.

So, (5 is not left-continuous at t = % and (g is not right-continuous at t = % .

(ix): 16(8) = t = 15(6) holds if and only if G(G™*(£)) = G™(G1(¢)) , which is equivalent to the continuity of G at
G(O.

(x): If G € FL, the statement follows from (ix). For the reverse direction, assume that G € ' \ F2 is discon-
tinuous. Then there exists x such that G(x) > G (x). For t € [G™(x), G(x)), it follows that 15(t) = G(G™(¢)) =
G(x)>t.

(xi): Let € € (0, t5(t) - t] . Then, the non-decreasingness of (s and (v) imply t5(t) < t5(t + €) < 15(t5(t)) = 15(t)
and (;(t) < (5(t + &) < 15(6(1) = (5(0) .

(xii): Let x = G™1(¢) . Then, the statement follows from G™(x) < t - € < G(x) . [m]
Proof of Theorem 2.2.

Consider the set J := {(zo, 21) | zo < z1, Gis continuous on (2o, zl)} of open intervals on which G is contin-

uous, and denote by Js := {{z} | z € R} the set of one-point sets. Note that each element of J. is the intersec-
tion of an open interval in R and the preimage of (0, 1) under G . We show that

/ Fy 7200 dG(2) = / ASC(F), 6(2))dG(z), and 36)
(z0,21) (z0,21)

/Fx\zzz(x)dG(Z)= /BQC(F(X), G(2))dG(2) (37

{2 {2

for all (2o, z1) € Jc and {z} € Js. Since G has at most countably many jump discontinuities, every open
interval (yo, y1) C R can be written as a disjoint union of at most countably many elements of J. and Js .
Then, (36) and (37) imply

/' Fyj7-(0dG(2) = / S C(F(), 6(2))dG(2)

(yo‘,)’x) (vo,y1)
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for all open intervals (yo, y1) C R. Hence, the integrands coincide for G-almost all z, which yields (i).
To show (36), let (2o, z1) € Jc. Assume w.l.g. that ty := G(zo) < G™(z1) =: t; . Then we obtain from the
disintegration theorem and Sklar’s Theorem that

/ Fx)2-:(x) dG(2) = zli/ng F(x, z) - F(x, z9) = C(F(x), G™(21)) - C(F(x), G(20))

(ZD';zl)

C(F(x),s) - C(F(x),s - &) ds

- / 3, C(F(x), 5) ds = / lim ¢

(to,t1) (to,t1)
lim CFX), 16(16(s))) = C(F(x), 15(16(s) - €)) ds

N0 16(t6(8)) = 15 (6 (s) - )
(to,t1)

= /agC(F(X);‘G(S))dsz /bgC(F(X),G(Z))dG(Z).

(totr) (0,21)

(38)

where the third equality follows from the disintegration theorem applied on copulas. For the fourth equality,
we use that the left-hand derivative and the derivative of the copula w.r.t. the second component coincide for
Lebesgue-almost all s . The fifth equality follows from t5(s) = s = 15(s) and (;(s - €) = s — e forall s € (to, t1)
and € € (0, s - to) because G is continuous at G™1(s) and G™1(s - €), respectively, see Lemma A.1(ix). The
sixth equality holds by definition of the differential operator in (2), and the last equality is a consequence of
the transformation formula.

To show (37), assume for z € R w.l.g. that G(z) > G™(z) . Then we obtain

[ iz 460) = Fix, 2~ lim Flx,w) = CF), 662) - OG0, 6-(2)
{z}
_ CFW), 16(6(2)) - CFW), (5(6()
16(GG) - (6
i GO, 16(6) - CF(0), (5(6(2) - £)

(G(2) - G™(2)

N 16(6@) - 15(6@) - &) (6@-6 @) 9
- / S C(F(), G(2)dG(z),
{z}

where we use G(z) > G™(z) and apply Lemma A.1(v) for the third equality. For the fourth equality, we use the
left-continuity of 1 , see Lemma A.1(vi). The last equality follows with the definition of the operator ag in (2).
To show statement (ii) of Theorem 2.2, denote by Q the rational numbers. Due to part (i) it holds that

Fxjz-:(x) = 05 C(F(x), G(2))
forall x € Q and for all z outside the G-null set N := | J,.q Nx . Then we obtain for x € R that

Fy|z-2(0) = lim Fy7_;(w) = lim S C(Fw), G(2)) =: Hz(x)
weQ weQ
for all z € N°. For z € N°€, the function H; is by definition right-continuous. Since C is a 2-copula
and thus 2-increasing, H; is non-decreasing. Further, H,(-o0) = 0 and H:(e0) = 1. Hence, Hz(x) =
limy, x agc(F(w), G(2)) coincides with F x| 7-,(x) for all x € R and for all z € N€. This proves the asser-
tion. O

Proof of Proposition 2.14.

(i) = (ii): Assume that Ran(G;) # Ran(G,). As a consequence of Proposition 2.13, the d-variate products
Mg, M? and Ig,M? do not coincide because for G € F', IzM? defines an ordinal sum with intervals
{(15(8), 16(O) | 15(8) # 15(8) , t € (0, 1)} which are different for G = G, and G = G, unless Ran(G1) = Ran(G>) .
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(ii) = (iii): First assume that Ran(G) = Ran(G,) . Then, for all ¢ € (0, 1), it holds that

16,(8) = Gy (inf{x| G1(x) > t}) = inf{u € Ran(G1)|u > t}
= inf{u € Ran(Gy)|u > t} = G, (inf{x| G2(x) > t}) = 15,(0).

In the general case that Ran(G;) = Ran(G,), it holds that Ran(G;) and Ran(G) only differ in a Lebesgue-null
set because distribution functions have at most countably many jump discontinuities. Hence, the first part
implies that g, (t) = 15, (t) for Lebesgue-almost all ¢ .

(iii) = (i): This follows from the definition of the x-product because *B,GDi depends on G only through ¢5(t)
for Lebesgue-almost all ¢ . ]

Proof of Proposition 2.15(iii). Assume that D' = D/ foralli # j. Then, for u = (uy, ..., ug) € [0, 1]%, it holds
true that

1 1 1
\/ D) = /m_in{azGDl(ui,t)} dt = /agnl(mjn{u,-},t)dt: /ang(m_in{ui},G(y))dG(y) = min{u;},
G 0 0 0

where the second equality holds because 85 D' (-, t) is increasing for all ¢, the third equality follows from (3)
and the transformation formula, see, e.g., [32, Theorem 2], and the last equality is a consequence of Theorem
2.2 and the disintegration theorem.

For the reverse direction, assume w.l.g. that d = 2 and D'(wq, w;) > D?(wy, w,) for some (w1, wy) €
[0, 1] x Ran(G) . Then, there exist (u, v) € (0, 1) x Ran(G) and an e-ball B¢(u, v) C (0, 1)? such that

bng(x, t) > a?pz(x, t) for almost all (x, t) € B¢((u, v)), (40)

because, otherwise, it would hold that

wa w2

DY (wy, w)) = /a?pl(wl, fdt < /agnz(wl, Bdt = DX(wy, w)) .

0 0

which is a contradiction to D'(wy, w,) > D?(w1, w>) . As a consequence of (40), we obtain that
1 1
M2, 1) = u = /agpl(u, fdt > /min {080, 0, 0§07, 0} dt = D' v D2 ).
0 0

This yields D' v D? # M?. O

Proof of Proposition 2.16.
The first statement is a consequence of [31, Proposition 3].

Since 87(C") € €, forall i, the product *BST(Ci) is well-defined. Hence, the second statement follows
from

1 1
H531(C) r, o) = [ B (0281(C)0 Oraeg) de = [ B (0205, TOD1eig) e
0

0

- [ B (02 Nrca) ') = [ B (@025 i) A
[0,1] [0,1]
= kpC (U, )

forall (uq,...,uy) €10, 1]%, using that 9,87(C)(u, t) = 3, C(u, T(t)) for A-almost all ¢ . [m]
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Proof of Lemma 2.17. (i): Let t € (0, 1). Due to Lemma A.1, we consider three cases.
In the first case, assume that (5(t) = t and (5(t - €) = t for some € > 0. Define

to := inf{s | i5(s) = 15()} . (41)

Then, Lemma A.1(xi) implies that (;; in constant on (to, t] . We show that (;(t) = t, . Suppose that (;(t) > to .
Let n = (5(t) - to. Then, ;(to + 8) = to + n for some § € (0,n). But this is a contradiction to Lemma
A.(iv). Suppose that (;(t) < to . Then, Lemma A.1(xii) implies that s is constant on (15(¢), t] . But this is a
contradiction to (41).
In the second case, assume that i5(t) = t and (5(t - §) = t - 6 forall 0 < § < € for some € > 0. Then, Lemma
A(xii) implies that 15(t) = t.
In the third case, assume that (5(t) # t. Then, Lemma A.1(iv) implies that t5(t) > t. Lemma A.1(xi) implies
that (5 is constant on (to, t5(t)] for t; defined by (41). We show that (5(to + 6) = to forall 0 < § < (5(t) - to
and, thus, (;(t) = to . Suppose that 15(to + 6) > to for some & € (0, 1(t) - to) . Then, there is a contradiction
to Lemma A.1(iv). Suppose that (;(to + 8) < to for some 6 € (0, (5(t) - to) . Then, Lemma A.1(xii) yields a
contradiction to the minimality of ¢, .
All of the three above considered cases imply that (;;(t) = inf{s | (5(s) > 15(¢)} . It remains to show that (5(s) >
16(t) < ((s) = t. From Lemma A.1(iv), we obtain that (5(t) > ¢, which implies the direction from left to right.
For the reverse direction, we obtain from Lemma A.1(v) and (i) that t5(s) = 15(t5(s)) 2 (5(t) .

(ii): Consider the functions Fn, F: R — [0, 1], n € N, defined by

0 ift<o0, 0 ift<o0,
Fa(6) = { limg ¢ 16, (s) ift €[0,1], F() = { limg\ ¢ 16(s) ift € [0,1],

1 ift>1, 1 ift>1,

0 ift<o0, 0 ift<o,
Fa(t) = < limg ~ 16,(s) ift €[0,1], F(8) = { limg ~ 16(s) ift €[0,1],

1 ift>1, 1 ift>1.

Then, Fy and F are distribution functions with left-continuous version F, and F~, respectively. Since by as-
sumption i, — (g almost surely pointwise, we obtain that Fn(t) — F(¢) for all t at which F is continuous.
This implies that the generalized inverse distribution functions converge almost surely, i.e.,

Fpl(t) - F1(¢) foralmostallt € [0, 1]. (42)

Since F71(£) = inf{s | F(s) > t} = inf{s | F7(s) > t}, it holds by construction of F and F~ and by (i) that F~!(¢) =
inf{s|6(s) = t} = 15(t) . Similarly, we obtain that F;!(¢) = 15, () . Hence, (42) implies that (5, (t) — (5(t) for
almost all t € [0, 1] . [m]
Proof of Proposition 2.25. (i): Let D = E. on [0, 1] x Ran(G) . Then, for (u, v) € [0, 1]?, it holds that
1. 1
D Ag E(u, v) = / max {agn(u, £)+ 0SE(w, -1, o} - /max {agp(u, £) - 0SE.(1-v, 1), o} dt
0

0
1

1

= /max{afD(u,t), agD(l—v, t)} dt-1+v= /afD(max{u,l—v},t)dt—lJrv
0 0

:max{u,l—v}—1+v:W2(u,v).

For the reverse direction, assume w.l.g. that D(w1, w;) < E.(w;, w,) for some (wq, w;) € [0, 1] xRan(G) .
Then, there exist (u, v) € (0, 1) x Ran(G) and an &-ball B¢(u, v) C (0, 1)? such that

5D(x, t) < dSE.(x, ) foralmostall (x, t) € Be((u, V), (43)
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because, otherwise, it would hold that

wy w2
D(wl,wz)z/agD(wl,t)dtz/agE*(wl,t)dt:E*(wl,wz),
0 0

which is a contradiction to D' (w1, w3) < E«(w1, w;) . As a consequence of (43), we obtain that

1
W (u,1-u)=0= /a?p(u, t)dt-u
0

1 1
< /max{agD(u, t), 05E.(u, t)} dt-u= /max {agD(u, ),1-05E1 - u, t)} dt-u
0 0

1
- /max{agu(u, 0+0FEM ~u,0-1,0} dt=D g E(u,1- ).
0

This yields D Ag E # W?.
(ii): If G € F¢ is continuous, then it holds that

1
M? Ag D Ag E(u) = /max {Il{,“zt} +0,D(uz, t) + 02E(us, ) - 2,0} dt
0

up
= /max{sz(uz,t)+azE(u3,t)— 1,0} dt
0

for u = (uq, Uz, u3) € [0, 1) . This defines a 3-copula, compare Durante et al. [8, Proposition 2].

For the reverse direction, assume that G € F1\ ¢ is discontinuous and that M? Ag D Ag Eisa3-copula. Then,
Theorem 2.7 implies that there exists a random vector (Uy, Us, Us, Z) (under an extension of the probability
space if necessary) such that Z ~ G, Cy, 7 = M2, Cy,,z =D, and Cy, 7 = Easwell as

P((Uy, Uz, Us) = u| Z=2) = W (0§ M (u1, 0, 0 Dz, 0, 0§ E(ws, 1))

forallz = G™'(t), t € (0,1), and for all u = (uy,us, u3) € [0, 1]%. Since G is discontinuous, there exists
to € (0, 1) such that (5(to) < t6(to) . This implies that the conditional distribution functions anz(-, to) »
a§D(-, to), and agE(-, to) are continuous. Now, choose u = (uy,us,u3) € [0,1 and v = (vq,va,v3) =
(1, 1, 1) such that

0§D (uy, to) = 05 E(uz, to) = 05 M (u3, to) = 0.5,
3§D(v1, to) = OSE(vy, to) = 0§ MP(v3, to) = 1.

Then, it follows that
P (U1, Uz, U3) € [,V 2= 671(t0)) = Vi (13, 1P7) =-0.5 <0,

where Vy([3, 1)) denotes the W>-volume of the box [1, 11> ¢ [0, 1], see Nelsen [22, Exercise 2.36]. This
yields a contradiction and, thus, M? Ag D Ag E is not a copula.

(iii) is a consequence of Theorem 2.7 and Remark 2.8.

(iv) and (v): For (u, v) € [0, 1] x Ran(G), it holds that

1 v
D ng M (u,v) = /max{bg(u,t)Jrr)gMz(v, t)—l,O} dt = /BgD(u,t)dt:D(u,v),
0 0
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where the second equality holds true because agM2 v, t) = 1.4 using thatv € Ran(G) . The third equality
follows from Theorem 2.2.

The other statements follow similarly.

(vi): As a consequence of (iv), /\ is not commutative if D is not symmetric. For a counterexample for asso-
ciativity, let D' € @, be a Gaussian copula with correlation p; € (-1,1),i = 1,2,3. Then, C' A (U is a
Gaussian copula with correlation m(p;, pj) = pip; — /1 -p7,/1 - p’? . Obviously, in general, it holds that

m(p1, m(pa, p3)) # m(m(p1, p2), p3) .

|
Proof of Lemma 3.6. For condition (21), the statement is trivial.
For condition (22), we need to show that
5
/ [Bas6+s() = Bgig4s(V) + Bass(v) - Bars(u)] ds =0, VO<a<1-26,V6>0, (44)
0
implies
I
G G G G
/ [Ba+6+s(u) - Bg.5:s(V) + Bais(v) - Bms(u)] ds=0, VO<a<1-26,V6>0, (45)
0
where u = (), v = (vy) € [0, 1]¢ such that for some i € {1,...,d} and u; < v;, u; =vjforallj#i.
Consider the function f: [0, 1] — [-1, O] given by
f(6) = Be(u) - Be(v) .
Then, condition (44) is equivalent to
5 5
/f(a+6+s)dsz/f(a+s)ds forall0O<a<1-28and 6 >0,
0 0
which means that f is increasing. Thus, the smoothed function f°: [0, 1] — [-1, 0] given by
G 1, ifi6(0) = 16(0),
PO o 10 s)ds, 6500 # 160
TG Jio F)ds, G0 £ 1
= Bf(u) - BY (w; + h)
is also increasing. But this is equivalent to (45).
For condition (23), the statement follows analogously. [m]
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Abstract: Triggered by a recent article establishing the surprising result that within the class of bivariate
Archimedean copulas Ca different notions of convergence - standard uniform convergence, convergence with
respect to the metric D;, and so-called weak conditional convergence - coincide, in the current contribution
we tackle the natural question, whether the obtained equivalence also holds in the larger class of associa-
tive copulas C,. Building upon the fact that each associative copula can be expressed as (finite or countably
infinite) ordinal sum of Archimedean copulas and the minimum copula M we show that standard uniform
convergence and convergence with respect to D; are indeed equivalent in Ca. It remains an open question
whether the equivalence also extends to weak conditional convergence. As by-products of some preliminary
steps needed for the proof of the main result we answer two conjectures going back to Durante et al. and show
that, in the language of Baire categories, when working with D; a typical associative copula is Archimedean
and a typical Archimedean copula is strict.
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1 Introduction

Various different notions of convergence in the family of bivariate copulas € have been considered in the
literature: The standard uniform metric d.. is probably the most common choice; since, however, d.. is not
capable of distinguishing independence and complete dependence (or, in the words of [24], de does not
‘distinguish between different types of statistical dependence’) the stronger metric D; was introduced in [36].
Letting K4(-, -), Kp(-, -) denote Markov kernels (regular conditional distributions) of the copulas A and B,
respectively, the metric D, is defined by

Dy(A, B) = / IKa(x, 10, YD) - K (x, [0, yD)| dAs(x, ).

(0,11

According to [36], D, is a metrization of the strong operator topology (of the Markov operators induced by the
copulas, see [24, 29] for more information on the strong operator topology and the one-to-one correspondence
between bivariate copulas and Markov operators), convergence with respect to D; implies convergence with
respect to de. (but not vice versa) and, setting {; (A) := 3D (A, II) yields a dependence measure {; fulfilling
that {7 (A) is maximal if and only if A is completely dependent.
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Sticking to Markov kernels/conditional distributions and considering weak convergence of almost all
conditional distributions of copulas results in the notion of weak conditional convergence which was in-
troduced recently in [17]. Weak conditional convergence implies convergence with respect to Dy, and it is
straightforward to construct examples illustrating that the reverse implication is wrong (again see [17]). When
working within the subclass of absolutely continuous copulas other natural notions of convergence are the
total variation distance TV (which, in the absolutely continuous setting coincides with the L;-distance of the
densities) and the Kullback-Leibler divergence KL (see, e.g., [35] and the references therein). In case the cop-
ula densities are greater than 0 almost everywhere then according to [26] we have the following interrelation,
where a = b indicates the convergence with respect to a implies convergence with respect to b:

KL= TV =D = de

As mentioned above, the topologies induced by d-, D; and weak conditional convergence on C do not
coincide: the topology induced by weak conditional convergence is strictly finer than the one induced by D,
which, in turn is strictly finer than the one induced by de.. According to [17], however, on large classes like
the family of Archimedean copulas as well as on the family of Extreme Value copulas, all three topologies do
coincide. Considering that the family of Archimedean copulas is dense in the family of associative copulas
with respect to de (see [18, 19]) and that every associative copula admits a so-called ordinal sum representa-
tion (see [23]) in terms of finitely or countably infinitely many Archimedean copulas and M it is natural to ask,
whether the three notions of convergence are also equivalent on the family C, of all associative copulas. In the
current contribution we provide a partial affirmative answer and show that on Ca convergence with respect
to de and D; are indeed equivalent. The question, whether weak conditional convergence is equivalent too,
remains open - we have neither been able to prove equivalence nor to construct a counterexample.

Although the main result of the paper is the equivalence of d- and D; on C, several auxiliary results
on denseness of the class of strict and the class of non-strict Archimedean copulas in (Ca, D1) produce nice
by-products in so far as we are able to answer two conjectures going back to Durante et al. in [6] and show
that, in the language of Baire categories, when working with D, a ‘typical’ associative copula is Archimedean
and a ‘typical’ Archimedean copula is strict.

The remainder of this paper is organized as follows: Section 2 contains notation and preliminaries which
will be used in the sequel. In Section 3 we first prove the fact that the family of all strict and the family of all
non-strict Archimedean copulas are dense in (Ca, D) by following the procedure studied in [19] for de., and
then show the afore-mentioned Baire category results. Finally, Section 4 focuses on convergence of associative
copulas and establishes the main result in several steps. Some examples and graphics illustrate the chosen
approach.

2 Notation and preliminaries

In the sequel we will let € denote the family of all bivariate copulas. For each copula C the corresponding
doubly stochastic measure will be denoted by uc, i.e. uc([0, x] x [0, y]) = C(x, y) forall x, y € [0, 1]. For more
background on copulas and doubly stochastic measures we refer to [8, 27].

As copulas can be seen as binary operations on [0, 1]? associativity is of particular interest, that is, C € Cis
called associative if for all x, y, z € [0, 1] we have

C(C(x,y),2) = Clx, C(y, 2)).

Ca denotes the class of all associative copulas. Associative copulas are closely related to triangular norms. In
fact, according to [25] a copula C is a triangular norm if and only if C € Ca whereas a triangular norm T is a
copula if and only if it is Lipschitz continuous with Lipschitz constant 1 (see, for example, [1, 18]).

The standard uniform metric d- on € is defined by

dw(C1, Cp) == max |Ci(x,y) - Co(x, y)|. (PAY)]
(xy)€lo,1)?
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1t is well known that the metric space (€, d) is compact and that pointwise and uniform convergence of a
sequence of copulas (Cn)nen are equivalent (see [8, 37]).

For every metric space (S, d) the Borel o-field on S will be denoted by B(S). In what follows Markov
kernels will play a prominent role. A Markov kernel from R to R is a mapping K : R x B(R) — [0, 1] such
that for every fixed E € B(R) the mapping x — K(x, E) is (Borel-)measurable and for every fixed x € R the
mapping E — K(x, E) is a probability measure. Given two real-valued random variables X, Y on a probability
space (Q, A, P) and letting 1 denote the characteristic function of a set E C R we say that a Markov kernel
K is a regular conditional distribution of Y given X if K(X(w), E) = E(1g o Y|X)(w) holds P-almost surely
for every E € B(R). It is well-known that for X, Y as above, a regular conditional distribution of Y given X
always exists and is unique for PX-a.e. x € R whereby PX denotes the push-forward of P via X, i.e., PX(E) =
P(X~1(E)) for every E € B(R) (see, e.g., [15, 20]). In case (X, Y) has distribution function C € € we will let
K¢ : [0, 1]1xB([0, 1]) — [0, 1] denote (a version of) the regular conditional distribution of Y given X and refer
to it as Markov kernel of C. Defining the x-section of a set G € B([0, 1]>) by Gx := {y € [0, 1] : (x,y) € G} we
have the following disintegration formula (see [15, 20])

[ Kew, 6 4P (0 = nc(©) 22)
[0,1]
hence, in particular,
/A Kc(x, E) dP¥(x) = / Kc(x, E) dA(x) = A(E) (23)
[0,1] [0,1]

for every E € B([0, 1]), whereby A denotes the Lebesgue measure on R. For more information on conditional
expectation and general disintegration we refer to [15, 20].

Following [8] the rightside upper Dini derivative 9} C : [0, 1) x [0, 1] — [0, 1] of a copula C with respect
to the first coordinate is defined by

Clx+h,y)-Clx,y)
h

07C(x, y) := limsup e [o,1].
h—0+

As shown in [7], the map y ~— 07C(x, y) is non-decreasing which we will use subsequently to clarify the
relation between Markov kernel and rightside upper Dini derivative:

Lemma 2.1. Let C be an arbitrary copula. Then
31C(x,y) = Ke(x, [0, y])
for Ay-a.e. (x,y) € (0, 1)%.

Proof. Letting 9; denote the partial derivative with respect to the i-th coordinate it is well-known (see, e.g.,
[8, 33]) that for every y € [0, 1] there exists a set Ay € B([0, 1]) of full measure such that for all x € Ay we
have that 01 C(x, y) exists and

31Cx, ) = 91C(x, ) = Kclx, [0, )
holds. Then A := ﬂyg(o,l)ﬁ@ Ay € B([0, 1]) is a set of full measure and forall x € A,y € (0, 1) N Q we have
01C(x, y) = Kc(x, [0, y)).
As for x € A,y € (0, 1) we have K¢(x, [0, y]) = 3} C(x, y) it suffices to show that
I:={(x,y)€[0,11° : x € A, Kc(x,[0,y]) > 31C(x, y)}

is a A-null set which can be done as follows: First, note that (x,y) — Kc(x,[0,y]) as well as (x,y) —
Kc(x, [0, y)) are measurable functions. Second, for x € A,y € [0, 1] we have K¢(x, [0,y]) > 01C(x,y) <
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Ke(x, [0, y]) > Ke(x, [0, y)) whence
I'={(x,y) € Ax[0,1] : Kc(x, [0,y)) < Kc(x, [0, yD}
= {(xy) € 10,117 : Kelx, [0, ) < Kc(x, [0, yD)} n (4 [0, 1])
which is measurable. As for x € A we have I'y is at most countably infinite, applying disintegration yields
(D) = 0. |

The following consequence of Lemma 2.1 is immediate:

Corollary 2.2. Let C1,C, € Cand U, V C [0, 1] with U open. If C; is identical to C, on U x V C [0, 1]? then
Ke, (x,[0,y]) = K¢, (x, [0, y])
forAy-a.e. (x,y) e Ux V.

A copula C is called completely dependent if there exists a A-preserving transformation h : [0, 1] — [0, 1] (i.e.,
a transformation fulfilling A(h~*(E)) = A(E) for every E € B([0, 1])) such that K(x, E) := 1z(h(x)) is a Markov
kernel of C. The class of all completely dependent copulas will be denoted by C.q.

For two copulas Cy, C; the so-called Markov product or star product C; * C; is defined by

(€% 0 y) = / 0,C1x, 1) 01 C(t, y) dACD).
[0,1]

The star-product is always a copula (see [5]) and according to results of [38] a Markov kernel of C;  C; is given
by

(Ke, o Ke,)0x, E) = / Ke, (v, E)Ke, (x, dy).
0.1]
Subsequently we will make use of the following properties of the star product: First, C € C is completely
dependent if and only if there exists a copula B such that the identity B « C = M holds, and second, if B € C
and if the sequence of copulas (Cn)nen converges uniformly to another copula C then (B * Cn)neny cOnverges
uniformly to B * C. For more properties of the class C.q and the star product we refer to [22, 36] and [5, 14],
respectively.
Considering Markov kernels allows to define stronger metrics than the standard uniform one:

D1(Cy, Cy) = K¢, (x,[0,y]) - K¢, (x, [0, y])| dAz(x, y), (2.4)
(0,112

D3(C1, Co) 1= [ (Ke, (%, [0, YD) - Ke, (%, [0, YD) dax, ),
(0,112

Du(C1, o) = sup / IKe, (% [0, Y1) - K, (x, [0, yD] dAGY).
ye[o,ll[o-‘l]

In [36] it was shown that D1, D,, D are three metrics generating the same topology on €. In what follows we
will primarily work with D; and refer to [9, 36] for more information on D, and De.. The metric space (C, D;)
is complete and separable but not compact (again see [36]).

An even stronger notion of convergence involving Markov kernels is introduced and studied in [17]: Let
C, Cy, Cy, ... be copulas with corresponding Markov kernels K¢, K¢,, K¢, , . . .. Then (Cn)yen is said to con-
verge weakly conditional to C if and only if for A-almost every x € [0, 1] the sequence (K¢, (X, -))nen of proba-
bility measures on B([0, 1]) converges weakly to the probability measure K¢(x, -) (in short, Cn 2<% C, where
‘wec’ stands for ‘weak conditional convergence’). The following interrelation of the afore-mentioned modes
of convergence holds:

weak conditional convergence = convergence w.r.t. D; = convergence w.r.t. deo.

For counterexamples for the reverse implications again see [17] and [36].
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3 The interrelation of Archimedean and associative copulas with
respect to D,

Triggered by [19], where the authors prove that the class of Archimedean copulas is dense in the class of
associative copulas with respect to the uniform metric d-, in what follows we show the result w.r.t. D; and,
as a by-product, answer two open questions posed in [6] regarding Baire category results for Archimedean
copulas. In Section 4 we then exploit the proven denseness to derive surprising convergence results of
associative copulas with respect to D;.

An Archimedean copula A = A, is a copula induced by a convex and strictly decreasing function ¢ :
[0, 1] — [0, oo] with ¢(1) = 0, called generator, via

A, y) =9 (9 + (), x,yel0,1].

Thereby ¢~ : [0, o] — [0, 1] denotes the pseudoinverse of ¢, defined by

. .
0 (0 = {(p (x) ifx € [0, p(0+) 31

0 if x 2 p(0+)

where @(xt) := lim;_,,: ¢(t) is the respective one-sided limit. We refer to A as the Archimedean copula in-
duced by ¢; in case of ¢(0+) = oo, A is called strict and non-strict otherwise. In the sequel Car denotes the
class of all Archimedean copulas, C§, the subclass of strict Archimedean copulas and C3; the subclass of non-
strict Archimedean copulas. Since generators are only unique up to a multiplicative constant we will from
now on also assume (without explicit reference) that the generator is normalized in the sense that (p(%) =1
holds. With this convention there is a one-to-one correspondence between generators and induced copulas.
In what follows we let D* p(x) (D~ ¢(x)) denote the right-hand (left-hand) derivative of ¢ at x € (0, 1). By
convexity, ¢ is differentiable outside a countable subset of (0, 1), i.e. D*@(x) = D™ ¢(x) holds for all but at
most countably many x € (0, 1) and D* ¢ is non-decreasing and right-continuous. According to [16, 31] we
additionally have D~ ¢(x) = D*¢(x-) for every x € (0, 1). Letting Cont(D*¢) C (0, 1) denote the set of all
continuity points of D*¢ in (0, 1) it follows that [0, 1] \ Cont(D* ) is at most countably infinite and thus has
Lebesgue measure 0. Setting D*¢(0) = —oo in case of strict ¢ as well as D*¢(1) = 0 (for strict and non-strict
@) allows to view D* ¢ as non-decreasing and right-continuous function on the full unit interval.
The Kendall distribution function of an Archimedean copula A with generator ¢ is given by (see, e.g., [13])

FG00 = x- D‘f;"()x). G2

Following [10, 27] for every t € [0, 1] we define the t-level function f* : [t, 1] — [0, 1] by f{(x) := @ (¢(£)-
¢(x)) so that for t > 0
graph(f%) = {(x, F1(x) : x € [t, 1]} = {(x,y) € [0, 1)% : C(x, y) = t} =: L

holds since C is strictly increasing coordinatewise above C'l({O}). If ¢ is strict then according to [10]

Doy e (0,1
Ka(x,[0,y]) = ¢ Do) © (33)
1 ifx € {0,1}

is (a version of) the Markov kernel of A, for non-strict ¢ a version is given by

0 ifx € (0,1),y <f°)
KaGe,[0,y) = § 528 ifx € (0, 1),y 2 f2(X) - (34)
1 ifx € {0,1}
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According to [17] all three afore-mentioned modes of convergence coincide within Car, that is, a sequence of
Archimedean copulas (An)en converges uniformly to some A € Cq if and only if (An),en converges to A with
respect to Dy if and only if (An)ncn converges to A weakly conditional (as n — oo).

Archimedean copulas play a central role in our study since, together with the Fréchet-Hoeffding upper
bound M, they form the building blocks of associative copulas: According to [23] (see also [1]) every associative
copula C admits an ordinal sum representation in the following sense: there exists some index set I C N, a
partition {[a;, b;]}ic; of [0, 1] and (4;);c; a sequence of copulas such that A; € Car U {M} and

ai+ (b - a)Ai (A, 1=4) if (x,y) € (a;, by)?

M(x,y) otherwise

Clx,y) = {

In this case we write C = ((a;, b;, A;))ics. Notice that, contrary to literature, the above definition explicitly
exposes (shrunk versions of) M along diagonal blocks. Defining the affine transformation T; : [a;, b;] —
[0, 1], x — X% and its inverse T; ' : [0, 1] — [a;, bi], x — a; + (b; — a;)x allows to write

bi-a;
Clx,y) = T (A(Ti(0), T;i()

for every (x,y) € (a;, b;)*. We will also work with the pre-image of T; and also denote it by T;! since no
confusion will arise.

In this paper a finite associative copula is by definition an associative copula with finite index set I. Moreover,
a subinterval (a;, b;) appearing in the ordinal sum representation of an associative copula C will also be
simply called subinterval of C.

We start with the following Lemma stating that any non-strict Archimedean copula can be approximated
arbitrarily well by strict Archimedean copulas with respect to D; and vice versa:

Theorem 3.1. 5, and C35 are dense in (Cqar, D).

Proof. We only prove denseness of strict Archimedean copulas, the non-strict case follows in a similar man-
ner. Fix € > 0 and let A_s have non-strict generator ¢_s. In [19] it is shown that for every n € N there exists a
strict generator ¥ with ¥ = ¢_s on (3, 1] such that the corresponding strict Archimedean copula AZ fulfills
doo(A-s, AY) < % Letting n — oo we obtain pointwise convergence of ¢f — ¢-s on (0, 1] and using [17, Theo-
rem 4.2] we even have weak conditional convergence of (Af),cy implying D1 (Af, A~s) — 0asn — oco. [m]

Next we show that an associative copula can be approximated arbitrarily well w.r.t. D; by a finite ordinal sum
consisting only of strict Archimedean copulas or M.
Lemma 3.2. Let C be an associative copula. Then for every € > O there exist a finite index set ], a sequence
(4))jey in g U {M} and a partition {[a;, e;]};c; such that

D1(C, ({aj, e}, Aj))jey) < €.
Proof. Fixe > 0andlet C = ((aj, b;, A;))ics, where I C Nis some finite or countably infinite index set. Choose

a finite set J C I such that Ziel Alaj, ej]) = 1 - n for some n > 0. Then O := ((a;, e}, A));¢; is a finite ordinal
sum of Archimedean copulas with

Di(C, 0) = / IKe(x, 10, y) - Kox, [0, yD) dAax, y)

(0,12
= / [Kc(x, [0, yD) = Ko(x, [0, yD| dA2(x, y)
Ujelaj e
+ [Kc(x, [0, y]) - Ko(x, [0, y])| dA2(x, y)
Ule,v[a,,e,-]z

<0+1.
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Choosing 1 € (0, €) we obtain the assertion for arbitrary Archimedean copulas. Moreover, applying Theorem
3.1to all those Archimedean components that are non-strict completes the proof. O

Loosely speaking, we found that selecting only finitely many ‘large’ components of an associative copula
yields a finite associative copula that is close to the original one with respect to D;. However, we do not
necessarily have a finite ordinal sum purely consisting of Archimedean components as there can still exist
subintervals (a;, b;) of C containing M in our approximation. The following lemma resolves this issue:

Lemma 3.3. For every strict generator ¢ setting ¢n := @™ and letting A, denote the Archimedean copula with
generator @y yields limp oo D1(An, M) = 0.

Proof. We show that for generators of the form @, (x) = ¢(x)" for some (strict and) continuously differentiable
Archimedean generator ¢ we have convergence of the induced sequence (An)nen to M w.r.t. Dy (see Remark
3.4 for the proof based on a general (strict) generator ¢):

Notice that @;1(x) = @1 (/X), Pn(x) = ne(x)" 1’ (x) = n,_1(x)¢’(x) and the corresponding copula is given
by An(x,y) = 0 1 (/@()" + p(y)"). It is well-known (see, e.g. [18, Proposition 8.5]) that the sequence (An)en
converges uniformly to M. In fact, this follows from either of the following two relations:

An(x,x) = 97 (V2 p(x) == x,

1‘P(X) noyes

Fﬁn(x) =x- no'0

The Markov kernel Ky corresponding to A is given by

YW it
Kn(x, [0, y]) = 4 PO " a0 1)
1 ifx € {0,1}

First suppose 0 < x < y < 1. As ¢ is continuously differentiable
the second factor we have

Pna(0) =< oK) )1 () p(Anlx,y)
Pn-1(An(x, ) \ @(An(x,y)) ©(An(x, y)) ()
__ on()  eWnx,y)

Pn(An(x,y)) ()
on(x) . @(An(x, )
Pn(x) + @n(y) o)

W\ m\"
=<1+(ﬂ>) -"1+(ﬂ> noei1a1=1.
o(x) o(x)
In case of x > y we have An(x,y) — y for n — oo and the first factor of the Markov kernel converges to the
constant 2% whereas for the second factor we have —#%)__ < 1.Indeed, choose § > 0 such that 0 < y<x-6

') (An(x,y))
then there exists nyp € N such that for all n > ny we have An(x, y) < x — § which directly yields that for these n

@' (1) :
PIVmeRD) tends to 1 as n — oo. Concerning

P00 9k
o(An(x,y))  p(x-96)

holds. As consequence the second factor converges to 0 as n — oo which shows that for x € (0, 1) we have

weak convergence of Kn(x, -) 2==5 Ky(x, -). Hence (An)ncn even converges weakly conditional to M which
implies converges w.r.t. D; (again see [36]). O

Remark 3.4.

1. Notice that the assumption of ¢ being continuously differentiable is not necessary for Lemma 3.3 to hold.
In fact, for some general (strict) Archimedean generator we obtain @;'(x) = @ *(/x) and D*@a(x) =
ne()" D p(x) = n,_1(x)D* p(x). We have to show that there exists some A € B([0, 1]) of full measure
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such that for every x € Aandy € Ux C [0, 1] with dense set Ux we have pointwise convergence of
(Kn(x, [0, YD)nen to Ku(x, [0, y)).

To this end, setting A := Cont(D"¢) yields A(A) = 1, and for x € A define Ux := ,c{u € [0,1] :
An(x, u) € Cont(D* )} it follows that Uy is the countable intersection of sets of full measure and as such
has full measure itself. The rest of the proof is identical to the one of Lemma 3.3 above.

2. Notice that by Lemma 4.3 for x > y we even have weak conditional convergence of general sequences of
Archimedean copulas uniformly converging to M.

Example 3.5. The (normalized) generator ¢(x) = 1/x — 1 produces the copula commonly abbreviated by
Ay = % which is a member of numerous families of Archimedean copulas. Moreover, the generators @n(x) =
@)™ = (1/x - 1)" define the family (4.2.12) in Nelsen [27] and the sequence of induced copulas (An),c not
only converges uniformly to M, but also weakly conditional by Lemma 3.3.

count

=050

025

5 02 06 10 12
x frequency

Figure 1: Sample of size 5000 from the copula A, with n = 40 as considered in Example 3.5 as well as marginal histograms and
bivariate histogram.

Theorem 3.6. Let C be an associative copula. Then for every € > O there is a finite ordinal sum A of strict
Archimedean copulas such that

Di(C,A)<¢
holds.

Proof. Fix € > 0. By Lemma 3.2 there exists a finite ordinal sum O (with strict Archimedean components) such
that D,(C, 0) < § holds. Applying Lemma 3.3 we can find some strict Ae € Car With D1 (A¢, M) < zk% where
k denotes the size of the partition corresponding to 0. Replacing every segment (along the diagonal) of O
containing a shrunk version of M by a shrunk version of A, yields another finite ordinal sum A consisting
only of (shrunk versions of strict) Archimedean copulas. Altogether we get D1(C, A) < D1(C, 0)+D1(0,A) < ¢
which completes the proof. ]
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Figure 2: Heatmap of (x, y) — Ky, (x, [0, y]) of the copula A, for n = 40 as considered in Example 3.5.

As next step we show that the ordinal sum C = ((0, ¢, A1), {(c, 1, A,)) of two strict Archimedean copulas can
be approximated arbitrarily well with respect to D; by one strict Archimedean copula. In [19] the authors
define for every € > 0 a strict Archimedean copula A, having the property that de(A¢, C) < €. We prove that
for this particular glueing construction even lim,_,o D1(A¢, C) — 0 holds. For each ¢ > 0 and ¢ € (0,1)
setting

91(T1(x)) ifxe[0,c- 5],
(0 =< g(x) ifx € (c- §, xol,
sl - 9a(T2(0)  ifx € (x0, 1]

defines the generator of a strict Archimedean copula A; fulfilling de(C, A¢) < €. Here, @1, ¢ are the gen-
erators of A1, A, and Ty, T, are the transformations from [0, c] and [c, 1] into [0, 1], respectively. The linear
function g defined on (c - §, xo] for some xo < ¢+ § connects the two (appropriately transformed) generators
of A1, A, in a way such that the resulting map is again an Archimedean generator. We will make use of this
construction, however, the upcoming proof is based on the order of the copulas C and A, in different sections
of [0, 1]? rather than on the formula of ..

Example 3.7. Let ¢1(x) = —log(x)/log(2) and @,(x) = (1/x - 1)*° then the induced strict Archimedean
copulas are IT and A4 from Example 3.5, respectively. Choosing the partition {[0, 0.4], [0.4, 1]} we obtain an
associative copula C = ({0, 0.4, A1), (0.4, 1, A5)). Following the construction in [19] and considering € > 0
yields a strict Archimedean copula A fulfilling de.(C, A¢) < €.

Lemma3.8. Let C = ((0,c, A1), (c, 1, A,)) be the ordinal sum of the two strict Archimedean copulas A1, A;
with respect to some ¢ € (0, 1) and, for € > 0, let A, be the strict Archimedean copula with the afore-mentioned
generator @.. Then

D(C, A¢) < 4e.

Proof. In order to simplify notation, within integrals we will (sometimes) set Fg(y) = K¢(x,[0,y]) and
F¥(y) = Ke(x, [0, y]) for the Markov kernels of C and A, respectively.
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Figure 3: Sample of size 5000 from the Archimedean copula A¢ fore = 1/1000 as considered in Example 3.7 as well as
marginal histograms and two dimensional histogram.
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Figure 4: Heatmap of the Markov kernel Ky, (x, [0, y]) of the copula A for & = 1/1000 as considered in Example 3.7.
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We start with the following segmentation of [0, 1]* and estimate the absolute value within the central hori-
zontal and vertical e-strips very roughly:

D1(C, Ae) = [K¢(x, [0, y]) - Ke(x, [0, y])| dA2(x, y)
[0,1]2
< [ Fo-REOMen [ IRe-Eo)ldx)
(0,c-512 [e+£,112
1 )i
+ [FEW) - Fe) dAa(x, y) + / [FE) - FE(y)| dAx(x, y)
[0,c-£)x[c+5,1] [c+£,1]x[0,c-£
iig v
+ 1dA(x, y) + 1dA(x,y).
(c=2,c+£)x[0,1] [0,1]x(c-%,c+£)
=€ =

The integrals I and Il are identical to O as in the considered squares A = C and therefore K. = K by Corollary
2.2. Regarding III, for every (x, y) € [0, c-§]x[c+5, 1], wehave 1 = K¢(x, [0, y]) = K¢(x, [0, y]) and A¢(x, y) €
(x - &, x] so that x = C(x, y) > A¢(x, y). Thus,
m = Kc(x, [0, y]) - Ke(x, [0, y]) dAy(x, y)
[0,c-§1x[c+5,1]
= / Clc-5,y) -Ae(c-5,y) dAy) <e.
[e+2,1]

Regarding IV, for every (x, y) € [c + §, 1] x [0, ¢ - §], we have 0 = K¢(x, [0, y]) < Ke(x, [0, y]) and A:(x, y) €
(y - &, yl sothat y = C(x, y) = A¢(x, y). As direct consequence,

v = [Kc(x, [0, y]) - Ke(x, [0, y])| dAa(x, )
[c+£,1]x[0,c-5]
= Ke(x, [0, y]) dAz(x, y)
(c+5,11x[0,c-£]
= / y-Ae(c+4,y) dAy) <e.
[0,c-£]
Summing up, we have shown D;(C, A¢) < € + € + 2¢ = 4¢, which completes the proof. O

Combining Theorem 3.6 and Lemma 3.8 and using induction on the number of segments shows the following
result:

Theorem 3.9. C is dense in (Cq, D1).

We conclude this section by answering two open problems posed in [6] regarding Baire category results for
Archimedean copulas with respect to D;. Following [6] or [30, Chapters 1 & 9] a subset S of a metric space
(Q, d) is called nowhere dense if the closure of S in (Q2, d) does not contain any non-empty open ball of (Q, d).
Moreover, a subset S of (Q, d) is said to be meager or of first category if it is a countable union of nowhere
dense sets. S is called co-meager if its complement Q \ S is meager. Additionally, S is of second category if it
is not meager. For more background on Baire categories we refer to [30].

In [6] the authors considered the metric spaces (C, d) and (€, D) and derived several Baire category
results for different subclasses of C. In particular, they showed that C§; is co-meager in (Car, d) as well as
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that (Car, dwo) is co-meager in (Ca, dw), and then conjectured that the same results should hold with respect
to the stronger metric D;. The proof of the first conjecture is a direct consequence of results from [17] whereas
denseness of Car in (Ca, D1) (as established above) is the key to confirm the second conjecture:

Corollary 3.10. G}, is co-meager in (Car, D1).

Proof. Since in Car convergence with respect to de is equivalent to D;-convergence both metrics induce the
same topology on Cq. It therefore follows immediately that (Car, D1) contains the same co-meager subsets as
(Car, doo). In particular, C3; is co-meager in (Car, D1). O

Corollary 3.11. Cqr is co-meager (hence of second category) in (Ca, D1).

Proof. As mentioned before, denseness of Car in (Ca, D1) is the missing piece to derive the desired result. For
the sake of completeness we present the adapted proof (cf. [6, Theorem 2.4]) of the statement: We have to
show that Ca \ Ca is the countable union of nowhere dense subsets. Setting for k € N

Ay = {CE Ca:dxe [%1-%] withC(x,x)=x}

we obviously have €a \ Car = (< Ax- Notice that Ay is closed in (Ca, deo) hence also in (Ca, D1). Considering
that Cqr is dense in Ca w.r.t. Dy, Ay cannot contain any non-empty open ball of Ca, i.e. Ay is nowhere dense
in Ca. As direct consequence G, \ Car is the union of nowhere dense subsets and the proof is complete. O

In this sense (see [3]), with respect to D; a typical associative copula is Archimedean and a typical
Archimedean copula is strict.

4 Convergence in the class of associative copulas

In this section we prove the surprising result that within the class of associative copulas, convergence w.r.t.
d- is equivalent to convergence w.r.t. D;.

As already mentioned for C € Ca there exist some finite or countably infinite index set I C N, {(a;, b)) }ics
a collection of subintervals forming a ‘partition’ of [0, 1] and a sequence of copulas (4;);c; with A; € Car or
A; = M such that

Clx,y) = TTHA(T;(0), Ti(y))

whenever (x, y) € (a;, b;)? and C(x, y) = M(x, y) otherwise; see Section 3. It follows that a Markov kernel of
C is given by

Ka(T;(0), [0, T;(0)])  if (x,y) € (a;, by)? )

Kc(x, [0, =
c(x, [0, y]) {KM(X, [0, y1) otherwise

Moreover, for t € (a;, b;) with A; € Car the t-level curve of C restricted to (a;, b;)? is given by

F100 = T (FFO(T:00)).

Note that the level curves of associative copulas are convex.

In the sequel we always assume that our points of interest lie in some subinterval (a;, b;) with 4; € Car
and handle the subintervals of C containing M separately later on. Following [10] and defining the set Egt for
fixed s, t € [0, 1] by

Egt ={(x,y) €0, 112 :x <5, Clx, y) < t}
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it follows that for s, t € (a;, b;)
H(ES) = @i+ (bi - ai) - pa (7' 1.0) @1

holds and therefore the following formulas follow immediately: For s, t € (a;, b;) with t < s we have

RelBs) = t+ (bi—a) - =500 6

whereas for s > b; > t > a; we have

oy @i(THO)
puc(Es,)) =t - (b —a;) D piT(0)°
Denoting by L, the t-level set we further have

-¢i(Ti() N 0i(Ti(1)
D*i(Ti(t)) ~ D-@i(Ti(0) |

Moreover, setting s = b; immediately yields a representation for the Kendall distribution function

uc(Le) = (b;i—ay) -

FE© = T7 (FA (Ti(0))
for t € (a;, b;) which will be of use in the sequel.
We now focus on convergence to M, or more generally C € C.q, and show the following surprising result:
Theorem 4.1. Let C1, Ca, ... be copulas, C € C.4 and suppose that (Cn)ncn converges uniformly to C. Then
the following assertions hold:

1. (Cn)nen converges to Cw.r.t. D;.

2. (Ch * Cn)nen converges to M w.r.t. deo.

Proof. Considering the D,-distance and the definition of the star product (see Section 2) for arbitrary A, B € €
we have

D3(4, B) = / (K, [0, Y1) - K5x, [0, yD)? dAa(x, )
(0,112

- / At Ay, ) + B By, ) - 2+ A+ By, ) dA(y).
[0,1]

Considering that for C € Cq the identity C! + C = M holds and that the star product is continuous in each
argument with respect to d- (see [8]) it follows that

OslimsupD%(Cn,C)slimsup/Cﬁ,*Cn(s,s)dA(s)+/M(s,s)d/\(s)
n—oo n—oeo

[0,1] [0,1]
+limsup (-2- / Ch * C(s, 5) dA(s))
n—soo 1]

=limsup | C&* Cn(s,s) dA(s) - Lo
n—soo —_——— 2
0.1  <M(s,s)

implying limu—.ee D3(Cy, C) = 0.

From the first part we already know that limp—co f[o,1] Ch#Cn(s, s)dA(s) = % Letting 6, denote the diagonal of
C!, * C and considering Lipschitz continuity of diagonals it follows that &, converges pointwise to the identity
function idy, ;. Letting Bs, denote the Bertino copula with diagonal 6x (see [11, 12]) yields By, < Ch % Cp as
Bj, is the smallest symmetric copula with diagonal 8,. Using the fact that §» — id ;) we have Bs, — M for
n — oo. Hence considering C4 + Cp > By, it follows that CL *Cn — M uniformly and the proof is complete. [
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The second assertion is surprising in so far that the x-product is not jointly continuous w.r.t. de (but w.r.t. D1).

The following Corollary, which is immediate from Theorem 4.1, states the promised equivalence of de-
and D, -convergence whenever the limiting associative copula is the Fréchet-Hoeffding upper bound M:

Corollary 4.2. Let Cq, C, ... be associative copulas. Then the following assertions are equivalent:

(@) limp—se0 doo(Cn, M) = 0.
(b) limp_seo D1(Cn, M) = 0.

Lemma 4.3. Let Ay, A, ... be Archimedean copulas. If (An)nen converges uniformly to M then for x > y we
have

Jim Ky, (6, 0, YD) = Kua(x, [0, ).
Proof. Recall that

lim —#0 ®

A D o) ~ 0 (4.2)

whenever s, t € (0, 1) with s < ¢; see, e.g. [4, Proposition 5].
Now, fixx > y and suppose that € > 0 fulfills y+¢& < x. Convexity of ¢, yields 0 > @n(y)-@n(x) =2 D* @n(x)-(y—x).
Taking the absolute value and dividing by |D* ¢x(y)| we obtain

) a0 ,‘D*wn(X)
D gn) D on0)] > | Drgnt) |
D a0

As direct consequence of (4.2) we have limp—oo Tony) = 0. Considering limp e An(x,y) = y there exists
some ng € N such that for all n > no we have An(x, y) <y + €, hence

) o Do)  Dign)
0= nlgxoloKA"(x’ 0.y = nlgrolo D+@n(An(x, ) < Dton(y +&)

O

Remark 4.4. As result of the above Lemma, in case of Archimedean copulas converging uniformly to M, we
have weak conditional convergence whenever x > y in [0, 1]. It remains an open question whether the result
also holds above the diagonal (i.e. for x < y) which would be key for proving that within €, we even have
equivalence of d..-convergence, D, -convergence and weak conditional convergence.

As next step we consider a sequence (An),cy of Archimedean copulas uniformly converging to some associa-
tive copula C whereby we focus on studying convergence within Archimedean blocks of C. That is, we focus
on (x,y) € (aj, b;)?, for some i € I, with corresponding copula A; € Cq in the “partition’ {[a;, b;]};c; under-
lying our associative limit C. However, since it is not necessary that A; appears in the sequence (An)nen We
deviate from this notation; subsequently we denote by (a«, e+) the subinterval of interest corresponding to
its Archimedean content A« with generator ¢« in the ordinal sum representation of C.

Lemma 4.5. Let A1, A, ... be Archimedean copulas with generators @1, @3, ..., respectively and let C € C
be an associative copula such that (An)ncn converges uniformly to C. Then for every subinterval (a=, b«) of C
containing an Archimedean copula the following assertions hold:

1. lim FX (x) = FE() for all x € (a+, b+) N T=*(Cont(D* p+)),

5 Pn)  _ _ . _e(T-(0) v b« -1 + e
2. }L‘L‘o Do = (bs —a+) Degi(T.09) forall x € (ax, bx) N Tx* (Cont(D* ¢+)),

i 90 _ @+(T-(x)
3. lim 56y = eirop forallx,y € (ax, b),
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e _ (1) -
4. "11330 D‘f%’;y) = (b« —a+)- %forallx € (ax, b+), y € (ax, b«) N Tx*(Cont(D* p+)),

5. lim J8ed = Z0003 forallx, y € (a-, be) N T3 (Cont(D* -)).

Proof. It is well-known that limy e deo(An, C) = 0 implies F§ (x) — F&(x) pointwise in continuity points
of F. Hence, (1) is a direct consequence of the before established fact that FX(x) = T-*(F (T-(x))) and (2)
follows immediately. According to [13], an Archimedean generator ¢ fulfills

max(x,y) . ()
. D (t
= . - dt
o) = ¢(y) - exp (51gn(x y) / o0 )
min(x,y)
for x € [0, 1] and y € (0, 1). Therefore,
0 max(x,y) ©
. pnx) . . B D*pnlt
min(x,y)
max(x,y) . ( )
. . Donl(t
=e s - lim —F=dt |,
xp( ign(x - y) / Am = © )
min(x,y)

where the exchange of limit and integral is justified in [4, Proposition 2]. Considering x > y, property (2) and
using change of coordinates yields

lim 2200 :exp( [t .D*<p~(T,(t))dt> _ 9-(T-()
Iy

n—eo Pn(y) @+(T«(t)) o+(T«(y))’

the case x < y follows similarly. This shows (4) and (5) is a consequence of properties (2) and (4). O

We now show that for a sequence of Archimedean copulas converging to an associative limit C, within the
Archimedean blocks of C we have weak convergence of the corresponding Markov kernels on a dense set
above the level curve f% of C. Notice that f%(x) = T='(f(T+(x))), x € (ax, b+) is the ax-level curve of C.
Hence the following Theorem specifically includes the case of strict Archimedean blocks in C whereas non-
strict blocks are tackled in Theorem 4.9.

Theorem 4.6. Let A1, A, ... be Archimedean copulas with generators @1, @2, ... and let C be an associa-
tive copula such that (An)nen converges uniformly to C. Then for every subinterval (ax, bx) of C containing
an Archimedean copula A+ € Cqr there exists some A € B((ax, b+)) of full measure and for x € A some set
Uyx C (f*(x), b«) which is dense in (f** (x), b+) such that for every x € A and y € Uy we have

Jim Ky, (x, [0, y]) = Ky (T=(0), [0, T-()]) = Kc(x, [0, yD.

Proof. Suppose that x € (a«, b+). Then considering y = T'(1/2) € (ax, b+) property (3) of Lemma 4.5 yields

fim — 2% _ (1.0
no (11 (3) 7
Set A := T='(Cont(D*¢-)) then A is of full measure in (a-, b+) and for x € A convexity (of ¢+(Tx(x))) implies
(see, e.g., [21, 32])

: 1 + / +
nlgrgo mD @n(x) = T-(X)D" p«(T«(x)),

whereby the chain rule is applicable since T is differentiable and increasing. For x € A the set Uy := {v €

(f* (), bx) : T<(C(x, v)) € Cont(D*¢+)} is of full measure. In fact,

Ux = {v € (f* (%), b«) : A«(T+(x), T+(v)) € Cont(D*¢+)}
= (KY)™(Cont(D* p+)),
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where hX(v) := A«(T«(x), T+(v)) is an increasing homeomorphism from (f%(x), b«) to [0, 1] (cf. [27]). Thus,
(h)"}(Cont(D* ¢+)®) is at most countably infinite whence A((h¥)~!(Cont(D* ¢+))) = b« — % (x).
Letting x € A, y € Uy and invoking continuous convergence of the right-hand derivatives yields

B 1 + / +
Jim mD on(An(x, y)) = Te(C(x, y))D" @+(T+(C(x, )))

and we directly obtain

. RT D+(Pn(x)
Am Ky, 0 10,7 = lim, 5 Gy
D" pn(x)

PRCIeY)
e D galAn0))
on(T1(1)

- T.(x)D" @(T+(x))
TL(CO, yDD* - (T-(C(x, 1))
__ Do)
" D «(A«(T+(x), T+())) Kc(x,[0,y])
since obviously T4() = T(C(x, Y)) = 51z O

According to results of [36] convergence with respect to D, (within (a«, e+)) follows immediately.
Since every Archimedean copula is an ordinal sum with only trivial idempotent elements, the convergence
results from Lemma 4.5 and Theorem 4.6 can be seen as generalizations of [17, Theorem 4.2]:

Theorem 4.7. Let A, A1, A,, ... be Archimedean copulas with generators @, @1, @2, ... such that (An)ney
converges uniformly to A. Then there exists some A € B((0, 1)) of full measure and some set Uy C (f°(x), 1)
which is dense in (f°(x), 1) such that for every x € A and y € Uy we have

Jim Ka,(x, [0, y]) = Ka(x, [0,y]).

Remark 4.8. At this point we have a very strong convergence property for the following special case of con-
vergence within Ca: Let A1, A5, ... be a sequence of Archimedean copulas converging uniformly to some
finite associative copula C having no sections containing M, i.e. a finite ordinal sum purely consisting of
Archimedean copulas. Then (An),cn converges weakly conditional to C. This includes the frequently pre-
sented case of Archimedean copulas converging to ordinal sums of W (see, e.g., [4],[19]), also called “proto-
types” in [34].

Using the afore-mentioned results we can now finally prove the equivalence of convergence with respect to
d- and convergence with respect to D; within the class of associative copulas:

Theorem 4.9. Let C, Cq, Cs, ... be associative copulas. If the sequence (Cn)ncn converges uniformly to C then
the sequence even converges with respect to D.

Proof. As proved in Section 3 the class C3; of strict Archimedean copulas is dense in (Ca, D1). Consequently,
for every Cn there exists some An € €5, such that D;(Cn, An) < % Thus,

1
D1(Cn, C) < D1(Cn, An) + D1(An, C) < n +D1(An, C)

and it suffices to show that D1 (A, C) — 0 for n — oo which can be done as follows: According to [6, Lemma
3] deo(An, C) < 2-1/D1(An, Cn)+des(Cn, C) and the latter converges to O for n — oo whence (4,),cn cOnverges
uniformly to C. Write C = ({(a;, b;, B;))ics for some finite or countably infinite index set I. Fix € > 0 then as
in Lemma 3.2 we can choose a finite set ] C I such that Zie ; A(aj, bj)) = 1 - € and consider the following
partition of [0, 1]? (as before we set FX(y) = Kn(x, [0, y]) = Ky, (x,[0,y]) and pn = pa,, similarly for the limit
0):
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Figure 5: Illustration of the (support of the) associative limit C with ax-level curve f% (x) for x € (ax, b+). The regions U and L
considered in the proof of Theorem 4.9 are colorized in light blue and light red, respectively.

Di(An, C) = [Fa(y) = FE)dA, (x, y) + / [FR(y) - FE(y)|dAa(x, y)
Ulay,b)? U (@b
i€l iely
1 I
+ [Fa(y) - FEW)|dAz(x, y) .

[0,1]2\U (@i, b:)?
iel

i
Clearly II < &; for calculating III divide the integration area in the sets L and U denoting the lower and upper
part, respectively, i.e. U = i (a;, by) x (b;, 1) and L = J;¢;(a;, by) x (0, a;) (as depicted in Figure 5). Using

disintegration we get

/ Knl(x, 0, Y1) - Kc(x, [0, yDIdA(x, y) = / 1 Ka(x, [0, Y1) dAa(x, )
U U
- / K, (7, 1) dAa (x, )

U
-y / pn(ai, by) x (v, 1)) dAGy)
- &
WD aual(arbx(bi, 1)
<> unl(ai, by) x (bi, 1) - (1 - by)
icl
< Zun((ai, bi) x (b, 1)) = un(U)
icl
and as U is a p¢-continuity set it follows that limp o un(U) = puc(U) = 0. The lower area L follows analogously

whence there is ng € N such that IlI < ¢ for all n > ng.
It remains to show that the same holds true for I: We split the index set J into J; denoting the subset of indices
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corresponding to blocks containing an Archimedean copula and J, corresponding to blocks containing M,
ie.

1- / IF() - FX)| dAa(c, ) + / IFX0) - )] dAa(x, ).

U (a;,b))? U (aj,b))?
jen i€h

LI LI

We begin with the Archimedean case LI: To facilitate reading we focus on a single subinterval (ax, b+) :=
(aj, b) for some j € J; containing an Archimedean copula. Then

IFa(y) - Fe)| dAGOdA(y)

(av.b-)?
- / / IF() - FX0)| dAdAG) + / / IF() - FX0)| dAa(x, v),
(a-,bs) {x<f*(y)} (a~,b+) {x=f* ()}

where for fixed y € (as, b+) the set {x < f*(y)} = {x € (ax, b+) : x < f¥(y)} = (ax, f* (y)). The first integrand
fulfills F¢(y) = Kc(x, [0, y]) = 0 and we get

Kl 0.5) Ao ) = [ pi(as, £ ) <10, ) dA0)
(a-,b) {x<f® ()} (a-,b")
which converges to [(a b pucl(ax, f@(y)) x [0, y]) dA(y) = O for n — oo by Dominated Convergence. For the
second summand we have
/ [FX(y) - FE)] dAa(x, y) = / [Fa() = FE)| dAx @y, ).
(ax,bs) {x2f* (y)} (ax,bs) {y=f" ()}

Observe that now we are in the setting of Theorem 4.6 and hence also have convergence to O for n — oo.
To calculate I.II we proceed similarly, fix a subinterval (ax, b+) := (aj, bj) for some j € J of C containing a
copy of M and consider

/ [Kn(x, [0, Y1) - Kygx, [0, yD)| dAa(x, )
(@»,b+)?

/ { [ 1-Katr 0. yD 2 + / Knlx, [O,y])d/l(X)}dA(y)
(a«,b) (a-,yl ly,b-)
/ pn((@, Y1 x 0, 1) + pally, Bo) < [0, y) dAGY)
(ﬁ—,i).]
5 / pcl@e, vl x (v, 1) + pe(ly, o) < [0, yD) dAQ) = 0
(@~,b+)

for n — oo (again using Dominated Convergence). It directly follows that there exists n; € N such that for all
n=n; wehavels<e.
Altogether, there exists n, € N such that for all n > n, = max(ng, n;) we have

D1(An, O)=T1+1I+1I<3 ¢,

which completes the proof. O
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Abstract: The central idea of the paper is to present a general simple patchwork construction principle for
multivariate copulas that create unfavourable VaR (i.e. Value at Risk) scenarios while maintaining given
marginal distributions. This is of particular interest for the construction of Internal Models in the insurance
industry under Solvency II in the European Union. Besides this, the Delegated Regulation by the European
Commission requires all insurance companies under supervision to consider different risk scenarios in their
risk management system for the company’s own risk assessment. Since it is unreasonable to assume that
the potential worst case scenario will materialize in the company, we think that a modelling of various un-
favourable scenarios as described in this paper is likewise appropriate. Our explicit copula approach can be
considered as a special case of ordinal sums, which in two dimensions even leads to the technically worst
VaR scenario.

Keywords: Solvency II, copulas, patchwork copulas, Bernstein copulas, Monte Carlo methods
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1 Introduction

Reasonable VaR-estimates from original data or suitable scenarios for risk management within so-called In-
ternal Models are of particular interest in the insurance industry under Solvency Il (see, e.g., [1, 4, 6-8, 21, 31]).
In this paper, we propose a simple stochastic Monte Carlo algorithm on patchwork copulas for the generation
of VaR scenarios that are suitable for comparison purposes in Internal Models for the calculation of Solvency
Capital Requirements (SCR), in particular for the Non-Life Module. Note that in the Standard Formula of Sol-
vency II, there is a formula for the calculation of the non-life premium and reserve risk SCR given by the
volume factor
exp(kl,,z In(1+ 02))

V1+ 0?2
applied to the volume measure (i.e. premium income) of the year considered (see, e.g., [31, p. 324, relation
(21.9b)]; cf. also [16, p. 329 ff.]). Here a denotes the risk level (i.e. 0.5% in Solvency II) and k;_, the corre-
sponding 1 - a quantile of the standard normal distribution. Further, o denotes the standard deviation of the
underlying risk, i.e. the ultimate combined loss ratio, which is assumed to be lognormally distributed with
expectation 1=100% (which is the limit towards certain ruin according to the law of large numbers). How-
ever, this formula is questionable from a scientific point of view (see [14]). Note also that this formula was
simplified in the Commission Delegated Regulation of the EU [12, Article 115]:

P1-a(0)var =

P1-a(0)var = 30 for a =0.005.
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Figure 1: Plot of the Non-Life SCR volume factor p1_q(0)var vs. its simplification 3o.

This is a reasonable conservative approximation as long as p < 0.15 (see Figure 1).

Another questionable point here is the aggregation to the overall SCR from different module SCR’s by
correlations in Solvency II (see, e.g., [31]). This has been discussed in detail, e.g., in [24, 29].

Note that no official legislative paper on Solvency II contains a strict mathematical definition of the under-
lying risk measure Value at Risk, cf. [11, Article 104, L 335/52, No. 4] or the Commission Delegated Regulation
of the EU [12, L 12/20 (53)]. The wording used in these documents, however, suggests that “the Value-at-Risk
measure with a 99.5% confidence level” is the corresponding lower quantile of the risk distribution.

Note also that the above-mentioned Commission Delegated Regulation [12] concerning the implemen-
tation of Solvency II in the EU requires the consideration of risk scenarios in several Articles, in particular
in Article 259, L 12/161 on Risk Management Systems saying that insurance and reinsurance undertakings
shall, where appropriate, include performance of stress tests and scenario analyses with regard to all rele-
vant risks faced by the undertaking, in their risk-management system. The results of such analyses also have
to be reported in the ORSA (Own Risk and Solvency Assessment, see, e.g., [23]) as described in Article 306
of the Commission Delegated Regulation of the EU [12]. In the light of the outlined structural problems with
the standard formula above, the ORSA is probably a better instrument to rate the enterprise’s risks in a more
reliable way. The problem is, however, that the Commission Delegated Regulation does not make any clear
statements on how such stress tests or scenario analyses have to be performed.

Article 1 of the Commission Delegated Regulation of the EU [12, L 12/20, No. 2] defines a “scenario anal-
ysis” as an analysis of the impact of a combination of adverse events. The Monte Carlo simulation algorithm
developed in this paper allows for a mathematically rigorous description how such scenarios can be gener-
ated, being flexible enough to cover also extreme situations.

In what follows, we shall focus mainly on the Non-Life Modules under Solvency II. Therefore, we only
consider continuous risk distributions. In this case, VaR is simply a lower quantile of the cumulative risk dis-
tribution function. For corresponding considerations for the Life and Capital Asset Modules under Solvency
11, we refer to [3, 32].

Besides Solvency II aspects, the method proposed in this paper might also be of interest for reinsurance
companies for the risk assessment of statistically dependent natural perils like windstorm, hail or flooding
triggered by adverse climate conditions.

2 Unfavourable patchwork copulas

Patchwork copulas in the context of risk management have been treated in detail in 1, 5, 15, 24-26, 30], among
others. In several of the cited papers the question of an unfavourable, i.e. superadditive VaR estimate for a
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1-4 1

Figure 2: Shape of the support of the underlying patchwork copula W.

portfolio of aggregated risks was in particular emphasized, see also [27]. However, the construction of worst
VaR scenarios in this context is quite complicated; note that a worst VaR is a supremum of VaR’s over the
Fréchet class of all possible joint distributions with given marginals (see, e.g., [10, Sections 1.1 and 1.3]). The
situation is more simple in the two-dimensional case with identical margins (see [10, Section 2]). A numerical
approach to a constructive solution to the general problem is given, e.g., by the rearrangement algorithm (see,
e.g., [1, 10, 20]). From a practical point of view, simpler and yet explicit constructions for unfavourable but
not necessarily worst VaR estimates by appropriate copula constructions seem to be a useful alternative. In
this paper, we describe how such a construction could be performed. We start with an explicit approach in
two dimensions, which is later extended to arbitrary dimensions. For better readability, all proofs are shifted
to the Appendix.

Lemmal. Let,ford>2,d ¢ N,U=(Uy,...,Uy)andV = (V4, ..., V,) be d-dimensional random vectors over
[0, 1]¢ with continuous uniform margins (i.e., U and V represent d-dimensional copulas). Let further I denote a
binomially distributed random variable, independent of U and V, with P(I = 1) = p € (0, 1). Then the random
vector W with components W; := IpU; + (1 -I)[p + (1 - p)V;] for 1 < i < d also has continuous uniform margins,
i.e. W represents a d-dimensional copula.

Note that W can be considered as a special case of ordinal sums (cf. [22, Chapter 3.3.2] for the two-dimensional
case, and [18, relation (4.31)], [19, Definition 2.1] and [9, Example 2.2.10 and Chapter 3.8] for the multivariate
case).

Suppose now that a portfolio of d insurance risks is considered where a mutual probabilistic depen-
dence structure is assumed to be described by U. If the d (for simplicity assumed continuous) marginal

risk distribution functions are denoted by Fi, ..., F; and by Qy, ..., Qg their pseudo-inverses (quantile
functions), then both random vectors (Q1(U1), ..., Qq(Uy)) and (Q1(W1), ..., Qq(Wy,)) represent a risk
vector X = (Xy,...,X ) with the given marginal distributions. However, w.r.t. to risk aggregation, X :=

(Ql(Wl), N Qd(Wd)) creates in general an unfavourable VaR scenario for S = Zil X, even if p is close
to 1and therefore U and W differ only marginally. The graph in Figure 2 shows the corresponding support of
W in two dimensions.

In the sequel, putp :=1-Bfor0 < B <1.Then W =I(1-B)U+ (1 -1)(1-B+pV).

We start with some further preliminary Lemmata.

Lemma?2. Let Wy := (1-B)U, W, :=1-B+ BV, Zy; := Q;(Wy;) and Z,; := Qi(Wy;), i = 1, 2. Then there hold

F"("ﬁ), 0<x<Qil-p),

= 0=<x<Qi(1-p),
1, x> Q;(1-p),

x2Q;(1-p).

o,
Fz,.(x,B) = and Fz,(x,B) =4 F(x)+ -1
B T
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Lemma 3. Assume that f and g are Lebesgue densities of independent random variables X and Y, concentrated
on the same finite interval [0, M] with M > 0. Then S := X + Y has the density h; given by

L fx-y)gdy,  0<xs<M,
hi(x) = M
JSemfx=-y)gdy, M<xs<2M.
Iff and g are concentrated on the same infinite interval [M, o) with M > 0, then S := X + Y has the density h,
given by
x-M
me= [ f-e0)dy, xz2Mm.
M
In particular, if F and G are the corresponding cdf’s pertaining to f and g, respectively, then in either case,
d%F * G(x)| = 0, where * means convolution.

x=2M

Lemma 4. Assume that all F; = F being equal with quantile function Q, and that U and V have independent
components each. Denote

F(x) . B B B
Fx,p):={1-§’ x=Q1-p), and F(x, ) := w, x>0.
1, x2Q(1-p), B
Let further denote X; := Q(W;) and S = Zid:l X;. Then we can conclude that
d* < _
Fs(u, B) = {(1 -BF (it‘;ﬁ), x<dQ(1-p),
(1-B)+pF (x-dQ(1-p),B), x>dQ(1-p),

where * again means convolution. If F has a density f, then correspondingly

fG) <001 - _
foope {15 TP g Fop i SOQUZR)
1, x> Q(1-p), B
and
Ja-prte, ), x<dQ(1-p),
fs(x, B) = i
(1-B)+Bf (x-dQ(1-B),p), x>dQ(1-p).

The following examples show the effect of a risk aggregation with an unfavourable VaR scenario for two
dimensions in detail.

Example 1 (exponential distributions). Assume that

o, x<0,
Fy=F, =
{1 —e* x20.
Then
_ X _ X
Fz,.(x,p) = 11 _eﬁ , 0sx<-In(f), and Fz,(x,B) = B ﬁe =1-e B -In(B), i=1,2.
For the corresponding densities, we obtain by differentiation
e (
——, O0=x<-In(B), 0, < -In(p),
frB) = TP Do and peop={® X mB
0, x> -1n(p), e B, x>-Inp),

and
e—X

Fx, B) = 1-p’ 0 =< x < -In(p), and f(x’ﬁ):{oix x<0,
, x> -1In(B), e, x=20.

(=]
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Figure 3: Plots of the densities fs(x, B) for B = 0.1 and g(x) in Example 1.

By Lemma 4, we obtain the following density fs of the aggregated risk S:

xe™

T 0 < x < -In(B),
ot p= 2D X g sxs2mip),
%, x 2 -21n(B),
with the corresponding cdf Fg:
%’ ) 0<x<-In(B),
Fole f) = 1-28+2e 11?(2) +(1+x)e ,  -In(B) < x < -21n(B),
B-2e*In(B) - (1 +x)e™ x> -21In(B).

For the graph in Figure 3, let g denote the density of T := Q1(U;) + Q2(U) (independent summands,
Gamma distribution). In what follows, let G denote the cdf of T := Q;(U;) + Q2(U>) (independent summands,
Gamma distribution) and H be the cdf of S under the worst VaR scenario (see the graph in Figure 4), i.e. the
distribution of V corresponds to the lower Fréchet bound or countermonotonicity copula (see, e.g., Remark 3
and the comments after Figure 3 in [10], or [24]). In this case we have

Fs(x), x < -21n(B),
H(x,B)=<1-8, -21In(B) < x < -21n(B/2),
1-B+/B?-4ex, x=-2In(B/2).
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Figure 4: Plots of the cdf’s Fs(x, B), G(x) and H(x, B) for B = 0.005 in Example 1.
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Figure 5: Plots of the cdf’s Fs(x, 0.005 + ¢) for e € {0.001, 0.002, 0.003} and H(x, 0.005) in Example 1.

Note that with the Solvency Il standard a = 0.005, we get here, for 8 = @, VaRa(S) = -2 In(B) = 10.5914 >
VaRa(T) = 7.4301, where VaRq(T) is the numerical solution to the equation (1 + x)e™ = a. For the worst
VaR scenario, however, we get wVaR,(S) = —Zln(g) = 11.9829 with 10.5966 = SVaR, := VaRq(X7) +
VaRq(X3) > VaRa(S) = 10.5914. This means that even with the construction for S with = a, we still have
a (quite small) diversification effect, but not in the worst VaR scenario. This changes, however, if we look at
VaRq(S) = 10.9630 when we replace B by a + € in the definition of W for e.g. € = 0.001.

The graph in Figure 5 shows the cdf’s in the tails for several choices of €. The graph in Figure 6 shows the
values of Q5(0.995, B) = Fgl (0.995, B) in the range 0.0062 < B < 0.0076. A numerical calculation shows that
for a = 0.005 the worst VaRq(S) = 10.9829 is attained for 8 = 0.0068, i.e. £ = 0.0018. Table 1 summarizes
the results found for a = 0.005.

Table 1: Summarized results for Example 1.

B 0.0050 0.0060 0.0068 0.0070 0.0080
VaRq(S) 10.5914 10.9630 10.9829 10.9821 10.9618
VaRq(T) 7.4301 7.4301 7.4301 7.4301 7.4301
wVaRq(S) 11.9829 11.9829 11.9829 11.9829 11.9829

SVaRq 10.5966 10.5966 10.5966 10.5966 10.5966
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Figure 6: Plot of the parametrized quantile function Qg(0.995, B) = F§1(0.995,ﬁ) in Example 1.

Example 2 (uniform distributions). Assume that

0, x<0,
Fi=F,=qx, 0sxs1,
1, xz21
Then 1
Fz,,(x, B) = ﬁ 0<x<1-B, and Fz,(x,p)= % X21-B, i-1,2.
By Lemma 4, we obtain the following density fs of the aggregated risk S:
X
T-p x<1-8,
2-2B-x

— 1-B=<x<2-2B,
Isbe = x-2+28 2-2B<x<2-f

jak=N

2 -
ﬂ;

2-B<x<2,

with the corresponding cdf Fs:

x2

21-p
4x(1-p)-x*-2(1-p)*

x<1-p,

2 ) 1-B<x<2-2p,
Fs(x,B) = .
OB = 4= BL-x) 422 — 2B+ 282
2B ’
2B - 4(1 - x) - x?
2B ’

In what follows, g is the density of T := Q;(U;) + Q2(U>) (independent summands, triangle distribution),
see the graph in Figure 7. In the graph in Figure 8, G is the cdf for T := Q,(U;) + Q2(U,) (independent sum-
mands, triangle distribution) and H is the cdf for S under the worst VaR scenario, i.e. the distribution of V
corresponds to the lower Fréchet bound. In this case we have

2-2B<x<2-p,

2-Bsx<2.

Fs(x), x=2-2B,
Hx,f)=¢1-B, 2-2B<x<2-8,
1, x=2-p.
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Figure 7: Plots of the densities fs(x, B) for = 0.1 and g(x) in Example 2.
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Figure 8: Plots of the cdf’s Fs(x, B), G(x) and H(x, B) for B = 0.005 in Example 2.

Note that with the Solvency II standard a = 0.005, we have here, for = a, VaRa(S) = 2 - 2a = 1.9900 =
VaRq(T). For the worst VaR scenario, however, we get here wVaRq(S) = 2—-a = 1.9950 > 1.9900 = VaRq(X1)+
VaR(X;) = SVaRy = VaRg(S). This means that with the construction for S we have no true diversification
effect, in contrast to the worst VaR scenario. This changes, however, if we look at VaR4(S) = 1.9910 when we
replace B by a + ¢ in the definition of W for e.g. £ = 0.001.

The graph in Figure 9 shows the cdf’s in the tails for several choices of €. The graph in Figure 10 shows
the values of Q5(0.995, B) = F5'(0.995, B) in the range 0.0054 < f8 < 0.0070. A numerical calculation shows
that for @ = 0.005 the maximal VaRq(S) = 1.9915 is attained for 8 = 0.0060, i.e. € = 0.0010.

Note that in this example a closed-form representation for Qs(u, B) is given by

Qs(,B)=2-2B+/2BB+u-1), 1—ﬁsusl—§.

This implies
Qs(1-a,B)=2-2B++/2BB-a), a<pP<2a,
with its maximum being attained for B = I*Tﬁ a with value Qs(1 - a, Bo) = 2 - (1 + 4)0{. Note that in

contrast the worst VaR here is wVaRq(S") = 2 — a. Table 2 summarizes the results found for a = 0.005.
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Figure 9: Plots of Fs(x, 0.005 + ¢) for ¢ € {0.001, 0.002, 0.003} and H(x, 0.005) in Example 2.

T
0.0070

199150
199145 -
0,(0.995,3)
1.99140 | / \
/ \
199135 / \
/
/
199130 1L ‘ . . : ‘ :
0.0054 0.0058 0.0062 0.0066
4]

Figure 10: Plot of the parametrized quantile function Qs(0.995, B) = F3'(0.995, B) in Example 2.

Table 2: Summarized results for Example 2.

B 0.0050 0.0055 0.0060 0.0065 0.0070
VaRq(S) 1.9900 1.9130 1.9915 1.9914  1.9913
VaRq(T) 1.9900 1.9900 1.9900 1.9900  1.9900
wVaRq(S) 1.9950 1.9950 1.9950 1.9950  1.9950

SVaRy« 1.9900 1.9900 1.9900 1.9900  1.9900




336 = Dietmar Pfeifer and Olena Ragulina DE GRUYTER

Example 3 (Pareto distributions). Assume that

1+x’ x> 0.
Then
X 1 1 1
FZu(X’ﬁ)*m» Osxsﬁ—l, and FZQ;(X,ﬂ)*lfm, xaB—l, i=1,2
For the corresponding densities, we obtain by differentiation
1 1 1
— Osxs< -1 0 x<=-1
- 55 > s s
F2, 06, B) = 1-pa+x) 1 B and fz,(x,p) = 1 f
0, x> -1, — ., x=2--1,
B B +x)? B
and 1 1
—_— O<x<--1, _ 0, x<0,
oo B - 4 A-PA+0? B and f(x,p) = { B 0
- P —— 2>
o “pb o 7O

In order to calculate the density fs of the aggregated risk S, we need a suitable partial fraction representation
of f(x - y)f(y) and f(x - y)f(y). Note that in general, we have

1 1 11
L+x-y)A+y) 2+x\1+x-y 1+y

and

1 _ 1 1,1y
T+x-y)21+y)2 Q+x2\1+x-y 1+y

! S SR 1,1
T 2ex)2\Q+x-y)2 (Q+y)2? 2+x\1l+x-y 1+y))’

from which we obtain, by Lemma 4,

X% +2x-2In(1+x) S
T ORI Osxep-b
1-2B8)x" +(4- X -4 +4+2In(fx+2B -1 1 1
Fs(x, B) = C+2(1-P) , B—lsxsZ(;—l),
x2—2x+%ln(ﬁx+2ﬁfl) 1
Q+x? s x22(3—1>

The density fs(x) follows by differentiation.

In the following, g denotes the density of T := Q;(U;) + Q»(U) (independent summands), see the graph
in Figure 11. In the graph in Figure 12, G is the cdf of T := Q1(U;) + Q2(U,) (independent summands) and H
is the cdf of S under the worst VaR scenario, i.e. the distribution of V corresponds again to the lower Fréchet
bound. In this case we have

Fs(x),

1-B+y/p2- "B

2+x’

x<2
, P
H(x,p)={1-B; E—ZSXS
x> 2
B
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Figure 11: Plots of the densities fs(x, ) for B = 0.1 and g(x) in Example 3.
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Figure 12: Plots of the cdf’s Fs(x, B), G(x) and H(x, ) for B = 0.005 in Example 3.

Note that with the Solvency II standard a = 0.005, we have here, for § = a, VaRa(S) = 397.3168 <
VaR(T) = 403.9161. For the worst VaR scenario, however, we get wVaRq(S) = lﬂi -2 =798 > 398 =
VaRa(X1) + VaRqa(X3) = SVaRy > VaRq(S) = 397.3168. This means that even with the construction for S we
still have a (quite small) diversification effect, but not in the worst VaR scenario, as expected. This changes,
however, if we look at VaRq(S) = 488.2116 when we replace B by B+¢ in the definition of W for, e.g., € = 0.001.

The graph in Figure 13 shows the cdf’s in the tail for several choices of €. The graph in Figure 14 shows
the values of Q5(0.995, B) = F§1(0.995,ﬁ) in the range 0.007 < f < 0.012. A numerical calculation shows
that for @ = 0.005 the maximum VaR4(S) = 509.3804 is attained for f = 0.0089, i.e. ¢ = 0.0039. Table 3
summarizes the results found for a = 0.005.

Table 3: Summarized results for Example 3.

B 0.0050 0.0070 0.0089 0.0100 0.0110
VaRq(S) 397.3168 503.2848 509.3804 508.6489 507.0076
VaRe(T) 403.9161 403.9161 403.9161 403.9161 403.9161
wVaRq(S) 798.0000 798.0000 798.0000 798.0000 798.0000

SVaRg 398.0000 398.0000 398.0000 398.0000 398.0000
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Figure 13: Plots of the cdf’s Fs(x, 0.005 + ¢) for e € {0.001, 0.002, 0.003} and H(x, 0.005) in Example 3.
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Examples 1-3 show that it is generally possible to obtain unfavourable VaR scenarios by a suitable choice
of B = a+ein the definition of W, i.e. scenarios which lead to an opposite diversification effect in the portfolio
and which are sometimes close to the worst VaR scenario.

We continue with a particular construction of W which allows in general for an unfavourable VaR sce-
nario.

Lemmas5. Ford € N, d > 1, let 1; denote the d-dimensional unit matrix, e; = (1,..., 1) the d-dimensional
row vector consisting of just ones, and E; = eﬁ{ed the d x d matrix with all entries equal to unity. Then £; =
(1 - nly + rEy is a correlation matrix iﬁ“—ﬁ < r < 1. In the general case, the latent roots A; of £ are given by
M=1+(d-VrandA;j=1-r,i=2,...,d. Anorthonormal basis T4, . .., T, of corresponding latent vectors

isgivenby T; = %e'd' and Tj = (tyj, ..., td]»)”for 2 <j<d, where

—%, 1<i<j,
ViG-1)
tij = j-1 ioi
i ] s
0, i>j.

Hence X, possesses the spectral decomposition £4 = AA” with A = TVA, where T = [T1,..., Tyl and A =
diag(/ll, vy Ad)

Note that there is also an alternative possibility to represent latent roots A; and normalized latent vectors
T; = (t;}-, . t;]-)", j=1,...,d,of X, since X, is a particular symmetric Toeplitz matrix for which the latent
roots and normalized latent vectors can be expressed via trigonometric functions (see [2, relations (5.89) and
(5.90)]). In particular, we can choose

d-1 .

* ij 1-r1, =1,...,d-1,

A; :1+r§ cos(@) = r J
P d 1+(d-Dr, j=d,

and
N cos(%ﬁ) + sin(%ﬁ)
N

This is due to the fact that the latent roots have multiplicities, hence the linear space spanned by the cor-
responding latent vectors is (d - 1)-dimensional, allowing for different representations of the corresponding
linear basis. However, for our purposes, the representation in Lemma 5 is more suited.

In what follows we will call a Gaussian copula derived from the correlation matrix £, = % I; - d—fl Ey
forr= —d—fl a minimal correlation Gaussian copula.

Note that the corresponding multivariate normal distribution is degenerated since X; is singular, i.e. a
random vector X with zero mean and correlation matrix X; has the representation X = AY, where Y has a
standard multivariate normal distribution with mean zero and variance-covariance matrix I;. For d = 2, the
minimal correlation Gaussian copula is identical to the lower Fréchet bound or countermonotonicity copula.

, 1<i,j<d.

3 Acase study

The following example shows the effects of such an approach for the 19-dimensional data set discussed in
[26]. Table 4 contains insurance losses from a non-life portfolio of natural perils in d = 19 areas in central
Europe over a time period of 20 years. The losses are given in million monetary units (MMU).

A statistical analysis of the data shows a good fit to lognormal LN(u, 0)-distributions for the losses per
Area k, k=1,...,19. The parameters y; and oy for Area k shown in Table 5 were hence estimated from the
log data by calculating means and standard deviations.



340 =— Dietmar Pfeifer and Olena Ragulina DE GRUYTER
Table 4: Insurance losses from a Nat Cat portfolio in central Europe.
Year Area 1 Area 2 Area 3 Area4  Area5 Area 6 Area 7 Area 8 Area9  Area 10
1 23.664 154.664 40.569  14.504 10.468 7.464 22.202 17.682 12.395 18.551
2 1.080 59.545 3.297 1.344 1.859 0.477 6.107 7.196 1.436 3.720
3 21.731 31.049 55.973 5.816 14.869 20.771 3.580 14.509 17.175 87.307
4 28.990 31.052 30.328 4.709 0.717 3.530 6.032 6.512 0.682 3.115
5 53.616 62.027 57.639 1.804 2.073 4.361 46.018  22.612 1.581 11.179
6 29.950 41.722 12.964 1.127 1.063 4.873 6.571 11.966 15.676 24.263
7 3.474 14.429 10.869 0.945 2.198 1.484 4.547 2.556 0.456 1.137
8 10.020 31.283 21.116 1.663 2.153 0.932 25.163 3.222 1.581 5.477
9 5.816 14.804 128.072 0.523 0.324 0.477 3.049 7.791 4.079 7.002
10 170.725 576.767 108.361 41.599 20.253 35.412 126.698 71.079 21.762 64.582
11 21.423 50.595 4.360 0.327 1.566  64.621 5.650 1.258 0.626 3.556
12 6.380 28.316 3.740 0.442 0.736 0.470 3.406 7.859 0.894 3.591
13 124.665 33.359 14.712 0.321 0.975 2.005 3.981 4.769 2.006 1.973
14 20.165 49.948 17.658 0.595 0.548 29.350 6.782 4.873 2.921 6.394
15 78.106 41.681 13.753 0.585 0.259 0.765 7.013 9.426 2.180 3.769
16 11.067 444.712 365.351 99.366 8.856  28.654 10.589 13.621 9.589  19.485
17 6.704 81.895 14.266 0.972 0.519 0.644 8.057 18.071 5.515 13.163
18 15.550 277.643 26.564 0.788 0.225 1.230 26.800 64.538 2.637 80.711
19 10.099 18.815 9.352 2.051 1.089 6.102 2.678 4.064 2.373 2.057
20 8.492 138.708 46.708 3.680 1.132 1.698 165.600 7.926 2.972 5.237
Year  Areall Area 12 Area 13 Area 14 Area 15 Area 16 Area 17 Area 18 Area 19
1 1.842 4.100 46.135 14.698 44.441 7.981 35.833 10.689 7.299
2 0.429 1.026 7.469 7.058 4.512 0.762 14.474 9.337 0.740
3 0.209 2.344 22.651 4.117 26.586 3.920 13.804 2.683 3.026
4 0.521 0.696 31.126 1.878 29.423 6.394 18.064 1.201 0.894
5 2.715 1.327 40.156 4.655 104.691 28.579 17.832 1.618 3.402
6 4.832 0.701 16.712 11.852 29.234 7.098 17.866 5.206 5.664
7 0.268 0.580 11.851 2.057 11.605 0.282 16.925 2.082 1.008
8 0.741 0.369 3.814 1.869 8.126 1.032 14.985 1.390 1.703
9 0.524 6.554 5.459 3.007 8.528 1.920 5.638 2.149 2.908
10 9.882 6.401 106.197 44.912 191.809 90.559 154.492 36.626 36.276
11 1.052 8.277 22.564 8.961 19.817 16.437 25.990 2.364 6.434
12 0.136 0.364 28.000 7.574 3.213 1.749 12.735 1.744 0.558
13 1.990 15.176 57.235 23.686 110.035 17.373 7.276 2.494 0.525
14 0.630 0.762 25.897 3.439 8.161 3.327 24.733 2.807 1.618
15 0.770 15.024 36.068 1.613 6.127 8.103 12.596 4.894 0.822
16 0.287 0.464 24.211 38.616 51.889 1.316 173.080 3.557 11.627
17 0.590 2.745 16.124 2.398 20.997 2.515 5.161 2.840 3.002
18 0.245 0.217 12.416 4.972 59.417 3.762 24.603 7.404 19.107
19 0.415 0.351 10.707 2.468 10.673 1.743 27.266 1.368 0.644
20 0.566 0.708 22.646 6.652 14.437 63.692 113.231 7.218 2.548
Table 5: Distributional parameters for fitted lognormal loss distributions
Parameter  Areal Area 2 Area 3 Area 4 Area 5 Area 6 Area 7 Area 8 Area 9 Area 10
) 2.806 4.072 3.141 0.638 0.398 1.223 2.321 2.212 1.078 2.106
(4% 1.216 1.052 1.211 1.569 1.300 1.599 1.198 0.988 1.145 1.253
Parameter Area 11 Area 12 Area 13 Area 14 Area 15 Area 16 Area 17 Area 18 Area 19
Ui -0.323 0.382 3.020 1.749 3.041 1.550 3.070 1.244 0.938
Ok 1.088 1.335 0.803 1.003 1.122 1.477 0.962 0.858 1.214
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As is to be expected, insurance losses in locally adjacent areas show a high degree of stochastic depen-
dence, which can also be seen from the correlation Tables 6 and 7. For a better readability, only two decimal
places are displayed.

Table 6: Empirical correlations between original losses in adjacent areas.

Parameter A1l A2 A3 A4 A5 A6 A7 A8 A9 A10 A11 A13 Al4 A15 Al16 A17 A18 A19
Al 1 0.46 0.03 0.16 0.47 0.20 0.35 0.49 0.41 0.24 0.78 0.91 0.63 0.85 0.66 0.30 0.67 0.56
A2 0.46 1 0.64 0.78 0.67 0.36 0.51 0.76 0.57 0.51 0.58 0.59 0.84 0.68 0.58 0.87 0.77 0.90
A3 0.03 064 1 093 041 026 0.1 016 033 016 0.8 013 064 025 010 074 0.4 035
Al 016 078 093 1 0.54 036 016 025 043 019 022 030 079 036 019 084 032  0.49
A5 0.47 0.67 041 054 1 041 035 051 084 063 059 0.64 0.67 059 050 058 071 0.7
A6 0.20 0.36 0.26 0.36 0.41 1 0.07 0.11 0.28 0.19 0.28 0.31 0.42 0.24 0.27 0.39 0.27 0.40
A7 0.35 0.51 0.11 0.16 0.35 0.07 1 0.44 0.27 0.19 0.48 0.46 0.35 0.45 0.91 0.64 0.61 0.49
A8 0.49 0.76 0.16 0.25 0.51 0.11 0.44 1 0.50 0.75 0.61 0.54 0.47 0.71 0.53 0.40 0.75 0.90
A9 0.41 0.57 0.33 0.43 0.84 0.28 0.27 0.50 1 0.66 0.68 0.52 0.60 0.50 0.41 0.46 0.65 0.63
A10 0.24 0.51 0.16 0.19 0.63 0.19 0.19 0.75 0.66 1 0.33 0.27 0.28 0.43 0.24 0.23 0.45 0.65
A11 0.78 058 0.08 022 059 028 048 0.61 068 033 1 079 0.65 0.80 073 043 084 074
A12 0.64 -0.04 -0.09 -0.10 0.2 0.4 -0.07 -0.03 -0.01 -0.12 0.19 0.44 021 028 017 -012 013  0.03
A13 091 059 013 030 064 031 046 054 052 027 0.79 1 071 0.86 074 047 076  0.65
Al4 0.63 0.84 0.64 0.79 0.67 0.42 0.35 0.47 0.60 0.28 0.65 0.71 1 0.74 0.54 0.79 0.68 0.72
A15 0.85 0.68 0.25 0.36 0.59 0.24 0.45 0.71 0.50 0.43 0.80 0.86 0.74 1 0.69 0.47 0.71 0.75
Al6 0.66 0.58 0.10 0.19 0.50 0.27 0.91 0.53 0.41 0.24 0.73 0.74 0.54 0.69 1 0.63 0.77 0.64
A17 0.30 0.87 0.74 0.84 0.58 0.39 0.64 0.40 0.46 0.23 0.43 0.47 0.79 0.47 0.63 1 0.59 0.64
A18 0.67 0.77 0.14 0.32 0.71 0.27 0.61 0.75 0.65 0.45 0.84 0.76 0.68 0.71 0.77 0.59 1 0.86
A19 0.56 0.90 0.35 0.49 0.67 0.40 0.49 0.90 0.63 0.65 0.74 0.65 0.72 0.75 0.64 0.64 0.86 1

Table 7: Empirical correlations between log losses in adjacent areas.

Parameter Al A2 A3 A4 A5 A6 A7 A8 A9 A10 A1l A12 A13 Al4 Al5 Al6 A17 A18 A19
A1 1 0.27 0.30 0.16 0.17 0.45 0.28 0.32 0.32 0.29 0.67 0.51 0.76 0.34 0.67 0.74 0.18 0.21 0.29
A2 0.27 1 0.48 0.66 0.39 0.37 0.71 0.69 0.52 0.64 0.30 -0.02 0.45 0.66 0.58 0.45 0.73 0.74 0.78
A3 0.30 0.48 1 0.70 0.40 0.31 0.42 0.51 0.58 0.53 0.18 0.07 0.21 0.32 0.54 0.26 0.47 0.21 0.57
A4 0.16 0.66 0.70 1 0.77 0.47 0.46 0.47 0.59 0.49 0.18 -0.13 0.33 0.50 0.47 0.18 0.76 0.43 0.54
A5 0.17 0.39 0.40 0.77 1 0.59 0.30 0.20 0.49 0.39 0.28 0.08 0.35 0.56 0.44 0.16 0.55 0.36 0.41
A6 045 037 031 047 059 1 0.14 001 036 034 033 012 048 046 048 037 059 017 050
A7 028 071 042 046 030 014 1 052 027 040 045 -0.07 031 031 046 062 063 058 057
A8 0.32 0.69 0.51 0.47 0.20 0.01 0.52 1 0.64 0.81 0.27  -0.02 0.38 0.35 0.56 0.35 0.28 0.62 0.63
A9 0.32 0.52 0.58 0.59 0.49 0.36 0.27 0.64 1 0.78 0.40 0.19 0.27 0.50 0.44 0.30 0.33 0.57 0.61
A10 0.29 0.64 0.53 0.49 0.39 0.34 0.40 0.81 0.78 1 0.21  -0.02 0.21 0.37 0.52 0.30 0.31 0.53 0.81
A11 0.67 0.30 0.18 0.18 0.28 0.33 0.45 0.27 0.40 0.21 1 0.47 0.49 0.45 0.60 0.67 0.20 0.45 0.39
A12 0.51 -0.02 0.07 -0.13 0.08 0.12 -0.07 -0.02 0.19 -0.02 0.47 1 0.44 0.21 0.24 0.46 -0.23 0.25 0.05
A13 0.76 0.45 0.21 0.33 0.35 0.48 0.31 0.38 0.27 0.21 0.49 0.44 1 0.55 0.60 0.71 0.37 0.39 0.24
Al4 034 066 032 050 056 046 031 035 050 037 045 021 055 1 059 043 057 058 053
A15 0.67 058 0.54 0.47 044 048 046 056 044 052 060 024 060 059 1 0.59 036 035 063
Al6 0.74 045 026 0.8 016 037 062 035 030 030 0.67 046 071 043 059 1 038 043 039
A17 0.18 0.73 0.47 0.76 0.55 0.59 0.63 0.28 0.33 0.31 0.20 -0.23 0.37 0.57 0.36 0.38 1 0.52 0.56
A18 0.21 0.74 0.21 0.43 0.36 0.17 0.58 0.62 0.57 0.53 0.45 0.25 0.39 0.58 0.35 0.43 0.52 1 0.60
A19 0.29 0.78 0.57 0.54 0.41 0.50 0.57 0.63 0.61 0.81 0.39 0.05 0.24 0.53 0.63 0.39 0.56 0.60 1

The graph in Figure 15 shows estimated cdf’s on a basis of 100,000 Monte Carlo simulations for the aggre-
gated loss using lognormal margins with the parameters from Table 5 with a Bernstein copula representing U
and a minimal correlation Gaussian copula representing V, for various values of p. For comparison purposes,
we have also added an estimated cdf for the aggregated loss for a Bernstein copula representing U and an up-
per Fréchet (or comonotonicity) copula representing V. Note that the Bernstein copula is here constructed
according to [5] on the basis of the ranks of the risk vectors (see also [28, Section 3]).

The plots in Figure 15 for the tail cdf’s correspond to a Bernstein copula U with a minimal correlation
Gaussian copula V: p = 1 (F1(x)), p = 0.99 (F2(x)), p = 0.994 (F3(x)), as well as to a Bernstein copula U with
p = 0.994 but different copulas V: upper Fréchet bound or comonotonicity copula (F4(x)) and independence
copula (F5(x)).

Table 8 shows the estimated risk measures VaR, for a« = 0.005 (Solvency II standard) for the various
values of p and different types of V.

Table 8: Survey over VaR-estimates under different copula models with lognormal margins, in MMU.

p 0.99 0.994 0.994 0.994 1
v minimal correlation Gaussian minimal correlation Gaussian upper Fréchet independence -
VaRq 4, 647 5,272 3,976 5,018 2,229
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Figure 15: Plots of the estimated cdf’s F;(x),i = 1,..., 5, in the tail.

As can clearly be seen, the patchwork construction with the minimal correlation Gaussian copula repre-
senting V with no tail dependence gives the largest VaR estimate here and is typically larger than the upper
Fréchet copula, which has a positive tail dependence. Note that the sum of individual VaR’s is given by 3,976
MMU, which means that using the Bernstein copula alone would lead to a diversified portfolio while all other
copula models do not.

Finally, it should be pointed out that the effects described here are independent of the particular copula
chosen for U, i.e. the magnitude of the estimated VaR’s under the patchwork construction would remain
roughly equal also under an elliptical, an Archimedean, a vine or an adapted Bernstein copula approach for
U ([28], cf. also the comments after Figure 3 in [10]).

4 Concluding remarks

The patchwork copula construction presented in this paper allows for a simple but yet effective and well-
defined way to generate unfavourable VaR scenarios, i.e. scenarios with opposite diversification effects in par-
ticular for applications in Solvency II. Such scenario considerations are prescribed by legislative guidelines
as, e.g., specified in the Commission Delegated Regulation of the EU [12] (p. L12/6 (16), L12/9 (49), L12/12 (75)
or (77), just to mention some). Besides Solvency II, such unfavourable VaR scenario generations could also
be of interest in the Basel III framework (e.g., economic scenario generators) or in the reinsurance industry,
in particular w.r.t. extreme natural perils.

Although there is theoretically also a method to create worst VaR scenarios by means of the rearrange-
ment algorithm, the latter approach easily becomes numerically cumbersome in high-dimensional portfolios
as in our case study, especially, if the risk distributions are not identical (see [10, Section 2.2]). Hence a sub-
optimal but easy to implement alternative is of value, in particular, since it seems unlikely that the worst VaR
scenario would actually occur in real life portfolios.

The approach discussed in this paper seems, at a first glance, to be related to the recent paper [27]. The
essential difference is, however, that the latter paper is not based on an observation-free copula construction
for the tails as in the present paper. The algorithm proposed there leads only to stochastic approximations
of the underlying distributions by a marginal-wise backwards transformation of the simulated multivariate
distribution with the quantile functions of the originally estimated marginal cdf’s. This emphasizes the fact
that unfavourable VaR estimates cannot perhaps be characterized by the copula structure alone but that the
interplay between the dependence structure and the marginal distributions is also essential (see the discus-
sion in [17]). Such a kind of interplay could potentially also be considered in the present approach, allowing
non-constant negative pairwise correlations in the matrix X, for the Gaussian copula in Lemma 5.
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Note that Value at Risk is not the only risk measure that is used for calculating capital requirements in
Europe. For instance, the Swiss Solvency Test uses the Expected Shortfall (ES) ESa(X) of risks X as the under-
lying risk measure (cf. [13]). In accordance with our terminology and under the assumption of a continuous
risk distribution, it is defined as

ESa(X) = E(X| X > VaRa(X)), O<a<1.

Unfortunately, it is impossible to generate true unfavourable ES scenarios since ES is a coherent (i.e.
subadditive) risk measure which in the worst case generates additive risk scenarios if the risks involved
follow a comonotone dependence structure (see, e.g., [21, Chapter 7.2]). Note, however, that it is sufficient for
the generation of additive ES scenarios to use a dependence structure as in Lemma 1 with the upper Fréchet
bound for V, which is a copula in any dimension.

Acknowledgements: We would like to thank the referees for several helpful comments that improved the
presentation of the paper essentially.
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Appendix: Proofs of Lemmata

Proof of Lemma 2. We have
Fz,06 8) = P(Qi((1 - B)U;) = x) = P((1 - B)U; < F;())

Fi()\ _ Fi(x) <01
=n»<u,.sl_ﬁ)_l_ﬁ, 0<xs0Q1-),

and
Fz,(6, ) =P(Qi(1-B+BV;) <x) =P(1- B +BV; < Fi(x))
:[P<,- F(")*ﬁ 1) F(")*ﬁ L x=q@-p, i-1,2.

Proof of Lemma 3. In the finite interval case, we have, by the usual convolution formula,

hy (o) = / - y)g)dy = ' Fc-g) dy.

OsyeM M) i
sz}:ySM max(0,x—M)<y<min(x,M)

Now for O < x < M, we have max(0, x — M) = 0, min(x, M) = x, from which the upper formula in brackets
for hy(x) follows. For M < x < 2M, we have max(0, x - M) = x — M, min(x, M) = M, from which the lower
formula in brackets for hq(x) follows.

The proof for the infinite interval case is analogous, observing that for x > 2M, we have

hy(o) = / fx - y)g)dy = / fc- y)g) dy.

Ms<y<x-M

Further, under the conditions made, we have, in either case,

d
&F* G(x)

M
= hy M) = hy(2M) = / fx-y)gy)dy =0,
JM

x=2M

as stated. O
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Proof of Lemma 4. Let &; and {; be independent random variables with the cdf’s F(e, 8) and F(e, B), respec-
tively. Then I&; + (1 - I)(Q(l -B)+ (l-) is a stochastic representation of X;, i = 1,..., d, where again I is a
binomial random variable with P(I = 1) = 1-Band P(I = 0) = B, independent of (U, V) according to Lemma 2.
Hence

d d d d
IN &+(1-DY (Q-B)+&) =126i+(1—1)<d0(1—ﬁ)+2(i)
i=1 i=1 i=1 i=1

is a stochastic representation of S. Note that the cdf of Zle &iis F%(o, B) and that of Zil i is Fd*(-, B), from
which the assertion follows. dJ

Proof of Lemma 5. The proof relies on the following two relations:

d
1 d-1
a);m—Tforalldzz,

d

Clearly a) follows easily by induction. Relation b) follows immediately from a) since

d-i
i-1 1 d-1 .
b)T+k§:1m——foralldzz:mdlszsd.

i-1 &

i d
1 1 1
i _gk(k—l) and ;(Hk)(ﬂk—l)_k;lk(k—l)'

To prove Lemma 5, we first show that TT” = I = T"T. Let TT" = [by]; ;1. 4. For 1 < i < d, we obtain,
by relation b) above,

. d-i
1 i-1 1
b“"E*T*kZ;(Hk)(nk—l)‘l'

For 1 <1i,j < d with i # j we get, with i v j := max(i, j), following again relation b),

d d-ivj
1 1 1 1 1 1
b"f‘E‘Wfk:%lk(k-n‘E‘Wj*;(k+ivj)(k+ivj-1)
_1 1 . d-1 ivj-1_ B
“daTivita vy il

This proves TT" = I,. On the other hand, let T"T = [c;]; j_1,.. 4. It is obvious that ¢1; =  d = 1 and for
all2<i<d,c;i= ﬁ(i—lw 1 = 1. Next, forall 2 < j < d, we obtain

Cli:%c\/ﬁ(i—l)‘r\/?):&

I O G S Ji=1) _
C“_\/H< \/i(i—l)(l R i) o

Finally, for 2 < i,j < d with i # j, we get

o 1 ~ 1 o fivi-1Y _
i \/(i\/j)(ivj—l)( \/(i\/j)(i\/j—l)(lv] D+ ivj) 0

This proves T'T = 1.

NowletA; =1+(d-1)r,Aj=1-r,i=2,...,d,and A; = diag(A; - ¢, ..., A4 —t). A standard computation
yields, for t € R, TA; = [s;l; j-1,...,a» Where

and forall 2 <i < d, we get

14(d-Dr—¢ f_

=7 ji=1

Lt 1<i<],
sip={ YA J

f’]—,l(l—r—t), 1<i=j,

0, otherwise.
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Let TA;T" = [dj]; j_1,... q- From relation a) above it follows that

_1+(d-Dr-t _ _1+d-Dr- o ad-1_
iy = —— g+ (-1 t)zk(k o° 3 C@-r H=g-=1-t
and for 2 < i < d, relation b) gives
d-i
_1+(d 1)r- B -1 1
R ”( Z(1+k)(1+k 1))
Jl+@d-Dr-t 1)r_td-(l—r—t) L
d
Next, for 2 < i, j < d with i # j we obtain from relation b) above that
d-ivj
_l+@d-Dr-t 1-r-t o 1
dij = d ivj +-r t)<Z(IV}+k)(l\/]+k 1))
_lr@d-Dr-t_1-r- +(1—r—t)(d 1_ivj-1 ):r,
d ivj ivj

This in turn means TA(T"" = £, - tI;. Consequently, the characteristic polynomial for X is given by

@5,(0) = det(S4 - t1;) = det(TAT"™) = det(T) det(4,) det(T")
d
= det(T) det(4,) det(T™!) = det(4,) = [[(A; - 0).
i-1
Hence;, 1 < i < d, are the latent roots of X;. Therefore, Z; is a correlation matrix, i.e. positive semidefinite
iffA;>0forall1<i<d,i.e. —ﬁ < r < 1. Thus Lemma 5 is proved. O
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1 Introduction

The earliest use of what is now called perturbation theory was to deal with otherwise unsolvable mathematical
problems of celestial mechanics. When Kepler published his first law “the orbit of every planet is an ellipse
with the Sun at one of the two foci,” in [66] and [67, book 5, part 1, III. De Figura Orbitee]) at the beginning
of the 17th century, he provided an analytical solution of a classical two-body problem, the two bodies being
the planet under consideration and the Sun — in this scenario no perturbation occurred. Many decades later,
when three-body problems were studied, e.g., the system Moon-Earth—Sun [59], one observed that the Moon
(which has a much smaller mass than both Sun and Earth) does not move along a simple ellipse & la Kepler
because of the competing gravitation of the Earth and the Sun, i.e., the constants describing the motion of a
planet around the Sun are also influenced by the motion of other planets and may vary in time. In addition,
in the second half of the 19th century the increasing accuracy of astronomical observations also required a
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higher accuracy of the solutions to Newton’s gravitational equations [95] and motivated mathematicians such
as Lagrange [80] and Laplace [81] to develop and study fundamental methods of perturbation theory (for a
classical survey see, e.g., [9]).

In mathematics, physics, and chemistry, perturbation theory deals with mathematical methods for find-
ing an approximate solution to a problem, by starting from the exact solution of a related, simpler problem.
A critical feature of the technique is a middle step that breaks the problem into “solvable” and “perturbative”
parts. Perturbation theory is widely used when the problem at hand does not have a known exact solution,
but can be expressed as a “small” change to a known solvable problem.

In quantum mechanics (see [32] and [12]), perturbation theory can be used to describe a complicated
unsolved system using a simple, solvable system. Starting with such a simple system whose mathematical
solution is known, one may add a weak disturbance to the system (a so-called “Hamiltonian” [7]). If this
disturbance is not too large, physical quantities related to the perturbed system (e.g., its energy levels) can
be seen as “corrections” to those of the simple system. If these corrections are small compared to the size of
the quantities themselves, approximate methods such as asymptotic series can help to calculate them.

Now let us turn to the concept of bivariate copulas (introduced in [119], see also [39, 64, 93]), i.e., to
mathematical objects which capture the dependence structure among random variables and which are the
topic of our current research. In this context, perturbation usually means that a (small) bivariate function
(often called the perturbation factor) is added to a given copula, and one is interested to find out under which
conditions the result is again a copula [36, 98]. A prominent example of such a perturbation is the family of
Eyraud-Farlie-Gumbel-Morgenstern (or EFGM) copulas given in (2.7), where a parameterized family of pertur-
bation factors is added to the product copula I (for more details about EFGM copulas and for other families
of copulas which can be considered as perturbations see [39, 68, 93]).

In this paper, we investigate two different types of perturbations of general copulas which will be intro-
duced in Definitions 4.1 and 5.8 (wWhere we can identify an interesting class of extremal elements), respectively.

In these constructions we make use of several techniques which are well-known in the theory of copulas,
such as x- and y-flippings, the construction of the survival copula, and three variants of the concept of ordinal
sums, to name just a few. We study in detail a number of mathematical properties of these perturbations and
some interrelations between them. Some of the perturbations discussed here induce interesting extensions
of the family of Eyraud-Farlie-Gumbel-Morgenstern copulas (compare [104]). Finally, some relationships to
the Markov product of copulas are emphasized, and the values of four dependence parameters (Spearman’s
rho, Kendall’s tau, Blomqvist’s beta, and Gini’s gamma) of our perturbations are given.

2 Preliminaries

Copulas are mathematical objects capturing the dependence structure among random variables. The name
“copula” for functions linking an n-dimensional distribution and its one-dimensional marginals goes back to
Sklar’s paper [119] (compare also [120]), where he proved (for the case n = 2) a result which is now referred to
as Sklar’s Theorem. However, links between multivariate distributions and their one-dimensional marginals
have been studied before, e.g., by Hoeffding [60, 61], Fréchet [50], Dall’Aglio [23-25], and Féron [48], and also
later on without any reference to the concept of copulas (see, e.g., [108, 123]).

Formally, a (bivariate) copula [119] is a function C: [0, 1]*> — [0, 1] which satisfies, for each x < [0, 1],
the boundary conditions

C(x,0)=C(0,x)=0 and C(x,1)=C(1,x) =x, (C1)
and which is 2-increasing, i.e., for all (x, y), (x", y) € [0, 1] with (x, y) < (x", y")
Clx,y)+Cx",y") - Clx,y") - C(x",y) = 0. ()]

The set of all bivariate copulas will be denoted by .
There are infinitely many elements in ’: in the books [63, 93] and, more recently, [39] one finds plenty
of examples of parametric families (usually with one or two parameters) of copulas, on the one hand, and
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classes of copulas which can be constructed and characterized by functions in one variable (e.g., by additive
and/or multiplicative generators [1, 83, 111, 112] in the case of Archimedean copulas), on the other hand.
Sklar’s Theorem establishing bivariate copulas as the link between bivariate probability distributions
and their marginals was given in [119] (see also [39, 64, 93]).
In brief, Sklar’s Theorem states that, whenever (X, Y) is a random vector with its two marginal distribu-
tions Fx, Fy: R — [0, 1], then there exists a copula Cx,y € ¢ (which is uniquely determined if and only if X
and Y are continuous) such that the joint distribution Fy y: R? — [0, 1] is given by

Fx y(u,v) = Cx,y(Fx(u), Fy(v)). 1)
Conversely, for each copula C € ¢ the function F: R? — [0, 1] given by
F(u,v) = C(Fx(w), Fy(v))

is a two-dimensional probability distribution of the random vector (X, Y) such that Cx y = C.

Sklar’s Theorem also holds for the general case of n-dimensional probability distributions (proofs for this
general case and alternative proofs for the bivariate case can be found in [5, 33-35, 43, 46, 96, 100]).

In the language of Sklar’s Theorem the following three basic copulas describe a pair of independent or
comonotone dependent or countermonotone dependent random variables X and Y, respectively: the prod-
uct copula IT: [0, 1] — [0, 1] and the Fréchet-Hoeffding lower and upper bounds W: [0, 1]> — [0, 1] and
M: [0, 1]> — [0, 1] given by, respectively, II(x, y) = xy, W(x, y) = max(x +y - 1, 0), and M(x, y) = min(x, y).

If C: [0,1)%> — [0, 1] is an arbitrary copula then several related copulas can be considered, e.g., the
x-flipping C*P: [0, 1] — [0, 1] and the y-flipping C*™P: [0, 1]> — [0, 1] of C, and the survival copula
Cs": [0, 1)? — [0, 1], which are defined (see [30, 93]) by, respectively,

CXﬂip(X, Y =y-Cd-x,y), Cmip(x, y)=x-Clx,1-y), C"(x,y)=x+y-1+C(1-x,1-y). 2.2)

If X and Y are two continuous random variables and if Cx,y € ¢ is the (unique) copula satisfying (2.1)
in Sklar’s Theorem then the following stochastic interpretation is an immediate consequence of [93, The-
orem 2.4.4]:

Cxy™=Cyy, (Cxy’™=Cxy, (Cxp)™ =Cx-y. (23)

As an immediate consequence of (2.3), the x-flipping, the y-flipping and the construction of the survival cop-
ula (the latter being the composition of x-flipping and y-flipping) are involutive operations on %, i.e., for each
copula C € ¢ we have

csuv — (Cxﬂip)yﬂip - (Cyﬂip)xﬂip and (Cxﬂip)xﬂip — (Cyﬂip)yﬂip - (CSL\[V)S\IIV - C. (2.4)
For the three basic copulas W, II, and M the following relationships can be verified easily:
Wxﬂip _ Wyﬂip _ M, Hxﬂip — Hyﬂip - H, Mxﬂip _ Myﬂip -w.

A copula C € ¥ which is invariant with respect to the construction of survival copulas, i.e., which satisfies
CS"V = C, is also called radially symmetric [55] (see also [6, 8, 19]). The three basic copulas W, IT and M are
trivial examples of radially symmetric copulas.

Given a copula C € ¢, we sometimes will work with a distinguished section of it, the so-called opposite
diagonal section w¢: [0, 1] — R defined by

wc(x) = Clx,1-x). 2.5)

There is an axiomatization for a function w: [0, 1] — [0, 1] to be an opposite diagonal section of copulas,
and for each such w there exists at least one C € ¢ such that w¢ = w (see, e.g., [31, 45, 52, 53]).

In Section 6, we shall be concerned with several dependence parameters of a copula C € ¢, in particu-
lar with Spearman’s rho [121], Kendall’s tau [65], Blomqvist’s beta [11], and Gini’s gamma [56] which can be
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defined for each copula C € ¢ and assume their values in the interval [-1, 1]. The corresponding functions
0,7,B,v: € — [-1, 1] are given by (see, e.g., [93]), respectively:

o(C) = 12// C(x,y)dxdy -3, 7(C) = 4// Clx,y)dC(x,y) -1,

[0,1]2 [0,1]
. 26)
BO) =4CE, H-1, 1) =4 /(C(x, )+ €, 1 - X)) dx - 2.
0

For the three basic copulas W, IT and M and for each function é: ¥ — [-1, 1] such that ¢ € {p, 7, B, 7} we
obtain the special values &(W) = -1, £(IT) = 0, and é(M) = 1.

From Theorems 5.1.1 and 5.1.9 in [93] (see also Definition 5.1.7 in this monograph) it follows that for each
copula C € ¢ and for each function &: ¥ — [-1, 1] such that ¢ € {p, T, B, v} we get for the x-flipping C*P
and the y-flipping CY1P of C and for the survival copula C*"V given by (2.2):

f(CXﬂip) _ {(Cyﬂip) _ 7€(CSUW) =-¢(0).

A particularly interesting and important family of copulas, which is used quite often when the
weak dependence of exchangeable random variables should be modeled, is (C5*M)oc(_; 1), where each
CEFGM. 0, 1]2 — [0, 1] is defined by

CgFGM(x, y) =xy + Oxy(1 - x)(1 - y). .7)

This family was usually referred to as the family of Farlie-Gumbel-Morgenstern copulas [42, 58, 92, 93]. In [39]
(see also [13, 14, 91]) it was pointed out that the corresponding distributions had already been studied in the
earlier and, for many years, forgotten work by Eyraud [41]. In recognition of that we will consistently use the
name Eyraud-Farlie-Gumbel-Morgenstern copulas (EFGM copulas for short) in this paper.

Recall the concept of an M-ordinal sum which was introduced first for triangular norms (see [109-111])
in [112] and then also for copulas [49]. This construction was based on earlier results for partially ordered
sets [10, 40] and abstract semigroups [15-18] (compare also [3, 72, 74, 83, 113]).

In an analogous way, another type of ordinal sums of copulas based on the lower Fréchet-Hoeffding
bound W was suggested in [90] (see also [39]).

A third type of ordinal sum of copulas, the so-called (vertical) II-ordinal sums, will be used in Section 5.
They were originally introduced in [76] as a generalization of some patchwork techniques [28, 37, 38] and of
the gluing of copulas proposed in [118].

In each of the three cases we start with an arbitrary family (Jay, bx[)xkcx of non-empty, pairwise disjoint
open subintervals of [0, 1] and with an arbitrary family (C; )<k of copulas. Then each of the three functions
cMos cWos clos. [, 1]2 — [0, 1] defined by, respectively,

CMos(x, y) = 4 9k F (bx - a0Ci(350 35%7) 100 Y) € lak bl 28)
' Mi(x,y) otherwise,
sy, y) = (br - @)Cie (35, H21) if (x, y) € [ag, bl x [1 - by, 1 - @] 29)
' W(x,y) otherwise,
by - a;)Cp (8, if , bl
s (x, ) = ay + (b - a)Cr (3% y) ifxe [‘.Ik xl 2.10)
I(x,y) otherwise,

is a well-defined copula.
We call CM°s the M-ordinal sum, C"°S the W-ordinal sum, and C"° the (vertical) II-ordinal sum of the
summands (Jay, by[, Cy)rex, and we shall write

€M% = M-({ag, b, kx> €™ = W-({@p, br Cidkex» €™ = I-((ay, bis Ciiek-
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An ordinal sum M-((ay, by, Ck)xex> W-(ay, bx, Cx)kek or II-((ak, by, Cx))kek is said to be non-trivial if
the family of open intervals (Jay, by[)xex does not consist of ]0, 1[ only, i.e., if {]ay, bi[ | k € K} # {10, 1[}.

Another extremal case which is covered by (2.8)—(2.10) is that of an empty index set: the empty ordinal
sums M-((ax, by, Ck)kep> W-((ak, bi, Ck)kep and IF((ay, by, Cx))xeq coincide with M, W and IT, respectively.

Some deeper investigations of these and other types of ordinal sums can be found in [102] (see also, e.g.,
[38, 40, 69, 70, 74, 101]).

3 Some known results on perturbations of copulas

In a number of papers, various perturbations of copulas were introduced and studied from different points of
view. In most cases, the authors fixed a copula D € ¢ and a suitable bivariate function H: [0, 1]> — R, and
looked for conditions on H (and D) guaranteeing that also the function C: [0, 1]> — R given by

Clx,y) = D(x,y) + H(x, y) (€5Y)
was a copula.

Remark 3.1. Several interesting variants and special cases of this general approach were investigated in detail.
If not stated otherwise, D: [0, 1] — [0, 1] always denotes a given copula.
(i) In [87] the following functional equation was studied:

Co(x,y) = D(x, y) + 6(x - D(x, ))(y - D(x, y)). (3.2
Observe that for D = IT and 6 € [-1, 1] we obtain the Eyraud-Farlie-Gumbel-Morgenstern copula

Cp = CEFOM a5 given in (2.7).
(ii) Put D = M and 6 € [0, 1]. Then it was mentioned in [87] that

Co(x,y) = max((1 - O)M(x, y) + O(x +y - 1), 0) (3.3)

yields a copula.
(iii) As a variant of (ii), for a function H: [0, 1]> — R also the functional equation

C(x, y) = max(D(x, y) + H(x, y), 0) (3.4)

was studied in [87] (compare also [77-79, 86]).
(iv) Let f, g: [0, 1] — R be suitable functions and put

C(x,y) = D(x, y) + f(max(x, y))g(min(x, y)). (3.5)

This situation was investigated in [36], while the special case D = IT had already been discussed in [4].
(v) As aspecial case of (iv), a necessary and sufficient condition for the function

Clx, y) = xy + f()g(y), (3.6)

to be a copula was given in [99, Theorem 2.3], and a simpler sufficient condition for being an absolutely
continuous copula can be found in Theorem 2.5 in the same paper. Probably the simplest necessary and
sufficient condition for C being a copula (see [39, Example 1.6.10]) is that the functions f and g are Lip-
schitz, vanish in 0 and 1 and satisfy f'(x)g’(y) = -1 for all (x, y) € [0, 1] for which the derivatives exist
(compare also [39, Theorem 1.6.9]). In Section 5, we shall present some new results related to this type of
perturbations.

(vi) As a generalization of (v), the parameterized function

Co(x,y) = xy + 0f (X)g(y), 37

was considered for the first time in the context of copulas in [105] and later in [82, 98, 117]. A generalized
form of (3.7), where in the first summand on the right-hand side the product was replaced by an arbitrary
copula, was discussed in [68]. For a survey and other generalizations of the cases (3.5)-(3.7) see [4].



352 = Susanne Saminger-Platz et al. DE GRUYTER

(vii)For an interesting generalization of (vi), namely,

n
Co,y) = I(x,y) + Y 6:fi(008:), 38
i-1
a necessary and sufficient condition for §; € R and f;, g;: [0,1] — Rwithi = 1,2,...,n was given
in [88, Theorem 2.2] (also several sufficient conditions which are easier to check, together with a number
of examples, were provided).
(viii)Let N1, N, : [0, 1] — [0, 1] be two convex strong negations on [0, 1] (see, e.g., [72]). The problem, under
which conditions on 6 and N; and N the function

Co(x, y) = max(xy + ON1(x)N>(y), 0) (39)
is a copula was solved in [47] (see also [86]).

Remark 3.2. Other approaches to perturbations are based on weighted arithmetic and geometric means. For
example, the weighted arithmetic mean of two arbitrary copulas is again a copula, and thus we can perturb
a given copula D by means of some (arbitrary) copula C putting E = (1 - €)D + £C, where € € ]0, 1[. In the
case of the weighted geometric mean, it is known that the set of extreme-value copulas [57] is closed under
this averaging operator. For some deeper study of this kind of problems see [20]. For some other types of
perturbation, in particular for those connected with the diagonal expansion of a copula, we refer to [21]. More
recently, other perturbations of copulas which are related to random noise were described and investigated
in [89, 115, 116].

The family of EFGM copulas (C5M) <(_1,) has many nice properties (see, e.g., [104]), but also some draw-
backs. One of them is that the values of the dependence functions of the four dependence parameters given
in (2.6) are bounded by —% and % for each EFGM copula, so only weak dependencies can be modeled by these
copulas.

A number of extensions of the family of EFGM copulas has been presented in the literature in order to
overcome this constraint. A comprehensive extension (i.e., containing the three basic copulas W, IT and M)
was introduced in [62], other approaches were based on quadratic constructions of copulas [75] or on some
forms of convexity (such as ultramodularity [85] and Schur concavity [107]), see [103]. A very interesting and
natural extension of EFGM copulas are polynomial copulas [122] (in [114] polynomial copulas of degree five
are studied in detail) which can also be seen as special cases of the general perturbation (3.1). Also some of
the perturbations investigated in [36, 68, 77, 78, 87, 98, 105] turn out to be extensions of the family of EFGM
copulas.

4 Copula-based perturbations of copulas

We now consider perturbations of an arbitrary copula C € ¥ by means of the opposite diagonal sections given
by (2.5) of two copulas Cq, C, € %. The study of these perturbations was motivated by the investigations in [36]
or [86, 87]. Again, in some special cases we obtain extensions of the family of EFGM copulas.

Definition 4.1. Let C, C; and C, be three arbitrary copulas and 6 € R. Then we consider the function
[C, C1, Clg: [0, 1]* — [0, 1] given by

[C, C1, Calo(x, y) = Clx, y) + 6 C1(x, 1 = x) Caly, 1 - ). (@.1)

Note that (4.1) is a variant of (3.7) in Remark 3.1(vi): in the first summand on the right-hand side, the product
is replaced by an arbitrary copula C, and in the second summand the functions f and g equal the opposite
diagonals (given by (2.5)) w¢, and wc,, respectively, of two copulas C; and C,.

In order to find out under which conditions the function [C, C;, C,]g is a copula, we have to recall some
measure theoretic facts about absolutely continuous and singular parts of copulas (compare [93, Section 2.4]).
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If A: %([0, 1]*) — [0, 1] denotes the Lebesgue measure on the g-algebra #([0, 1]?) of Borel subsets of

[0, 1]? then, as a consequence of [93, Theorem 2.2.7], for each copula C: [0, 1]> — [0, 1] the mixed derivative

aza%'yy) exists almost everywhere on [0, 1]? (with respect to A). Therefore, the function Ya.: [0, 17 > R
defined by

2C(x,y)

Yaclx,y) = { oxoy

0 otherwise,

if ";f(#g;,y) exists,
is integrable over [0, 1], and the function A¢: [0, 1]*> — [0, 1] defined by

Xy
AC(X,)/)=//IIJAC(u,v)dvdu
00

is absolutely continuous. This function A is called the absolutely continuous part of the copula C, and the
function S¢: [0, 1]> — [0, 1] given by S¢ = C - A the singular part of the copula C (see [93, (2.4.1)]). Finally,
put

ac = essinf{tha (x,y) | (x,y) € [0, 11} = sup{b € R | A{(x,y) € [0, 1] | 4, (x,y) < B}) = 0}.  (4.2)

The following result provides a complete solution of the problem under which conditions the function
[C, C41, C3]g is a copula.

Theorem 4.2. Let C: [0, 1]> — [0, 1] be a copula, Ac: [0, 1]> — [0, 1] the absolutely continuous part of C,

and ac as given by (4.2). Then the following are equivalent:

@) for all copulas C1,C,: [0,1]®> — [0, 1] the function [C, C1, C3lg: [0,1]> — [0, 1] defined by (4.1) is a
copula;

(i) 6 € [-ac, ac].

Proof. Fix an arbitrary copula C and some 6 € R, and assume that condition (i) holds. Define the two func-
tions f, h: [0,1] — [0, 1] by f(x) = min(x, 1 - x) and h(x) = 2x - |2x], where |u| denotes the floor of
the real number u, and the sequence of functions (gx: [0, 1] — [0, 1]),en given inductively by g1 = f and
8n+1 = %(gn o h). Observe that, for each n € N, the functions f and g» are non-negative and continuous,
and that they vanish at the boundaries of [0, 1], i.e., f(0) = gn(0) = f(1) = gn(1) = 0. Moreover, we have
{f'(x), g:(y)} C {-1, 1} for each point (x, y) € [0, 1]> where these derivatives exist. Then each of these func-
tions is the opposite diagonal section of some copula (see, e.g., [31, 45]), i.e., there exists a sequence of copulas
(Cn)nen such that C1(x, 1 - x) = f(x) and Cn(x, 1 - x) = gn(x) for each x € [0, 1] and all n € N\ {1}. For each
n € N consider the sets

An={y) €01 1f (g0 =1}, Ba={(,y) € 0,11 | f'(¥)gn() = -1}
which may be written as
2"

an="U (o3 [)30 52D (3

i=0

[

2i+1 2i+2
M o om D ’
2miog

B U (o3 [75 552D o (3113 50D

i=0

and observe that for each n € N

MA=AB) =3 and /I(AnuB,.)=A(UA,->=/I<UB,->=1.

JEN jEN

If, for some a > a¢ and for He o = {(x,y) € [0, 1] | Ya.(x,y) < a} we have A(Hc,q) > O, then there exist
m,n € N such that A(Am N He,q) > 0 and A(Bn N He,q) > 0. Then, for any (x,y) € Bn N He 4, the mixed
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derivative of C as well as the derivatives of f and gn exist such that

xdy =Pa (X, )+ 0f )gn(y) < a- 6.

Clearly, if @ — 6 < 0 then [C, C1, Cn]g has a negative density on a Borel subset of [0, 1]? with positive Lebesgue
measure and, therefore, cannot be a copula. Thus, necessarily, 6 < a. Similarly, [C, C1, Ci]g cannot be a
copula whenever a + 6 < 0, and thus 6 > —a. Since @ > a¢ was chosen arbitrarily, these two inequalities imply
0 € [-ac, ac], showing that (i) implies (ii).

Conversely, fix a copula C and some 6 € [-ac, a¢], and note that for all copulas C;, C; € ¢ the two
functions f, g: [0, 1] — [0, 1] given by f(x) = C1(x, 1-x) and g(x) = C,(x, 1 -x) are 1-Lipschitz and that they
satisfy the property f(0) = f(1) = g(0) = g(1) = 0. Also, the inequality

2
PLELLG0D) )+ o (g 0) 2 - 10120

holds on the set of all (x,y) € [0, 1]> where az[cchigzyh("y) f'(x) and g’(y) exist (this set has Lebesgue
measure 1) and where the mixed derivative is bounded from below by a.. Moreover, define the functions
fo,80: [0, 1] — Rby

00— {f/(x) if f'(x) exists, 2000 = {g/(x) if g’(x) exists,

0 otherwise, 0 otherwise,

and observe that the following sum of integrals

[[ sty axays [ fawsoviaxdy = [[ watry)dxdys /1 folx)dx. /1 so0)dy = [[ patry)dxay

[0,1]2 [0,1]2 [0,1]2 0 0 [0,1]2

equals the mass of the absolutely continuous part of the copula C, showing that the function [C, C1, C3]g is
also a copula. O

Theorem 4.2 clarifies, for a given copula C, the minimal range for the parameter 6 ensuring that [C, Cy, C,]g is
a copula for an arbitrary choice of C; and C,. In case that C; and C, are fixed beforehand, too, also for values
of 6 outside of the interval [-ac, ac] the function [C, Cy, C,]g may be a copula (compare Remark 4.4(i) below
as well as Remark 5.16(ii) for some particular examples).

Example 4.3. Consider the copula Cgf‘5 = v'M - II which is not absolutely continuous and which belongs to

the family of Cuadras-Augé copulas first discussed in [22]. The formula (4.2) yields Acer = 0.5, so Theorem 4.2
tells us that, for all copulas Cy, C; € ¢ and for each 6 € [-0.5, 0.5], the triplet [Cgf‘s, Cy, C1]p given in (4.1) is
a copula. The greatest perturbation of Cgf‘S of this type is obtained if we choose C; = C; = M and 0 = 0.5, in

which case we get for all copulas C;, C, € %, for each 6 € [-0.5, 0.5] and for each (x, y) € [0, 12

(83, €1, Ca] o) - CEB L)

< [c§%, M, M] (0.5,0.5) - C§A(0.5,0.5) = 0.125.

Remark 4.4. Some properties of the three basic copulas W, M and IT follow directly from Theorem 4.2:

(i) ForallC,Cq, C; € ¥ wehave[C, Cq, C2lo = Cand, if W € {C4, C,}, then we get [C, Cy, C2]y = C for each
0 cRD[-ac, ac].

(ii) Observe that ¥y, (x,y) = a4, (x,y) = 0 for each (x,y) € [0, 1]? and, therefore, ayy = ay = 0. As a
consequence, we get [W, C1, C2]o = W and [M, Cy, C3]o = M for all Cq, C; € ¢, and neither [W, Cq, C2ly
nor [M, Cy, C,]g is a copula if 6 # 0.

(iii) On the other hand, we have 4, (x, y) = 1 for each (x, y) € [0, 1]* and, therefore, ay = 1, i.e., [II, C1, C2lg
isacopulaforall C;, C; € ¥ and forall 6 € [-1, 1].

The following monotonicity properties are an immediate consequence of (4.1):
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Corollary 4.5. Let C, Cy, C; and Dy, D; be copulas and n, 6 € [-ac, ac]. Then we have:
(i) ifn<6then[C,Cy,Cyoly<[C, C1, Colps
(ii) if C; < D1 and C; < D, then
[C,D1,D,]y<IC,C1,Caly  whenever 0 € [-ac, O],
[C,C1,Colg<[C,D1,D2]lg  whenever 6 € [0, ac];

(iif) [C, M, M]-q < [C, C1, C3lg < [C, M, M]q,.
Remark 4.6. Recall that [IT, IT, IT]y = CEF®M for each 6 € [-1, 1]. The family

(IC, €1, Calo)c,c1, 00,0063 x-acsac]

can be considered as an extension of the family (CSFGM) of EFGM copulas, as well as several subfam-

ilies thereof, e.g.,

0e(-1,1]

(C, 11, Mlp)c,ppex-acaq)  and (UL, C1, Calo)(c, ¢y 00e02x(-1,1)

As a matter of fact, a copula C is not necessarily symmetric, i.e., we may have C(x,y) # C(y, x) for some
(x,y) € [0, 1]2. In the literature, there are several concepts to measure the asymmetry of a (quasi-)copula
(see, for instance, [29] for a recent approach to study the asymmetry of a (quasi-)copula with respect to a
curve).

Using the Chebyshev norm, in [71, 94] the degree of asymmetry of a copula C € ¢ was defined as

asymm(C) = sup{|C(x,y) - C(y, 0| | (x,y) € [0,1]*}. (4.3)

Obviously, a copula C is symmetric if and only if asymm(C) = 0, and we always have asymm(C) < %, the
maximal value  being attained, e.g., by the copula cl3! given by B, y) = max(M(x,y - 1), wix, y)).

Example 4.7. In special cases we can say something about the degree of asymmetry of copulas [C, C1, C;]g

constructed as in (4.1), in particular about the relationship between asymm(C) and asymm([C, C1, C>]g).

(i) IfC, C, and C, are arbitrary copulas such that the opposite diagonal sections of C; and C, coincide, i.e.,
wc, = Wc,, then for each 6 € [-ac, ac] we get

asymm([C, C1, C;]p) = asymm(C).

In other words, if w¢, = wc, andif[C, Cy, C,]pis a copula then the construction (4.1) preserves the degree
of asymmetry of the copula C.

(ii) IfC, C; and C, are symmetric copulas and 6 € [-ac, ac] then[C, C1, C2]y may be asymmetric: put C = II,
C1 = M and C, = II then we have

0 - asymm(C) < asymm([C, C1, Colo) = 5.
Writing D = [C, C1, C;]; we see that [D, M, IT]_; = C and, therefore,

o = asymm(D) > asymm(D, C;, Co] 1) = 0.

(iii) Fix the two W-ordinal sums a = W—((%, 1, M)) and 6\2 = W-((0, %, M)) which are asymmetric copulas
(asymm(C,) = asymm(C,) = %) and whose opposite diagonal sections We, We [0,1] — [0, 1] are
given by

wa(x):max(min(l—x,x—%),0) and w@(x)= wa(l—x). (4.4)

Then wa(x) . w@(y) # 0 implies (x,y) € ] 3, 1] x [0, 3 [, in which case we have wa(y) . w@(x) = 0. Thus
the maximal absolute difference between the values w é x)-w & (y)and w é W) w & (x) for (x, y) € [0, 1]?
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equals Tlé and it is attained at the point (% s %) ,i.e., foreach 6 € [-1, 1] we get for the degree of asymmetry
of the copula [H, a, CAZ] 0:

asymm |11, C1, G5 9) = sup{) m.c, CAz]e(x, y-[me, CAz]B(y, x)‘

.y elo, 1]2}

- 101-sup{ [, (- 0,09 - g ) w0

W€, 1]2} (4.5)

~ 18] g ) v (D - 0g (D) -0 ()
1
-l

Here the relationship between the parameter 6 and the degree of asymmetry of {H s a, CAZ] is very sim-
ple, as it is given by a linear function of |8|. In Remarks 5.13 and 5.17 we present two families of copulas
whose degrees of asymmetry depend on the respective parameters in a more complex way.

(iv) If D is an arbitrary copula and if Dl and D, are asymmetric copulas having the same opposite diagonal
sections as the two copulas C1 and Cz, respectively, which we considered in (iii), i.e., if wp, and wp, coin-
cide with w~ é and w~ G, as given in (4.4), respectively, then for each 6 € [-ap, ap] the degree of asymmetry
of [D, D1, D,]g is bounded from above by the sum of the degrees of asymmetry of D and [H s a a} o In
other words, for each 6 € [-ap, ap] we have

asymm([D, D1, D,]) < asymm(D) + asymm( [H, a, 62] 9) = asymm(D) + -— 0| (4.6)

If the copula D is symmetric then in (4.6) the equality holds.

5 Perturbations of the product copula and ordinal sums

For the copulas considered in this section, recall the constructions of M-ordinal sums and W-ordinal sums
in (2.8) and (2.9), respectively, and the x-flipping, the y-flipping and the survival copula of a given ordinal
sum defined in (2.2). The verification of the equalities in Lemma 5.1 is a matter of tedious computations.

Lemma5.1. The relationship between M-ordinal sums M-({(ay, by, Cx))kex and W-ordinal sums
W-({a, by, C))kek-> on the one hand, and the x-flipping, the y-flipping and the survival copula of a given
copula, on the other hand, can be formalized as follows:

(M-({a, b, Cx) )keK)X W-((1 = by, 1 - ay, (Ci) ﬂlp))keK,

(W-({ay, be, Cr) )keK)‘“‘P M-((1- by 1= @ (CO™™)), s

(M-((@i bi, CODiek)”™ = W= (@, i, (€M), o 1)
(W-(ag, by Ci)rex)”™ = M-({ay s bi (€M) e

(M-, b Ceier)™ = M-((1 = by, 1 = @, (C*™)) e

(W-({ax, bis CiDie)™ = W-((1 = by, 1 = g, (C*™™)) g

Let us start with a special class of M-ordinal sums constructed by means of two copies of the product
copula IT.

Definition 5.2. For each r € ]0, oo[ consider the copula I1" : [0, 1]* — [0, 1], defined as M-ordinal sum as

follows: 1 1
e - M.(<O’ r+1’ H> <r EREE H>) (5.2)
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If in Definition 5.2 we switch to the functional expression for M-ordinal sums given in (2.8), then for each
r € 10, oo we obtain the following explicit formula for the copula II") : [0, 1]> — [0, 1]:

(r+1)xy if (x,y) € [0, %}z’
I, y) = { Cboort ey e )4 1)7,

M(x,y) otherwise.

If we take into account that [T¥1P = [PYiP = [75UV — [T then the next three equalities follow in a straightfor-
ward way from (5.1):

Corollary 5.3. Foreachr € ]0, o[ we have

()™ = w((0. g 1), (7 1.1T))-
(Y™ = ({0, 5. m) (g 1.1)) =
() = an({o, om). (1))

Comparing formulas (5.2) and (5.3), we see that the two copulas 11 : [0, 11> — [0, 1] and (IT)” P share the
same pair of summands, namely, ({0, %, ), <%, 1, II)), but they are ordinal sums of different types: the
former is an M-ordinal sum, while the latter is a W-ordinal sum. For the sake of simplicity of the notations,

let us fix a shortcut for the y-flipping of the copula I1¢"):

Definition 5.4. For each r € ]0, o[, define the copula I1¢™" : [0, 112 — [0, 1] by

e - (H<r>)yﬂip. (5.4)

Clearly, for each constant r € ]-co, O[ U ]0, o[, we have ;% = % ifand only if z = % This allows us to

derive the notions 111/ and 1-1/1) directly, replacing the variable r € R \ {0} in the formulas (5.2) and (5.4)
by its reciprocal value + € R\ {0}.

Corollary 5.5. Foreachr € ]-eo,0[ U]O0, oo[ we have

oy = @y ™ gng O - ()™, 5)

Definition 5.6. Denote the set of all copulas ITI") and II™") given in (5.2) and (5.4), respectively, by %7, i.e.,

@ = {II" | r € ]-o0,0[U]0, o[ }. (5.6)

Six copulas IT N e ‘KI; as given in (5.2) and (5.4)—(5.5) are shown in Figure 1, as well as, in Figure 3, some
contour plots of such copulas.

Remark 5.7. If we take into account (2.4), we immediately see that the set ; and the corresponding operations
(x-flipping, y-flipping and the construction of the survival copula) induce a commutative diagram which is
shown in the left-hand part of Figure 2 (compare also Figure 3).

Obviously, this commutative diagram is isomorphic to the commutative diagram in the right-hand part
of Figure 2, where we “calculate” only with the parameters of the copulas I1{"?, due to (5.4)-(5.5). A canonical
isomorphism ¢ : R \ {0} — %}; between these two commutative diagrams is given by ¢(r) = ‘",

However, the copulas 11" € %y, have some additional properties. In particular, they are extremal elements
(with respect to the usual partial order < for functions from [0, 1]? to [0, 1]) of a special class of copulas which
has been studied in a number of papers (see, e.g., [4, 36, 99, 105]).

From Example 1.6.10 in [39] we know that the function C: [0, 1]*> — [0, 1] defined by C(x, y) = xy+f(x)g(y)
(see (3.6) in Remark 3.1(v)) is a copula if and only if the functions f, g: [0, 1] — R are Lipschitz, vanish at the
border of the unit interval [0, 1] and satisfy f'(x)g’(y) = -1 for all (x, y) € [0, 1]> where f'(x)g’(y) exists.
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Figure 1: 3D plots of three minimal elements given by (5.4) (top) and three maximal elements given by (5.2) (bottom) of the set
¢} (see Theorem 5.9).

Definition 5.8. Denote the set of Lipschitz functions on the unit interval vanishing at the boundaries of [0, 1]
by Lyt
%, ={f:10,1] - R| fis Lipschitz and f(0) = f(1) = 0}.

Furthermore, define the set .77 by
T ={(f,8) € 4 x %4, | f'()g'(y) = -1 whenever f'(x)g’(y) exists }
and, whenever (f, g) € 7y, the function IT; ¢ : [0, 1]* — R by
Iy g(x, ) = T(x, y) + I(f(x), g()).

Finally, since [39, Example 1.6.10] tells us that each function s ¢ with (f,g) € 7y is a copula, we can
consider the partially ordered set 5P/ of copulas given by

P = Mg | (F.8) € ) (5.7)

With these notations in mind, we are ready to show that each of the copulas IT" with r € ]-eo, 0[ U0, oo[ is
an extremal element of the partially ordered set of copulas ¢Pe™/1,

Theorem 5.9. Foreachr € ]0, oo we have:
(i) the copula II") is a maximal element of the set ¢Pe™1;
(ii) the copula IT*™") is a minimal element of the set ¢Pe™ 11,
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" x-flipping " r—s —1/r
Cn g R\ {0} ¢4—— R\ {0}
< < ~ A\ ~
3 g L !
& & 4 L
* - * -—
(gH x-flipping (gH R \ {0} r—s -1/r R \ {0}

Figure 2: Two isomorphic commutative diagrams discussed in Remark 5.7: the partially ordered sets ((6,'7, C)and (R \ {0}, <)
(compare also Figure 3).

Proof. Fix a, b € R with min(a, b) > 0 and a non-constant function f(, ») € %, such that

a = sup{~fiq 5 (¥) | x € [0, 1] and f{, 5, (x) exists},
b= sup{fza‘m ()| xelo,1] andféayw(x) exists }.

It follows thatf<a,b>(x) < bx andf<a,b>(x) <a(1-x)forall x € [0, 1], i.e., the func’tionfzﬂyb> : [0, 1] — R given
by

fza.b) (x) = min(bx, a(1 - x))

is the greatest function in .%, such that the range of its derivative is a subset of [-a, b]. Taking into account
that Iy, o € ¢PerS T implies Flapy)g'y) = -1 forall (x,y) € [0, 1]?> where the derivatives Flapy00) and
g'(y) exist, we see that the function gz”b’lw : [0, 1] — R given by

N . (x 1-x
Sl 0 = min(G, —57)

is the greatest function in %, such that the range of its derivative is a subset of [-3, 1]. If we putr = £ > 0,
this implies that for each g € %, with (f(a,m , 8) € Z;1 we obtain

)
H[fm,w,g]SH[f;Wg]SH[f;,,,h),g;W/w} o,

where I : [0, 1] — [0, 1] is given by (5.2). Since for any rq, r, > 0 with r; # r, the copulas I1¢"*) and IT¢"2)
are incomparable because of their M-ordinal sum structure, we see that IT (") is a maximal element of ZPert
for each r € ]0, o[, showing that (i) holds.

In order to show (ii), choose an arbitrary r € ]0, oo[. Note first that if g € %, then for the flipped function
g7:[0,1] — [0,1] given by g7(x) = —g(1 - x) we also have g~ € .%, and, thus, (H[f‘g])yﬂ'p = Il g for
each Iy o) € ¢Perbl e, the set ¥P!T is closed under y-flipping. Since the y-flipping reverses the order and
preserves the incomparability of copulas, a copula is maximal if and only if its y-flipping is minimal, showing
that for each r € 10, oo[ the copula 1" = (I1)” %P (compare also (5.2)) is a minimal element of ZP47T. [
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.

0

22 I
0.0 \\\§

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 3: Contour plots of some extremal copulas in 6}; (compare the two commutative diagrams in Figure 2): 1(0:25) | [1¢-0.25)
%), and 14 (clockwise, from top right).

We can even show more: the copulas IT? with r € 10, oo[ are the only elements of P> which have a
non-trivial idempotent element. Recall that u € [0, 1] is called a non-trivial idempotent element of a copula
C:[0,1]> - [0,1]if0 < u < 1and C(u, u) = u.

Proposition 5.10. Let (f, g) € 11 be a pair of functions such that the copula Il g € P11 has a non-trivial
idempotent element. Then there exists an r € 10, oo[ such that IIj; g = IT o,

Proof. Suppose that & € ]0, 1[ is a non-trivial idempotent element of ITj; ). Then there exist two copulas Cy
and C; such that s o isan M-ordinal sum:

My g = M-((0, &, C1), (@, 1, C)).

This means IIj; 4 (x,y) = x whenever i € [x, y], and I ¢ (x,y) = y whenever i € [y, x].

Therefore, if &t € [x, y] then H[f’g](x,y) = xy + f(x)g(y) = x and, as a consequence, f(x)g(y) = x(1 - y),
i.e., there is a constant b > 0 such that f(x) = bx for all x € [0, &t] and g(x) = % forall x € [i1, 1]. Similarly,
if &t € [y, x] then we get f(x)g(y) = (1 - x)y, implying that there is a constant a > 0 such that f(x) = a(1 - x)
whenever x € [i1, 1], and g(x) = % whenever x € |0, iI]. Moreover, we have f(&1) = bit = a(1 - @) and
g = % = %, both implying a = 1% Putting r = 1;—“ >0wehavea = %.

Summarizing, we have identified a solution (fy, gr) € Zj of the functional equation U x,y) =xy+
f(x)g(y) which is unique up to pairs of positive multiplicative constants (a, 1) and which is given by

fr(x) = min(rx, 1 -x) and gr(x) = min (x, 1—;)() s (5.8)

Now it is not difficult to check that Ty, ..} = IT ", O

Remark 5.11. Let ITj; o be a copula in ¢PerS T with (f, g) € Zy.
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asymm

0.2

3-2v2

0.1

T T T T Y

-5 -4 -3 -1-42 -2 -1 1-v2

Figure 4: Asymmetry in %;: the degree of asymmetry asymm(/1{")) (see Remark 5.13) for r € [-5, 0[ U ]0, 2]. Each copula IT(")
with r > 0 is symmetric, and so is (-1, The maximal degree of asymmetry in %”I;, namely, 3 - 2v/2 =~ 0.171573, is obtained for

re{-1-v2,1-v2}.

(i) As follows from the proof of Proposition 5.10, IT, Ir,g) Can have at most one non-trivial idempotent element
it € 10, 1[, which uniquely determines the corresponding copula IT (-0/a) _ g If.g]

(i) Similarly, one canshow that there can exist at most one element il € 10, 1[such that for ITjf (&, 1-@1) = 0,
which uniquely determines the corresponding copula II‘@-Y/® = [1. . (which, because of &1 <o,

necessarily is a minimal element of ZP/7),

In Proposition 5.10 we have seen that, for r € ]0, oo, the functions f, and g given by (5.8) generate the copula
11" in a canonical way: I1") = I, ¢ Also the copulas ", Y7 and T/" can be obtained in a similar
way.

Remark 5.12. As a by-product of the second part of the proof of Theorem 5.9, it follows that the set of copulas
grertITis closed under y-flipping. However, the set P! is also closed under x-flipping and the construction
of the survival copula: fix an arbitrary r € ]0, oo[ and start with the pair of functions (f;, gr) € %y given
by (5.8). Define the functions f;, g7 : [0, 1] — [0, 1] in the same way as in the proof of Theorem 5.9 by
00 = ~f(1-x) = -min((1-2),%)  and g () =-g(1-0=-min(1-x7),
and observe that {f;, gr} C .%,. Then it is not difficult to check that
x-flip _ _ -1/, surv _ _ 1/
(Hm) =1y g1 = e and (H(r)) =M gy = .
Finally, note that we also have the following limit properties:

lim 7 =1im 1" = lim I = lim 17 = 1.
r——co rto rlo r—oo

Remark 5.13. Figures 1 and 3 indicate clearly that the set %,*7 contains symmetric and asymmetric copulas.
More precisely, for each 6 € R \ {0} the degree of asymmetry asymm(IT‘") of the copula II" defined in (4.3)
(see [71, 94]) is given by (the relationship between the parameter r and asymm(II‘") is illustrated in Figure 4)
1 .
g ifrel-ee, -1,
asymm(I") = { {1 jfp e -1, 0],

0 ifr €]0, 00 .
For the following family of copulas we shall make use of the so-called (vertical) IT-ordinal sums of copulas
given in (2.10) (for more details see [102]).
Definition 5.14. For eachr € ]0, oo[ \ {1} define the copula II-(W, M)<r> : [0, 1]% — [0, 1] by

( ) m-((0,1-r,W),(1-r,1,M)) ifre]o,1f, 59)
0-(W, M), = 59
DU (0 LMy (L1 W)) ifre e
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11-(W, M) 0,55

(W, M) 1.5 1I-(W, M) ;.5 -(W, M) 5

Figure 5: 3D plots of several IT-ordinal sums II-(W, M),y with r € ]0, eo[ \ {1}, as given in Definition 5.14.

Ifin (5.9) we switch to the functional expression for IT-ordinal sums as given in (2.10), then we get the following
explicit formulas for the copula II-(W, M), : [0,1]?> — [0, 1] in the two cases, r € ]0,1[and r € ]1, oo],
respectively:
(i) inthecaser € ]0, 1[ we have
0 ify € [0, %21,
I-(W, M) (y(x,y) = { y ify € [0, X-1],
x+(y-1)(1-r) otherwise;

(ii) in the case r € |1, oo we have

X ify e [rx, 1],
I-(W, M)y (x,y) = {x+y -1 ifye [, 1],
y otherwise.

r

Remark 5.15. Recall the support of a copula C € ¢ which is defined as the complement of the union of all
open subsets of [0, 1]?> with C-measure zero, where the C-measure is the probability measure on [0, 1]? which
is induced by the copula C (for more details see [93, Section 2.4]).

It is not difficult to see that, for r € 0, 1[, the support of the singular copula IT-(W, M)<,> € ¢ consists
of the line segments connecting the point (1 - r, 0) with (0, 1) and (1, 1) (blue in Figure 6), respectively. For
r € |1, oo[, the support of IT-(W, M)<,> € ¢ is given by the line segments connecting the point (%, 1) with
(0, 0) and (1, 0) (red in Figure 6).
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Casel:7r€]0,1] Case 2:r €1, 09
1 1
x+(y-11-r X x+y-1
0 y ’
r
L
0 1-r 1 0 1 1
v

Figure 6: The singular copulas IT-(W, M)<,> with r € ]0, oo[ given in (5.9): Case 1, i.e., r € ]0, 1 (left, support shown in blue)
and Case 2, i.e., r € ]1, oo (right, support shown in red).

Remark 5.16. The family of copulas (IT-(W, M), )
directly from Definition 5.14.
(i) Because of

relo,l\ 1} has a number of properties which can be derived

lim [T-(W, M)y = im IT-(W, M)y =M and  Lim IT-(W, M);) = lim II-(W, M) = W,

it makes sense to define IT-(W, M)<1> = M and II-(W, M)<0> = II-(W, M)<m> = W. Then the family of
copulas (H—(W, M)<,> ) re[0,e0] is continuous with respect to the parameter r, and non-decreasing on [0, 1]
and non-increasing on [1, o] (also with respect to the parameter r). Six 3D plots of copulas of the form
1I-(W, M),y with r € ]0, oo[ in Figure 7 illustrate this construction.

(i) Consider the opposite diagonal section w .y, i) o' [0,1] — [0, 1] of IT-(W, M)<,> given by (2.5) and ob-
serve that we get pr.w,u),,, (x) = min(rx, 1 - x) whenever r € 10, 1[, and W WM, (x) = min(x, %)
whenever r € ]0, oo[. Recalling the pair of functions (fy, gr) defined in (5.8), we see that

fr ifrejo, 1,
Wr-(w,my,y =

gr ifre]l, eof.

(iii) As a consequence, the copulas IT-(W, M) ; studied here provide an interesting bridge between the cop-
ulas II" considered in (5.2) and the copulas [C, C1, C,]p defined in (4.1):

[H, (W, M)y, II-(W, M)<,>] ifrelo, 1],
O (5.10)
|1, 110, M), -0, )| it € 1, ool

r

om =

Note that, with the exception of r = 1 where we have Y = [I1, M, M];, in all other cases the parameters
% (if r < 1) and r (if r > 1) of the expressions in formula (5.10) are not contained in the interval [-1, 1] =
[-am, an].
(iv) Defining, for an arbitrary copula C € %, the copula C: [0, 1]> — [0, 1] by C(x, y) = C(y, x), we can extend
the range of the parameter r of II"’ from [0, o] to [-oo, oo] by introducing negative parameters:
[n, (W, M)y, T-(W, M)<,,>] ifrel-1,0[,

") = {1, M, M]_, ifr=-1,

[H, (W, M)y, (W, M)<,,>]’ ifr € oo, 1.
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Observe that the definition 1Y = [IT, M, M]_, makes sense because of 1%m1 oM = [I,M, M., =
P

lim 11,

ri-1

Remark 5.17. The 3D plots in Figure 5 suggest that the family (IT-(W, M),), 0,00\ (1}

metric copulas. Indeed for each r € ]0,00[ \ {1} the degree of asymmetry asymm(II-(W, M)<,>) of the

copula IT-(W, M)<,> defined in (4.3) (see [71, 94]) is given by (for a visualization of the dependence of

asymm(IT-(W, M)(r)) on the parameter r see Figure 7)

contains asym-

=1 ifr €10, 1],

r2-r-1

L ifrel,oof.

rZ+r-1

asymm(IT-(W, M)<,>) = {

asymm

02 4-----, — T e —

0.1

Figure 7: The degree of asymmetry asymm(IT-(W, M) ) (see Remark 5.13) for r € ]0, 1[ U ]1, 6[. No member of the family of
copulas (I'l-(W, M)<r>)re]o wo\{1} is symmetric, and the maximal degree of asymmetry for this special set of IT-ordinal sums,

namely, £, is obtained for r € {,2}.

6 Markov product and dependence parameters

Several properties of copulas in the classes %}, given by (5.6) and Pt given by (5.7) can be nicely related
to some results on the Markov product of copulas. Finally, we shall discuss the dependence parameters of
different perturbation-based copulas.

6.1 Perturbations which are idempotent with respect to the Markov product

Given two copulas Cq, C; € ¥, it is well-known that the partial derivatives "{,—Cyl and % exist almost every-

where. Therefore the Markov product x: ¢ x ¥ — % (which was introduced as * product in [26], see also
[39, 73, 97] and [93, Section 6.4]) is well-defined, and the copula C; * C, : [0, 1]*> — [0, 1] is given by

1
G, 8 3Gy 4

ot ot ©1)

(C1 % C)x,y) =
0
It is easy to see that the upper Fréchet-Hoeffding bound M and the product copula IT are the neutral element
and the annihilator, respectively, of ¢ with respect to the Markov product, i.e., for all C € ¢ we have
MxC=CxM=C and NxC=Cx+IHI=1I.

Moreover, for each C € ¢ the Markov product of C and the lower Fréchet-Hoeffding bound W are related to
the x- and y-flipping and the survival copula of C as follows (see also [93]):

W«C=c",  ciw=0™, and W«C=C""iW.
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Since the Markov product is associative (see [26, Theorem 2.4]), the pair (%, ) is a monoid, i.e., a semigroup
with neutral element:

Corollary 6.1. The pair (6P, «) is a sub-semigroup, and (¢P*""T U {M}, %) is a sub-monoid of (€, *).

Proof. We only have to show that the set %P7 is closed under the Markov product *. Choose two arbitrary
copulas Cy, C; € ¢P" such that C; = Iy, ¢,1and C; = I, o) for some pairs of functions (f1, g1), (f2, 82) €
T ffweput ¢, r,) = 01 g1(Of(¢) dt then straightforward calculations yield for each (x, y) € [0, 1]

(6, y).

1
G o) =y +F100- 520 [ &40 fOde =11y,
.O 12 >

Note that the constant c, ;,) may be split arbitrarily into two positive multiplicative factors, acting on f
and g», respectively. &

It has already been discussed in [93] that the family of Eyraud-Farlie-Gumbel-Morgenstern copula CEFM is
also closed under the Markov product, i.e., forall a, g € [-1, 1]

EFGM EFGM EFGM
CEFGM . CHFOM _ CERSM.

Also the family of Fréchet copulas [51, 93] (and, therefore, the family of Mardia copulas [84, 93]) is closed
under the Markov product . Note that the family of Fréchet copulas Cﬁfgd'e‘ is defined, for all a, 8 € [0, 1]
with a + 8 < 1, and for all (x, y) € [0, 1]* by

Cﬁfgmet(x, y) = aM(x,y) + (1 - a - PI(x,y) + BW(x,y)

and can be seen as another type of perturbation of the product copula IT. For the Markov product the following
holds (compare [93], but also [2]):
Cﬁlfglet * CE;‘?;?et = Cﬁféaczll%:ﬁz»mﬁzmzm .

Remark 6.2. In [2, Remark 3.2] (see also [27, 44]) copulas C which are idempotent with respect to the Markov
product, i.e., which satisfy C « C = C, were studied. Several classes of idempotent copulas were identified,
among them:
(i) the class of M-ordinal sums M-((ay, by, Cx))xex With Cy = II for each k € K;
(ii) theclass of copulas of the form ITjs £(x, y) = xy+f(x)f(y), where the functionf: [0, 1] — [0, 1]is Lipschitz

with f(0) = f(1) = 0 and f'(x) € {-1, 1} wherever f’(x) exists.

Remark 6.3. The set "% given in (5.7) has also some nice properties related to the Markov product given
in (6.1).
(i) Based on Corollary 6.1, a copula ITj; o # IT is idempotent with respect to the Markov product if and only

i1y gy = My gy« My gy = 1T , which holds if and only if c(g ) = 1, i.e., if [} g'(f'(€)dt = 1.

St ,g]
(ii) From [2, Remark 3.2] (see also Remark 6.2) it follows that for each r € |0, o[ the copula IT " is idempotent
with respect to the Markov product given in (6.1), i.e., oo =g,
Because of (5.8) we have 1" = I, o1 = H[af,,%g,

%f, = g/1. Defining the function h: [0, 1] — R by h, = \%f, =g/ ie.,

] for each a € ]0, oo[. Choosing a = % we obtain

hy(x) = min <Xx/?, %)
then we have (hy, hy) € F and I = Oy, -

1
If we want to check directly that I1¢") is idempotent with respect to +, we see that f(h;(t))2 dt = 1 because
0

of
Vvrooifte]o, 72,
h;(t){ ro1 ] l

-7 ifte]mn 1l
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6.2 Dependence parameters

Finally, we shall look for the dependence parameters (Spearman’s rho, Kendall’s tau, Blomqvist’s beta, and
Gini’s gamma) given in (2.6) of the perturbation-based copulas studied in this paper.

First, we will compute the dependence parameters of the perturbations discussed in Section 4 (for the
exact formula for [C, C1, C;]4 see Definition 4.1).

Proposition 6.4. Let C, C; and C, be copulas and 6 € R such that the function [C, C1, C,]q defined by (4.1) is
a copula. For the dependence parameters given in (2.6) we obtain the following formulas:

1 1
o(IC, €1, Cly) =g(c>+1z~e/cl(x,1—x)dx-/cz(y,l—y)dy,
0 0

11
7(IC, C1, Calo) =T(C)+80//C(x, Y ECi0 104 Caly, 1 -y) dy dx
00

B(IC, C1, C2lg) = B(C) +4 -6 C1(3, 3) - Ca(5, 3) = BC) + 16(B(C1) + D(B(C2) + 1),
1
(IC. C1, Calg) = A(C) + 49/C1(x, 1= 016> (%, 1= 1)+ Co(1 - x, 0] dx.
0

Proof. The formulas for o([C, C1, C2lg), B([C, C1, C2]g) and ~([C, C1, C2]o) are straightforward. Concerning
Kendall’s tau, it follows from formula (5.1.12) and Theorem 5.1.5 in [93] that 7 ([C ,Cq, Cz]g) can be expressed
in terms of the partial derivatives of [C, C1, C;]g with respect to x and y. Then partial integration together with
the boundary conditions (C1) of C; and C, yields

Spearman's rtho
Kendall's tau
Blomgqvist's beta
Gini's gamma

Figure 8: Spearman’s rho, Kendall’s tau, Blomqvist’s beta, and Gini’s gamma for the extremal copulas 1" ¢ Cpwithr €
[-10,10] \ {0}.
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7([C, C1, Colg) = 1 —4//3%[6, C1, Clo(x, ) S1C, €1, Calplx, y) dx dy
[0.11

- 174/ %c<x,y>«§C(x,y>dxdy—49// €106 1-2)- 2C( ) - £Caly, 1-y) dxdy
0,1 (0,1
-40 [[ €2001-9)- Fty)- et 1= dxdy

[0,1]?

—462//c1(x,1—x)'%cl(x,1-x)-cz(y,1—y>-d%cz(m—y)dxdy

[0,1]2

1 1
~(0)-48 [ .0, 1-9( [ a6 1-0- e )dx) dy
0 0

1

1
~40 [ deatn1-0( [ €2001-9)- F00y) dy dx
0 0

1 1
—492/Cl(x,l—x)~%61(x,1fx)dx~/Cz(y,lfy)'d%cz(y,lfy)dy
0 0

11
=T(C)+89//C(x,y)d%Cl(x,1—x)d4”yCz(y,1—y)dydx,
00

which completes the proof. ]

Remark 6.5. There are several immediate consequences of Proposition 6.4 for special choices of either C or

Cqand C;:

(i) For an arbitrary copula C and a parameter 6 such that [C, M, M]y € ¢ and [C, II, IT]y € € we have the
following relationships for the dependence parameters g, 8, and v given in (2.6):

o(C. M, Mly) = e(0) + 0, o(1C. 1.11}y) = 0(C) + 36,
B(IC, M, Mlg) = B(C) + 6, B(LC. 11,11y) = B(C) + 10,
+(1C, M, Mlg) =(C) + 36, 2(1C, 1, Mg) = 2(C) + 156.

(ii) In particular, for each 6 € [-1, 1] and for each of the dependence parameters given in (2.6) we obtain for
the copula [IT, M, Ml,: [0, 1]> — [0, 1] given by (4.1):

3 1 2
o(lm, M, Mlg) = 59, (1, M, Mlg) = 59, B(lT, M, M) = 6, v(l, M, Mlg) = 59.
(iii) If for some C € % the equalities p(C) = 7(C) = 0 hold then we obtain for all copulas C;, C; € ¥ satisfying
o([C, €1, Colg) < 7(IC, €1, C2lg) #0
o(IC, C1, Calg) : T(IC, €1, Calg) =3 : 2.

We can also give some properties of the four dependence parameters related to perturbations discussed in
Section 5, in particular to the copulas II") e %} (see (5.2), (5.4) and Definition 5.6) and M g € ¢Perb T (see
Definition 5.8).
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Remark 6.6. For the dependence parameters given in (2.6) we obtain the following formulas (for a visualiza-
tion see Figure 8):
(i) Foreachr e R\ {0} we get

(MY = o 3|r‘ (MY = o 2|r‘
(') s1gn(r)7(‘r‘ T (') 51gn(r)7(‘r‘ Ve
sign(r) 21G-Ir) if|r| < 1,
M) = si i 1 "y = 30D
B(I'") = sign(r) mm(\r\, \”l)’ (') 2y

sign(r)s‘,mml) otherwise.

(ii) In each case, the extremal values are attained for r = +1:

Q(H<’1>):1%, T(n<ﬂ>)=%, BTED) =51, A (V) =+

WIN

(iii) Consider an open interval ® C R with 0 € 6 and a family of copulas (Cg)gcg Which is continuous with
respect to the parameter 6. In [54, Theorem 3.1] (compare also [106]), the authors have shown that, under
mild regularity conditions, we have

650 7(Co) 2°

m o(Co) 3

Putting IT‘© = IT we see that the family of copulas (I W),ER is continuous with respect to the parameter
r, and it illustrates the result above because of

o) i () =3:2

for each r # 0. This is the same situation as for the family of Eyraud-Farlie-Gumbel-Morgenstern copulas
(CEFEM)pc(-1,1) since for each 6 # O we have

o (CEFOM) - 7 (CEFM) =3 2.

Proposition 6.7. If ¢: ¢ — [-1, 1] is one of the dependence parameters p, T, B, and ~ given in (2.6), then for
each IT; ) € €** we have

E(UT, M, M]q) < (I ) < &([1T, M, M]y).

Proof. Note that, whenever for some pairs of functions (f1, g1), (f2, 82) € .Z; we have

1 1 1 1
fi)dx [ g1 dx < | L) dx | ga(x)dx
[ o [

then also & (I, o)) < &(ITy, q,)) for each & € {o, 7, B, 7}. Together with Corollary 4.5 and Remark 6.6 this
shows that our claim holds. ]

Still keeping the notations of Proposition 6.7, we can identify the ranges of the dependence parameters for
the copulas ITj; o € ¢P1T:

Corollary 6.8. For each ITy; g € ¢ we obtain

lo([Ty)| < 2. (M) < 3
Iﬁ(H[f,g]” <1, !'y(H[f’g])! < %
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7 Concluding remarks

Perturbation of functions has a long and multifaceted tradition — also for copulas starting from a copula and
perturbing it either by some other function(s) or some other copulas or some derived copulas has been of
interest to the scientific community for different reasons. Mostly, the question whether or not or under which
conditions the newly built function is again a copula, has been in the focus of investigations.

Also in this contribution, we discussed classes of perturbed copulas — starting with some copula C being
perturbed by the product of the opposite diagonal sections of two (possibly different) copulas C; and C,. We
showed that the search for largest flexibility with respect to the choice of the copulas C1, C;, leads to a (possibly
rather restricted) interval of possible values for the parameter. However, we also worked with different ordinal
sums of copulas involving the three basic copulas, showing, e.g., that some particular ordinal sums with the
independence copula as its only summand play an important role: they give rise to infinitely many, maximal
and minimal elements of a set of perturbation copulas based on the independence copula and two one-place
functions of a particular type.

Summarizing we may stress that an emphasis in this contribution has been the identification of new
structural elements and properties of particular classes of perturbation copulas — revealing new properties,
but also revealing new insights by connecting different types of perturbation copulas and by connecting our
results to results known from different areas of copula theory.

For our further research on perturbation of copulas, we think, on the one hand, about the perturbation
of copulas of higher dimensions. On the other hand, when considering random variables affected by some
random noise, we see that the original copula, describing the stochastic structure of a random vector, is
perturbed into a new copula, and our aim would be an analytical description of the perturbed copula. For
some preliminary results in this direction see, e.g., [89].
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1 Introduction

Arnold and Ng [3] introduced a bivariate second kind beta, or beta(2), distribution involving 8 indepen-
dent random variables with gamma distributions (subsequently such random variables will be referred to
as gamma components). It was identified as the most general bivariate model whose marginals are ratios of
sums of independent gamma variables. The model involves 8 independent components Uy, Uy, ..., Ug with
Uj ~ I'(a;, 1), j=1,2,...,8. The two-dimensional random vector (X, Y) is then defined by

X = Ui +Us + Uy
Us + Ug + Ug”’
®
Y- U, +Us + Ug )
Uy +Ug + Uy
This defines an 8-parameter family of bivariate distributions with beta(2) marginal distributions. If (X, Y)
is defined as in (1) then we write: (X, Y) ~ BB(2)(a), to be read as (X, Y) has a bivariate second kind beta
distribution with parameter vector a. Each a; can assume any positive real value, so that the parameter space
of the model is (0, «0)®. A corresponding family of bivariate distributions with beta marginals of the first or
usual kind is obtained from (1) by defining

(V1, V2) = (X/(1 + X), Y/(1 + Y)).

Why there are 8 U;’s, and where they are located in the model (1), may require some explanation. There
are four locations where a particular U; may be placed. (1) In the numerator of X. (2) In the denominator of
X. (3) In the numerator of Y and (4) In the denominator of Y. The variables U;, U,, Us and U, appear only
once, and each one of them appears in only one of the four possible locations. A variable U; cannot appear
in both the numerator and denominator of X, nor of Y, since otherwise the independence of numerators and
denominators, required for beta(2) marginals, would be destroyed. Us appears in the numerator of both X and
Y. Ug appears in the denominator of both X and Y. U7 appears in the numerator of X and in the denominator
of Y, while Ug appears in the denominator of X and in the numerator of Y No U; can appear in 3 or in 4 of
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the possible locations, since that would destroy the required independence of at least one numerator and
its corresponding denominator. If an additional independent gamma variable is introduced in one or two
permissible locations in (1) then it can be combined with one of the existing 8 U;’s and no enrichment of the
model will result. Thus for example, if Uy is added to both numerators, then Us + Uy will continue to play the
role of Us with an adjusted shape parameter as + ag.

We adopt the convention that a random variable with a I'(a, 1) distribution with & = 0 will be defined to
be a random variable that is degenerate at 0. By setting some of the ;’s in the Arnold-Ng model (1) equal to
zero, simplified submodels (some of which have been discussed in the literature) will be obtained. Note that
after setting certain aj’s equal to zero, we must retain a; + as + a7 > 0, a3 + ag + ag > 0, az + as + ag > 0, and
a4 + ag + a7 > 0, in order to continue to have beta(2) marginal distributions.

While this general bivariate beta model, and particularly its submodels, have demonstrated flexibility
and usefulness in practice, the focus of this paper is on a specific class of submodels of the beta(1) containing
only copulas, that is, distributions with uniform marginals. This paper is organized as follows. In Section 2,
we construct this specific class of copulas by limiting the parameter space and discuss how further limita-
tions of the parameter space can produce several familiar copula models discussed in the literature. In Sec-
tion 3, natural symmetries of the copulas are considered. Section 4 discusses higher-dimensional versions.
We demonstrate some examples of parameter estimation in Section 5, and finish with concluding remarks in
Section 6.

2 Copulas

Our gamma based copulas are obtained by setting the values of the parameters in the Arnold-Ng(8) bivariate
beta distribution so that the marginals are Uniform(0, 1).
Recall that the Arnold-Ng 8-parameter bivariate beta model is of the form

V1, Vy) = Ui +Us + Uy U, +Us + Ug @
B r2 Ur+Us+U; +U;+Ug+Ug U+ Us+ Ug + Uy + Ug + Uy ) *
where Uy, Us, Us, ..., Ug are independent random variables with U; ~ I'(a;, 1), i=1,2,...,8.
In order to have uniform marginals the a;’s must satisfy:
a;+as+a7 =1, 3)
a3 +ag+oag=1, (4)
a+as+ag=1, (5)
and
ay +ag+a; =1, (6)
where all the a;’s are non-negative (and necessarily < 1).
We may rewrite these constraints in the following form:
ar=1-as-ay;
a=1-as-ag;
a3 =1-a¢-ag; @

ay=1-ag-ay;
so that the parameter space, the set of permissible values for (as, ag, a7, ag), may be defined by:

as € [0,1];
ag €[0,1];
a7 € [0,1 - max{as, ag}l; 8)
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ag € [0, 1 - max{as, ag}l.

1t is convenient to use notation BB(iy, i3, ..., i;) to denote the model obtained from (2) by setting certain
a;’s equal to 0 and retaining only a;,, a;,, ..., @;, in the model. So, for as = ag = 1and ay = ag = 0, this model
reduces to the co-monotone copula (BB(5,6)), that is, V; = V,. Likewise, if a5 = ag = 0 and a7 = ag = 1, this
model reduces to the counter-monotone copula (BB(7,8)), that is, V3 = 1 - V. Also, if as = ag = a; =
ag = 0 (BB(1,2,3,4)), then V; is independent of V,. Therefore, this model encompasses a continuous space
of distributions with the co-monotone and counter-monotone copulas, also known as the Fréchet-Hoeffding
bounds, and the independent copula as boundary points. Throughout this paper, correlations for this model
or its submodels are expressed in terms of Spearman’s Rank Correlation and are obtained by simulation when
they cannot be determined analytically.

Submodels of this family are of particular interest. For example, the simplest is given when a5 = @, and
ag = a7 = ag = 0, so that it takes the form:

©)

(Vl,Vz):< U, + Us U, +Us >,

Ui +Us+Us’ U+ Us + Uy

This family has positive correlations ranging from 0 to 0.478 (discussed in more detail later in the section),
and the correlation has a monotone relationship with the parameter a. At & = 0, this model reduces to the
independent case. A larger submodel, the Magnussen model, is obtained by setting only a; = ag = 0 (see
[5]). It thus is of the form:

Uy +Us U, + Us
Vi, Vy) = , s 10
V1, V2) <U1+U5+U3+U6 U, +Us + Uy + Ug (10
where
a;+as =1, 1)
az +ag =1, (12)
a +as =1, 13)
and
a, +ag=1, (14)

where all the a;’s are non-negative (and necessarily < 1). This is a two parameter family of copulas param-
eterized by as, ag € (0, 1). The other four a;’s are determined by (11)-(14). This model exhibits a full range
of positive correlations, with the independent copula and the co-monotone copula appearing at the two ex-
tremes of the parameter space.

The Arnold-Ng 5 parameter model (introduced in [3]) is obtained by setting a3 = a4 = as = 0, and is
therefore denoted by BB(1,2,6,7,8). The corresponding family of copulas includes those of the form:

B U, +U; U, + Ug

(Vl’VZ)_<U1+U7+U6+U8’UZ+Ug+U5+U7>’ 1)

where
a+a; =1, (16)
ag+ag =1, (17)
a+ag=1, (18)

and

ag +az =1, (19)

where all the a;’s are non-negative (and necessarily < 1). This is a one parameter family of copulas parame-
terized by a; € (0, 1). The other four a;’s are determined by (16)-(19).
Note that if (V, V,) ~ BB(1, 2, 6, 7, 8) then
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e (1-Vy,1-V,)~BB(3,4,5,7,8)

* (1-V1,Vy)~BB(2,3,5,6,7)

e (V1,1-V,)~BB(1,4,5,6,8)

We will denote these models by
AN(5A)=BB(1,2,6,7,8),
AN(5B)=BB(3,4,5,7,8),
AN(5C)=BB(2,3,5,6,7), and
AN(5D)=BB(1,4,5,6,8).
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For these to be copulas we must impose the following constraints:

For AN(5A):
a+a7; =1,
ag+ag =1,
a +ag =1,
ag+az =1.
For AN(5B)
as+a7 =1,
az+ag =1,
as+ag =1,
a,+az =1.
For AN(5C)
as+a7 =1,
az+ag =1,
a+as =1,
ag+azy =1.
For AN(5D)
a+as =1,
ag+ag =1,
as+ag =1,
ag+ag=1.

So we have four one parameter families of copulas.

(20)
(1)
(22)
(23)

(24)
(25)
(26)
@7

(28)
(29)
(30)
(€3))

(32
(33)
(34
(35)

But there are 45 more one parameter submodels that can be constructed by setting three of the five pa-

rameters to zero and applying the appropriate constraints.

Four of the (g = 56 choices must be excluded

as they would produce zeros in one of the numerators or denominators in (1), and four additional choices all

represent the same family as the following example shows.

to impose the following constraints:

as +az7 =1,
g +ag =1,
as +ag =1,

ay +ag+az=1.

We can take ag = @ € (0,1).Thenas = 1-a, ag = 1 -a,

Take the BB(4,5,6,7,8) model for which we need

(36)
(€0)]
(38)
(39)

a7 = a, and, necessarily, a, = 0, so our model

is equivalent to the BB(5,6,7,8) with constraints. But how can one pick among all these models, and what

properties do they have?
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Let us look at the Olkin-Liu BB [7] model:

N U,
(Vl, VZ) = <m, m) s (40)

For this to be a copula, we need a; = a; = a¢ = 1. Thus we have a 0-dimensional family of copulas. Three
related copulas are obtainable by reflection about 1/2. Clearly, when a5 = 1 for the simple family (9), it
reduces to a reflected version of (40), and when the Magnussen parameters satisfy as = 1 - g, it also reduces
to (a possibly reflected version of) this model. As a copula, the Olkin-Liu BB model is also known as the
Ali-Mikhail-Haq copula [1], a distribution that tends to appear in a vast array of copula families, including
many of the Archimedean type (It should be noted that while this paper refers to the “Ali-Mikhail-Haq” copula
multiple times, the copula that is being referenced is only one specific member of an entire family of copulas
which is not a subset of the present family.) [6].
Let us return to consider the Arnold-Ng(5A) model of the form:

(Vl’V2)=<U1+giigZ+Ug’U2+Z;IZE+U7>’ (1)
where
a+a;=1, (42)
ag+ag=1, (43)
a +ag =1,and (44)
ag+ar; =1, (45)

where all the a;’s are non-negative (and necessarily < 1). This is a one parameter family of copulas parame-
terized by a; € (0, 1). The other four ;’s are determined by (42)-(45). So we have a; = a; = ag = a € (0, 1)
and a7 = ag = 1 — a. A plot of the correlation of the AN(5A) model, as a function of a, is given in Figure 1.

One immediate observation about the AN(5A) model is that its range of correlations is not full, that is, it is
a proper subset of [-1, 1]. While this may at first thought appear to be a disappointing range of correlations, it
should be noted that this family exhibits a different feature that may be desirable for many applications: it is
a continuous collection of distributions ranging from the counter-monotone copula (having a correlation of
-1) to an Ali-Mikhail-Haq copula, which favors strong upper tail (positive) dependence only, which coincides
with the 0.478 correlation. Contour plots of the densities for various values of a are shown in Figure 2. It is
applicable to phenomena that do not exhibit significant lower tail dependence, but do exhibit a trade-off
between upper tail dependence and an overall negative correlation. For example, if X; represents a citizen’s
government entitlements, and X, represents the same citizen’s overall wealth, then applying the AN(5A) to
V1 = Fx,(X1) and V;, = Fx,(X;), a could be a measure of the government’s plutocratic tendencies, since we
might observe a nearer to 0 for socially democratic governments, while a may be much closer to 1 for highly
plutocratic governments.

Remark Among the 4 avatars of the copula based on the Arnold-Ng 5 parameter bivariate beta model,
two, namely AN(5A) and AN(5B), contain the counter-monotone copula but not the co-monotone copula. In
contrast AN(5C) and AN(5D) contain the co-monotone copula but not the counter-monotone copula.

3 Symmetry considerations

There are three symmetry conditions that are on occasion deemed to be desirable properties for modeling

purposes. It is therefore of interest to identify which members of our general copula family exhibit such sym-

metry features. A copula will be said to be marginally symmetric if V; 4 1-V;and V, 4 1 - V>, where 4
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Figure 1: AN(5A) (Spearman) correlation as a function of a.

signifies equality of the distribution functions associated with the random variables. Clearly any BB copula
with parameter vector a satisfying the constraints (3)-(6) will exhibit marginal symmetry since V; and V,
have Uniform(0, 1) distributions.

Radial symmetry requires more restrictions. In order for a copula to be radially symmetric it must be the
case that (V1, V) 4 (1 - V4,1~ V;). For this to be true the parameter vector @ must be of the form

a=(a,a,a,a,8,,1-a-B,1-a-p),

where O < a + 8 < 1. We thus have a two parameter subfamily of radially symmetric copulas.
For joint symmetry, even more is required, namely (V, V5) 4 (V1,1-V3) 4 (1-V1,V3) 4 (1-Vi,1-V3).
For this to occur we must have a copula with parameter vector of the form

a=(a,a,a,a,(1-a)/2,(1-a)/2,(1-a)/2,(1-a)/2).

where O < a < 1. We thus have a one parameter subfamily of jointly symmetric copulas.

There is another “symmetry” condition that can be considered. We will say that a copula is exchangeable
if (V1, V3) 4 (V3, V) . For this to be the case, the parameter vector of the copula must be of the form

(a,a, B, B, 7,7, 1-a-~,1-B-7).
This is a three parameter family of copulas where the parameters satisfy the following constraints
O0<vy<l, Os<sas<l-v,and O<fB<1-7.

As examples, the AN(5C) and AN(5D) (among many others) are exchangeable.

4 On multivariate gamma based copulas

k-dimensional versions of the Arnold-Ng beta(2) distribution were mentioned in Arnold and Ghosh [2], in a
context of copula models. First we consider the three dimensional case. It will then be evident how to deal
with higher dimensions.

A three dimensional beta(2) distribution will be one whose structure is of a form which involves 26 in-
dependent gamma distributed U;’s. Thus, there are a total of 26 parameters in the model where U;, j =
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Figure 2: AN(5A) densities for various values of a.

1,2, ..., 26 are independent variables with U; ~ I'(a;, 1) for each j. The model can then be expressed in

the following form.

X=

Uy +U; +Ug + Ug + Upo + Urg + Uyo + Uay + Uz

U+ U7+ Uy + Uss + Ugg + Urg + Upo + Upz + Upy

Uy + Uiy + Ura + Ups + Urg + Upz + Upy + Uzs + Upg”

(46)

Us + Ug + Uys + Uy + Urg + Upy + Uz + Uzs + Usg’

_ U3+ Ug+ Uy +Us + Upz + Urg + Upy + Ups + Ups

(47)

Ug+ Ugo + Uy + Ugg + Urg + Usg + Upy + Uay + Upg "

(48)

We must then impose 6 constraints to ensure that the associated trivariate beta distribution has uniform

marginals.

The pattern for the dimensions of the parameter spaces of the multivariate copula models can now be
recognized. The univariate model involves 2 U’s with two constraints, i.e., a 31 - 1 - 2 = 0 parameter model.
The bivariate model involves 8 U’s with 4 constraints, i.e., a 32~ 1-4 = 4 parameter model. The trivariate case
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involves 26 U’s with 6 constraints, i.e., a 3> -1 -6 = 20 parameter model, and, in general, the k-dimensional
model involves 3 - 1 U’s with 2k constraints.

Use of fully parameterized k-dimensional copulas would almost never be recommended. Instead simpli-
fied sub-models, obtained by setting many of the a’s equal to zero, can be expected to be adequate for many
data sets.

5 Parameter estimation

In general, densities are not available in analytic form for the gamma-based copulas under discussion, except
for special cases, such as the Ali-Mikhail-Haq case. So, if a sample is available from the bivariate gamma
based copula then maximum likelihood is unavailable for parameter estimation. What we do have available
are relatively simple expressions for mixed moments of the coordinate random variables. In principle, then,
we could choose several sample mixed moments, equate them to their expectations and solve the resulting
equations for the a; parameters. This, in many cases, will prove to be a non-trivial exercise. However, it will
typically be feasible for simplified sub-models involving only a few of the a;’s. With fewer equations to deal
with, the method of moments approach is often not difficult to implement.

Example 1. As a very simple example consider a model in which a; = a; = a3 = a4 = 0. The model is thus of
the form

Vi = (Us + Uy)/(Us + U7 + Us + Us), and
V3 = (Us + Ug)/(Us + Ug + Ug + Uy). (49)

In this one parameter family of copulas we can denote as by a and then we have ag = e and a7 = ag = 1-a.In
this case, we can verify that
E(V1V3) = (a+1)/6.

If we define My,y, = (1/n) "L, V1;V5;, then a moment based estimate of a will be

a=6My,y, - 1.

Example 2. Suppose that (V1, V) is of the AN(5A) type. While it may be tempting to make use of the simple
relationship between the Spearman correlation and the parameter a shown in Figure 1 in a method of moments
approach, it is not the case that Spearman is the best option. Figure 3 depicts the three most well-known correla-
tion measures for the AN(5A) model. In addition to the correlations, the figure shows 95% confidence ranges of
values for the correlation measures, given observed samples of the shown sizes. In this light, Kendall’s Tau ap-
pears to be the superior choice (at least among these three choices). But even using Kendall’s Tau, it is clear that
samples would need to be large in order to obtain reasonably accurate estimates of a. For example, at n = 50,
a 95% confidence interval for a would have a width of about 0.4, while for n = 250, that width would reduce to
about 0.15, depending on the actual value of a.

Examples in which more of the a’s are non-zero will generally require iterative solutions of the moment equa-
tions, but except for that, they can be expected to yield reasonable estimates of the parameters provided that
sample sizes are adequate, and enough moments are included in the estimation procedure. More complex
examples exist for which a simple method of moments approach may be inadequate.

Example 3. Consider the two-parameter case where a, B € [0, 1], as = aB, ag = a, and a; = (1 - a)B, and
ag = (1-ap)(1-a), and asample, v, of size n, is available. This is a two-parameter subfamily which contains both
the co-monotone copula and the counter-monotone copula, and therefore can exhibit the full range of correla-
tions. It also, unsurprisingly, includes two rotated versions of the Ali-Mikhail-Haq copula. Approximate Bayesian
Computation, or ABC, can be applied, where the assumed prior for (a, B) can be any distribution deemed ap-
propriate. Here, we will assume it to be a bivariate distribution with independent Uniform(0, 1) marginals.
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Figure 3: AN(5A) correlations, Pearson, Kendall’s Tau, and Spearman, as a function of a, with 95% confidence bounds, obtained
from simulation.

Now, given the behavior of this particular subfamily of distributions based on (a, B), we choose eight specific
measures. The first four are simply proportions; partitioning the unit square into four equally-sized squares, we
record the total number of observations in each, and divide by n. For the other four, we compute the four rotated
Ali-Mikhail-Hagq log-liklihood functions on the data contained in the same four regions (normalized).

n
S1(v) = % where ny; = ZI
k=1

n
S,(v) = % where ny; = ZI
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n
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Figure 4: Comparisons of actual values of a and B with the predicted values by the ABC procedure. The three rows of plots rep-
resent sample sizes of 100, 250, and 1000, respectively.
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1 (1 +vid2 = var) =2+ (1= vydvae

Se(v) = ni v s%\/ 1 los [ Q-1 -vidvar)? ]’
1 (2= Vi1 +vyp) = 2+ V(1 - vyy)

T e

o 1 1
kivie> 3 &vasg

_ 1 Q2 -vi)2 - var) =2 + vk
S =3 > log [ (1 -vyva)? ’

kivye> 2 &vy> 1

We tested the ABC procedure for this family by arbitrarily selecting 100 values of (a,B) from a
Uniform ((0, 1) x (0, 1)) distribution, simulating a sample for each, and applying the ABC procedure, repeating
for three different sample sizes: 100, 250, and 1000. Figure 4 depicts the results. It can be observed that there
is much more difficulty in estimating B than a. This is a common issue, and oftentimes with various subfamilies
such as this, reasonable estimation may be assured with only very large sample sizes [4].

6 Concluding Remarks

The present paper has provided an introduction to a broad spectrum of gamma based copula models and
sub-models which can potentially be useful additions to the modeler’s tool kit. These new flexible copula
models can be expected to find application in cases in which the simpler well-known copula models prove
to be inadequate to adapt to particular data sets, or where “big” data is encountered. It will be unlikely that
use of the full 4 parameter model will be frequently deemed appropriate.
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Conflict of interest statement: Authors state no conflict of interest.

References

[1] Ali, M. M., N. Mikhail, and M. S. Haq (1978). A class of bivariate distributions including the bivariate logistic. J. Multivariate
Anal. 8(3), 405-412.

[2] Arnold, B. C. and I. Ghosh (2014). Bivariate Kumaraswamy models involving use of Arnold-Ng copulas. /. Appl. Stat.
Sci. 22(3/4), 227-240.

[3] Arnold, B. C. and H. K. T. Ng (2011). Flexible bivariate beta distributions. J. Multivariate Anal. 102(8), 1194-1202.

[4] Arvanitis, M. (2018). Likelihood-free Estimation for Some Flexible Families of Distributions. Ph.D. thesis, UC Riverside.

[5] Magnussen, S. (2004). An algorithm for generating positively correlated beta-distributed random variables with known
marginal distributions and a specified correlation. Comput. Statist. Data Anal. 46(2), 397-406.

[6] Nelsen, R. B. (2006). An Introduction to Copulas. Second edition. Springer, New York.

[7] Olkin, I. and R. Liu (2003). A bivariate beta distribution. Statist. Probab. Lett. 62(4), 407-412.



DE GRUYTER Depend. Model. 2021; 9:385-393 8

Research Article Open Access
Special Issue in memory of Abe Sklar

Mhamed Mesfioui* and Julien Trufin

Dispersive order comparisons on extreme
order statistics from homogeneous
dependent random vectors

https://doi.org/10.1515/demo-2021-0118
Received May 31, 2021; accepted November 10, 2021

Abstract: In this paper, we investigate sufficient conditions for preservation property of the dispersive order
for the smallest and largest order statistics of homogeneous dependent random vectors. Moreover, we estab-
lish sufficient conditions for ordering with the dispersive order the largest order statistics from dependent
homogeneous samples of different sizes.

Keywords: Dispersive order, copulas, Archimedean copulas, extreme order statistics

MSC: 60E15, 62G30, 62HO05

1 Introduction

Order statistics play an important role in statistics, risk management, auction theory, reliability and many
other theoretical and applied probability areas. They have received a lot of attention from many researchers.
For comprehensive references one may refer to Balakrishnan and Rao ([1], [2]) and David and Nagaraja [3].

For a random vector X = (X1, ..., Xn), denote as X;., the corresponding ith order statistic, i = 1,...,n.
Most of the research on stochastic comparisons between order statistics has been dedicated to the case of in-
dependent and identically distributed (i.i.d.) random variables X1, . . . , Xn. We can quote Boland et al. [4] who
prove stochastic comparisons between order statistics with the hazard rate order and the likelihood ratio or-
der, Ragab and Amin [5] who further prove comparison with the likelihood ratio order between order statistics
from samples of different sizes, Kochar [6] who proves comparisons with the dispersive order between order
statistics for decreasing failure rate (DFR) distributions or Khaledi and Kochar [7] who study comparisons
with the dispersive order between order statistics from samples of different sizes for DFR distributions.

In practical situations, the observations are usually not i.i.d. During the last three decades, the case of
independent but not necessarily identically distributed random variables has also got the attention of re-
searchers. We refer the reader to Kochar [8] and Balakrishnan and Zhao [9] for comprehensive references. To
mention a few with the dispersive order, Dykstra et al. [10] study comparisons of the largest order statistics
with the dispersive order for independent exponential random variables. Khaledi and Kochar [11] extend the
latter result from the exponential case to the proportional hazard PH) sample. More recently, Fang and Zhang
[12] have obtained the dispersive order between maximums of one heterogeneous- and one homogeneous-
independent samples for Weibull random variables sharing a common shape parameter.

In the last decade, some papers have been devoted to the study of the ordering properties of the order
statistics from dependent samples. For example, Li and Fang [13] generalize the result in Fang and Zhang
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[12] to the dependent case where two proportional hazards samples have a common Archimedean copula
and one has heterogeneous hazards and the other has the homogeneous arithmetic average hazards. For
two Weibull samples having a common Archimedean survival copula, Li and Li [14] further prove dispersive
order inequalities between minimums of one heterogeneous and one homogeneous samples. Fang et al. [15]
derive the usual stochastic order, the dispersive order and the star order of order statistics from the PH sample
with Archimedean survival copulas and the proportional reversed hazards (PRH) sample with Archimedean
copulas. Li et al. [16] investigate order statistics from random variables following the scale model and obtain in
the presence of the Archimedean copula or survival copula the usual stochastic order of the sample extremes
and the second smallest order statistic, the dispersive order and the star order of the sample extremes.

In this paper, we consider homogeneous dependent samples and we establish sufficient conditions on
the copulas or survival copulas and the marginal distribution functions in order to preserve the dispersive
order for the smallest and largest order statistics. Moreover, we obtain sufficient conditions on the copulas
and the marginal distribution functions for ordering with the dispersive order the largest order statistics from
dependent homogeneous samples of different sizes.

The paper is structured as follows. In Section 2, we introduce the useful concepts that will be used in
the rest of the paper. Section 3 is devoted to homogeneous dependent samples with different copulas and
marginal distributions, and we obtain sufficient conditions for preserving the dispersive order for the smallest
and largest order statistics. Finally, in Section 4, we derive sufficient conditions for the dispersive order of the
sample extremes in the case of dependent homogeneous samples of different sizes with common copulas and
marginal distributions.

2 Preliminaries

In this section, we recall the concepts that are important in the following.
Let X and Y be two random variables with their respective distribution functions F and G, survival func-
tions F and G and right continuous inverses F~! and G™*.

Definition 2.1. X is said to be smaller than Y in the dispersive order, denoted X <), Y, if
FYB-FYa) <G B)-G6Ga) forallo<as<p<l,
or equivalently if G~ (F(x)) - x is increasing in x.

For more details on stochastic orders, we refer the reader to Shaked and Shanthikumar [17].

Let X = (Xi,...,Xn) be a random vector with joint distribution function F, joint survival function F,
univariate marginal distribution functions Fy, ..., Fy, survival functions F, ..., F, and right continuous
inverses F7', ..., Fy!. If there exists C : [0, 1]" — [0, 1] and C : [0, 1]® — [0, 1] such that

Cluty... un) = F(F{l(ul),...,F;I(u,,))

Eui, ..., un) F(F{l(ul),...,}_’;l(un))

for all (uy, ..., un) € [0,1]", then C and C are called the copula and the survival copula of X, respectively.
The functions 6(u) = C(u, ..., u) and Sﬁ(u) = C(u, ..., u) are known as the diagonal sections of C and C.
The Archimedean copulas form an important class of copulas.

Definition 2.2. Let ¢ : [0, +o0) — [0, 1] with ¢(0) = 1 and ¢(+o0) = 0. A n-dimensional copula Cy is said to
be an Archimedean copula with generator ¢ if, for all (uy, ..., us) € [0, 1]7,

Colur, ..., un) = ¢ (Puy) + -+ + P(un)) ,

where we denote 1) = ¢! the right continuous inverse of ¢ for convenience.
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For (n - 2)th differentiable ¢, we know from McNeil and Ne§lehova [18] that the function Cy: [0, 1]" — [0, 1]
is a n-dimensional copula if, and only if, the generator ¢ is a n-monotone function. Denoting ¢(i)(x) the ith
derivative of ¢, recall that ¢ is said to be n-monotone if (-1)ip®(x) > O fori = 1, ..., n-2 and (-1)"2¢"2(x)
is non-increasing and convex.

3 Comparison of the smallest and largest order statistics with the
dispersive order

Let X = (X1,...,Xn)and Y = (Yq,..., Yn) be two homogeneous random vectors with copulas Cx and Cy
and univariate marginal distribution functions F and G, respectively. Under the conditions that both Cx and
Cy are the independence copula, Theorem 3.B.26 in Shaked and Shanthikumar [17] states that if X Zaisp Ys
then X, =gisp Yiin fori = 1,..., n, where X;,, and Y., are the ith order statistics of X and Y, respectively.
As mentioned in Shaked and Shanthikumar [17], this preservation property of the dispersive order is useful
in reliability theory and in nonparametric statistics. Actually, the latter result can be extended for X and Y
having a common copula, as shown next.

Proposition 3.1. If Cx = Cy and X =gjsp Y, then Xi.n Zaisp Yin fori=1,...,n.

Proof. Since X and Y have acommon copula, their exists a uniform random vector (U, . . . , Un) with distribu-
tion Cx such that X; = F~'(U;) and Y; = G"1(Uj;), so that we have X;.,, = F"}(U;.,,) and Y., = G (Uy.p,). This en-
sures that the distributions of X;.,, and Y;.,, are of the form F;.,, = H;.,,oF and G;.,, = H;.,o G, respectively, where
Hi., denotes the distribution of U;.,. The announced result then follows from G;}(F;.,(x)) - x = G *(F(x)) - x
for all x. [m|

Proposition 3.1 considers samples X and Y with a common copula. The next result show that the dispersive
order can still be preserved for the smallest and largest order statistics when we consider different copulas
for X and Y at the cost of requiring additional conditions on the marginal distribution G and the diagonal
sections 8¢, and 8¢, of the copulas Cx and Cy for the largest order statistics, and on the survival function G
and the diagonal sections § tx and § &y of the survival copulas Cx and Cy for the smallest order statistics.

Proposition 3.2. For F and G twice differentiable,
(i) if bci(@)/6¢L(a) is decreasing in a € [0, 1], G is log-convex and X =gisp Y. then Xn:n Zgisp Ynen:
(ii) ifﬁa(a)/b‘a(a) is decreasing in a € [0, 1], G is log-convex and X =gisp Y, then X1.n =gisp Y1in-

Proof. (i) Obviously, the quantile functions of Xn.n and Yn.n are F*{6¢L(a)} and G {61 (a)}, a € [0, 1],
respectively. Thus, Xnn =gisp Ynn if, and only if, F1{6L(a)} - G {61 ()} is decreasing in a. This latter
difference can be rewritten as the sum of

Aa) = F {66k (@)} - G {8k (@)}

and
B(@) = 6™ {6cA(@)} - G {65 (@)}
Now, since X <5, Y implies that A(a) is decreasing in a (since 65}{(0{) is an increasing function), it suffices
to prove that B(a) is decreasing in a as well. Simple calculations yield
B(@ = (6{6c(0}(6c) (@) - (G {6c; (0}(6¢,) (@)

_ 5, (@) -1 4 8¢, (@) -1 !

© G aam M0E@) - Gy (Mo @)

= RGO @) ({52 @)) - hiG GG @)} (n(oi@)) 6D
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where h(t) = G(t)/G'(1). As 5¢L(a)/6¢,(a) is decreasing in a € [0, 1] and 67,(1)/64(1) = 1, one has 0 <
(ln{&g}{(a)})/ < (ln{6z},(a)})/ and 8¢} (a) > 5L (). Hence, from (3.1), we have
!

B/(@) = [h{G™(6¢,(@)} - h{G™(5¢,(@)}] (In{6c,@)}) 62

Finally, since G is log-convex, it is plain that h is a decreasing function so that the right-hand side in (3.2) is
negative.

(ii) The quantile function of X;., is clearly given by F7}, (a) = F~? (65}1( (1-a)), a € [0, 1].50, X1.n Zaisp Y1in
if, and only if, F’l{b‘a(a)} - G’l{b‘éi(a)} is increasing in a, which is the case when C(a) = F’l((ia(a)} -
G‘l{éa (a)} is increasing in a since X <y;sp Y. Proceeding in a similar manner than in (3.1) and using the
fact that 55}1‘(6()/68,(00 is decreasing in a and 6%}1((1)/651(1) =1, one has
’

C'(@) > [A{G (57 (@)} 7}’1(6*1(551(11))}} (ln{éa(a)}) (33)

where A(t) = G(t)/G'(t). Consequently, as G is log-convex, it is plain that h is a decreasing function so that
the right-hand side in (3.3) is positive. O

In particular, for Archimedean copulas, we directly get the following result.

Corollary 3.3. (i) For Cx = Cy, and Cy = Cg,, where Cg and Cy, are two Archimedean copulas, if
o1 (Y1(@)/n))/ ¢ (Y2(a)/n)) is decreasing in a € [0, 1], G is log-convex and X =gi5p Y, then Xnn =gisp
Ynun.

(ii) For Cx = &¢1 and Cy = C‘¢2, where (:‘4,1 and &d)l are two Archimedean copulas, if
@1 (Y1(a)/n))/ 2 (Y2(@)/n)) is decreasing in a € [0,1], G is log-convex and X =g5p Y, then
X1 fdisp Yin.

Proof. It suffices to notice that the diagonal section of an Archimedean copula with generator ¢ is the form
) (lp(a)/ n)). Then, the result immediately follows from Proposition 3.2. [m]
We illustrate Corollary 3.3 by an example where ¢1 (1(a)/n))/$, (2(a)/n)) is decreasing in a.
Example 3.4. (i) Consider

$1(6) = 016+ 1)1/

and
$2(0) = (02t + 1)/

with 0 < 6; < 6, so that Cy, and Cy, are Clayton copulas. Simple calculations yield

ki@ = ¢1 (Yr(@/n))/p: (Y2(@)/n))

-1/6
(a’s‘ -1+ n) '

1/6:-1/6,
n )—1/92 ’

(a®-1+n

so that kq(a) is decreasing in a when 0 < 6, < 6,, as illustrated in Figure 3.1forn = 3,60, = 1 and 6, = 2.
As a result, from Corollary 3.3 (i), we know that if G is log-convex and X Zaisp Y, then Xnin Zgisp Ynin. A
log-convex distribution function G whose support is | — oo, a] with a € R can be expressed as

GO) =" -1Ix<al+1, xeR, (3.4)

where h is an increasing and convex function such that h(-co) = —co and h(a) = 0, and where I[-] denotes
the indicator function, equal to 1 if the event appearing in the brackets is realized and to 0 otherwise. As an
example, distribution functions of the form

GO =M -Dix<0l+1, xeR,
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with a < 1 are log-convex. In particular, for two homogeneous samples with the same marginal distribution
functions, that is when F = G, Corollary 3.3 (i) tells us that the variability (in terms of the dispersive order) of
the largest statistics is increasing in the dependence parameter 6.

(ii) Likewise, if we consider two Clayton copulas C¢1 and C¢Z for the survival copulas with parameters
0 < 0, < 6,, respectively, then we know from Corollary 3.3 (ii) that if G is log-convex and X =aisp Y, then
X1:n Zaisp Y1:n- Well-known distributions have log-convex survival functions G, as shown in [19]. Let us
mention the Pareto distribution, the Gamma distribution with density function f(x) = % and0<c<1
as well as the Weibull distribution with density function f(x) = cx¢"! exp(-x¢) and 0 < ¢ < 1.

The log-convexity condition on the marginal distribution function G in Proposition 3.2 and Corollary 3.3 is
necessary to establish dispersive order inequalities among the largest order statistics, as illustrated in the
following example.

Example 3.5. Consider U = (Uy,...,Uy)and V = (V4,..., V,) two homogeneous uniform random vectors
distributed as C, and Cy,, respectively. Clearly, Un:n =Zgisp Vnin if, and only if ¢, (Y1(a)/n))- 2 (Ya(a)/n))
is decreasing in a, which is actually not fulfilled for most of the Archimedean copulas. In particular, if we
consider the Clayton copula, we get

ka(a) $1 (Y1(@)/n)) - 2 (P2()/n)

-1/6 -1/6.

- /e (a-sl 1+ n) L plle (a—ﬂz 1+ n) :

As aresult, k,(a) is not monotone, as illustrated in Figure 3.2 for n = 3, 6; = 1 and 0, = 2. Therefore, Un:n and
Vn:n cannot be compared with the dispersive order, the reason is that the uniform distribution is log-concave
and not log-convex.

It is interesting to notice that §¢%(a)/6¢.(a) is decreasing in a € [0, 1] if, and only if, In 6 (a) - In 6L (@)
is decreasing in a € [0, 1], which amounts to requiting In Un:n =gisp In Vi:n. Therefore the condition in
Proposition 3.2 that 65}( (a)/ég}, (a) is decreasing in & € [0, 1] can be rewritten as In Un:n <gisp In Viin.

Ki(alpha)

o5
alpha

Figure 3.1: ki (a) = ¢1 (P1(a)/n))/ P2 (Y2(@)/n)) for a € [0, 1].
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K2(alpha)

o's
alpha

Figure 3.2: k2() = ¢1 (Y1(@)/n)) - ¢2 (Y2(@)/n) fora € [0, 1].

4 Comparison of the largest order statistics with the dispersive
order for different sample sizes

Let X» = (X1, ..., Xn) be an homogeneous random vector with common distribution function F assumed to
be twice differentiable and let X,_; = (X1,...,Xp-1). In this section, we aim to compare the largest order
statistics of samples X, and X,_; with the dispersive order. We denote by 6, and 6,,-; the diagonal sections
of the copulas of X, and X,,_1, respectively.

Proposition 4.1. If F is log-convex and 6;1(a)/6;,}1(a) is decreasing in a € [0, 1], then
Xn:n ﬁdisp Xn-1n-1-

Proof. First, we know that Fyk () = F1{6;'(a)} and F;};.,_1(a) = F~1{6;},(a)}. Therefore, we clearly have
that Xn:n =gisp Xn-1:n-1 if, and only if, D(a) = F1 {87 ()} - F'{6,!,(a)} is a decreasing function. Similar
calculations than in the proof of Proposition 3.2 yield

D/(@ = K{F 074 @)) ({872 (@)) = k{F (0741 @) (no:hs @}’

where k(t) = F()/F'(t). Since, 6;'(a)/8,};(a) is decreasing in a € [0, 1], one has
’

D'(a) < (k{rl(zs;l(a))} - k{F-l(ﬁ;El(a))}) (1n{6;1(a)})

Using the fact that 6;11((1) < §7%(a), it follows that D'(a) < 0 if k = F/F’ is a decreasing function, that is, if F

is log-convex. O

For Archimedean copulas, Proposition 4.1 directly leads to the next result.
Corollary 4.2. For Cx = Cy where Cy is an Archimedean copula with generator ¢, if F is log-convex and

tg'(t)/ P(t) is decreasing in t > 0, then
Xnin ﬁdisp Xn—l:n—l-
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Proof. Since the copula Cy is Archimedean with generator ¢, we have S:l) = ¢ (@) and 6,;;(a) =
) (%) Consequently, 6;1(a)/6;11(a) is a decreasing function, if, and only if,

() g, ¥ () g
() o)

for all a € (0, 1). The latter inequality is fulfilled for all « € (0, 1) since t¢'(t)/ $(t) is decreasingint > 0. O

The following example illustrates the condition on ¢ involved in Corollary 4.2. As mentioned in Li and Fang
[20] and Mesfioui et al. [21], this condition is satisfied for most of the Archimedean copulas, such as Clayton,
Frank and Gumbel copulas.

Example 4.3. Consider the generator ¢(t) = (6t + 1)~1/% with 6 > 0 of a Clayton copula. It verifies

tp'®\ -1
< 0 ) BT

so that for an homogeneous random vector X = (Xy, ..., X») with such a dependence structure and a log-
convex marginal distribution function F, we know from Corollary 4.2 that we have

Xnin ﬁdisp Xn-1:n-1 fdisp tt ﬁdisp X1:1-

As already discussed in the previous section for Proposition 3.2 and Corollary 3.3, the log-convexity of F re-
quired in Proposition 4.1 and Corollary 4.2 is also crucial here to ensure the ordering of X,.» and X;,_1.,-1 with
the dispersive order, as revealed by the next example.

Example 4.4. Consider the homogeneous uniform random vector U = (Uy, ..., Un) distributed as the inde-
pendence copula Cy. The generator of the independence copula, that is ¢(t) = e™!, satisfies t¢’'(t)/ p(t) = -,
so that it is well decreasing in ¢ > 0, as required in Corollary 4.2. However, it is easy to see that the uni-
form distribution F is not log-convex but log-concave. In this case, the quantile functions of X,_1.,-1 and
Xnen are Fply_q(@) = a®1 and Fpl(a) = ai,a € [0, 1], respectively, which implies that the function
g(@) = Fplh(a) - Fly.,_1(a) is not monotone, as illustrated in Figure 4.1 for g(a) = F34(a) - F35(a). As a
result, Xp-1.n,-1 and Xn:n cannot be compared with the dispersive order.

Actually, for a uniform random vector U = (Uy, ..., Uy) distributed as Cy, a necessary and sufficient
condition on the generator ¢ to get Un:n <4isp Un-1:n-1 can be obtained, as shown next.
Proposition 4.5. For an homogeneous uniform random vector U = (Uy, ..., Uy) distributed as Cy, we have
that

Unin Zqisp Un-1:n-1 <= t'(t) is a decreasing functionin t > 0.

Proof. Since the quantile function of Un.n is Fyly(x) = ¢ (@), we get

Unn Zgisp Un-tn-1 - <= (@) ) (fg’q) is a decreasing function in u € [0, 1]
= ¢ (%) -¢ (ﬁ) is an increasing function in x > 0
X . X X (X
= n—lqb (n—l)sﬁqb (ﬁ) forall x>0
=

t¢’(t) is a decreasing function in t > 0.
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glalpha)

0s
alpha

Figure 4.1: g(a) = F3}(a) - F;L(a) fora € [0, 1].

Unfortunately, the function ¢¢'(¢) is not monotone for most of the Archimedean copulas, including the
independence, Clayton, Frank and Gumbel copulas. Note that this is the reason why an additional condition
on F is needed for Proposition 4.1 to get the dispersive order for X,;_1.,-1 and Xn:n.
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Abstract: As a motivating problem, we aim to study some special aspects of the marginal distributions of the
order statistics for exchangeable and (more generally) for minimally stable non-negative random variables
T1, ..., Tr. In any case, we assume that T4, ..., T, are identically distributed, with a common survival func-
tion G and their survival copula is denoted by K. The diagonal sections of K, along with G, are possible tools
to describe the information needed to recover the laws of order statistics.

When attention is restricted to the absolutely continuous case, such a joint distribution can be described in
terms of the associated multivariate conditional hazard rate (m.c.h.r.) functions. We then study the distribu-
tions of the order statistics of T4, ..., Tr also in terms of the system of the m.c.h.r. functions. We compare and,
in a sense, we combine the two different approaches in order to obtain different detailed formulas and to an-
alyze some probabilistic aspects for the distributions of interest. This study also leads us to compare the two
cases of exchangeable and minimally stable variables both in terms of copulas and of m.c.h.r. functions. The
paper concludes with the analysis of two remarkable special cases of stochastic dependence, namely Archi-
medean copulas and load sharing models. This analysis will allow us to provide some illustrative examples,
and some discussion about peculiar aspects of our results.

Keywords: Minimally stable random vectors, diagonal sections of survival copulas, diagonal dependence,
t-exchangeability, absolute continuity, Archimedean copulas, load-sharing models
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1 Introduction

Concerning the basic role of the concept of copula and of the Sklar’s theorem in the analysis of stochastic
dependence, a main issue is the study of the distributions of the order statistics X, ..., Xr:r for a set of in-
terdependent random variables X, ..., Xr. On the one hand, the condition of exchangeability is specially
relevant (see in particular Galambos [11]) in such a study. On the other hand, the marginal distributions
of X1.r, ..., Xr;y are strictly related to the diagonal sections of copulas (see, e.g., Jaworski [12], Durante and
Sempi [9]). For these reasons, in the theory of order statistics, the study of diagonal sections of copulas has
been mainly concentrated on the case of exchangeable random variables.
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Really, in such a study, the assumption of exchangeability can at any rate be replaced by the more gen-
eral condition that, for d = 2, ..., r - 1, all the diagonal sections of the d-dimensional marginal copulas do
coincide. Such a condition has been attracting more and more interest in the recent literature, where it has
been however designated by means of different terminologies. In fact, such a condition can actually manifest
under different mathematical forms, as we will discuss in details. For our purposes it is specially convenient
to look at it as the condition that X1, ..., X, are minimally stable (see Definition 3 below).

In this note we concentrate attention on the case of non-negative, minimally stable, random variables
which we denote by Ty, ..., Tr.

Generally, concerning with non-negative random variables, stochastic dependence can also be conve-
niently described in terms of stochastic intensities of related counting processes. See in particular Arjas [1],
Bremaud [3], Arjas and Norros [2]. Such a description, in particular, can be based on the knowledge of the
so-called multivariate conditional hazard rates (m.c.h.r.) functions, when attention is restricted to the abso-
lutely continuous case (see in particular the papers by Shaked and Shanthikumar [26-28]). In such a case the
family of those functions gives rise to a method to describe a joint distribution, which is alternative to the one
based on copulas and marginal distributions or on the joint density function.

From an analytical view-point the two methods are actually equivalent: on the one hand the family of the
m.c.h.r. functions can be obtained in terms of the joint density function, on the other hand the joint density
can be recovered when the m.c.h.r. functions are known. As a matter of fact, however, the corresponding
formulas are not easily handleable in general cases. The two methods, furthermore, are respectively apt to
explain completely different aspects of stochastic dependence.

In this paper we aim to establish a bridge between the two different approaches. Maintaining the atten-
tion focused on the minimally stable case, then, we are primarily interested in the relations tying the system
of the diagonal sections with the system formed by the m.c.h.r. functions. Such relations will allow us to de-
tect, both in terms of copulas and in terms of the m.c.h.r. functions, which are the minimal sets of functions
able to convey sufficient information to recover the family of the marginal distributions of the order statistics
T1ry eees Trire

In such a framework, interesting questions also concern with understanding the real difference between
the cases when T4, ..., T; are exchangeable and when they are minimally stable. On this purpose, the dif-
ferences between the two properties will be detailed both using the language of copulas and the language
of the m.c.h.r. functions. Still by using and combining the two approaches, we will also face the problem of
constructing examples of random variables T4, ..., Ty which are minimally stable but not exchangeable.

More in details, the plan of this paper goes as follows.

In Section 2 we introduce some needed notation and then we review basic facts about distributions of
order statistics, about diagonal sections of copulas, and about the relations tying these two families of objects.
We also show in details the equivalence among different forms under which one can represent the condition
that Ty, ..., Tr are minimally stable. Some relevant remarks are given and an example is presented concerning
the construction of random variables which are minimally stable but not exchangeable.

In Section 3 we will first recall, in general, the definition and some basic aspects of the family of the
multivariate conditional hazard rate functions. We will then show special features of the cases where the
lifetimes T4, ..., Tr are exchangeable or minimally stable. In this frame, the results of Section 2 will emerge
as natural tools to obtain, in Section 4, the relations existing among diagonal sections of copulas, the dis-
tributions of order statistics, and a special subclass € of multivariate conditional hazard rates (see (37) and
(39)), corresponding to the (unconditional) one-dimensional hazard rates of min(T41, ..., T¢), £ = 1, ..., r. See
in particular Propositions 18 and 19.

In order to demonstrate some special aspects of the results presented in the Sections 3 and 4, Section 5 will
be devoted to a detailed discussion of the remarkable cases of Archimedean copulas and of minimally stable
time homogeneous load-sharing models. Some more general examples will be presented in the Appendix.

Often, along the paper, the term lifetime will be used as a short-hand for "non-negative random variable".

Notation: For any natural number n, we set [n] := {1, 2, ..., n}.
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For any subset /] C [n], we denote by |J| the cardinality of J, and as usual we denote by J¢ the comple-
mentary set of J, i.e., the set of indices [n] \ J. Furthermore, for any k < |J| we denote by

() = {G1, i) tje €1, V=1, K, jy #ju, VL # R},
the set of k-permutations of J. When k = |J| we drop the index k and write simply I1(J). The symbol
(M :=nn-1)---(n~-(k-1)) = I ([n])|
denotes the number of k-permutations in IT,([n]).

For any subset A = {ji, ..., j,} C [n] we denote by e, the vector whose i-th component is equal to 1 if
i € A, and is equal to 0, otherwise.

2 Diagonal sections and distributions of order statistics

Let Ty, ..., T denote r non-negative random variables, defined on a same probability space (Q, F, P), with
joint survival function
Fty, oo ty) :=P(T1 > t1, .0, Tr > 1),

and survival copula K : [0, 1]" — [0, 1].

All over the paper we generally assume the following conditions, unless specified otherwise,
(H1) therandom variables T4, ..., T, are identically distributed with common one-dimensional marginal sur-
vival function G, i.e.,
G(t):=P(Tj>t), forj=1,..,r,andfort>0.
(H2) G(t) is continuous, strictly positive, and strictly decreasing on (0, eo).
(H3) the random variables Ty, ..., Tr are no-ties, i.e., P(T; = Tj) = 0, for i # j.
Since T4, ..., Tr are non-negative, condition (H2) implies that G(0) = 1 and that G(t) is invertible. Though (H2)
is not strictly necessary (as, for example, in Proposition 8), we assume it for simplicity’s sake (for example
we use (H2) in Proposition 5, Remark 6 and Corollary 9, within this section and somewhere else, within the
other sections). Condition (H3) allows the order statistics Ti.r, ..., Tr.r of (T4, ..., Tr) to be defined without
ambiguity. We denote by
Gur(t) :=P (T1r > t) 5 eny Grar(t) 1= P (Tyr > 8) 1)

the corresponding marginal survival functions.
Note that the order statistics Ty.y, ..., Tr.» may be considered as the jump times of the counting process

r
N() := Z 11y
i=1
i.e., the process such that N(t) = k for t € [Ty.,, Tx.1.,), where we have set Tp., = 0 and Ty.1., = oo.
Before continuing we recall the following definition.
Definition 1. For a r-dimensional copula C the diagonal section is the function
§°: 00,11 = [0,1]; uw 8w =Clu,u,...,u)

Furthermore, for any A C [r], by b‘g we denote the diagonal section of the marginal copula, corresponding to
the A-components, i.e., the function

65: 10,11 - [0,1];  uw 85u) := Cluey +exe).
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In particular we refer to the functions

¢ times  1-{ times

——
u,..,u,1,..,1),

H[C,](u)=C( 2<il<r

as the diagonal sections associated to C.
For the functions 6&] we will also use the shorter notation 6?, namely
87) := 6 (w), 2sesr,

and the shorter term diagonal sections of C. Such terminology turns out to be convenient for the ensuing
arguments. It is clear that, for A C [r], with |A| = ¢and A # [¢], the two functions Sg and 5f are generally
different.
It is also clear that 85 (u) is an increasing function and that 65(u) = 65(u) = ... > 6(u). Conditions, for a
function § : [0, 1] — [0, 1] to be the diagonal section of a copula, are given, in particular, in Jaworski [12],
and Durante and Sempi [9].

In what follows, when dealing with the diagonal sections associated to the survival copula K of T, ..., Tr
we drop the superscript, i.e., we set

8,(u) = 65w), 2<t=r.

Assume for the moment that the joint survival function F(t1, ..., t;) is exchangeable, namely
F(ty, ..., t) =K (G(t1), ..., G(&)), forty, ..., tr>0,

with K permutation-invariant.

Aswell-known, a direct relationship can be established between §; and the probability law of the minimal
order statistics Ty, in fact one immediately obtains, for t > 0,

G () =P(T1 > t, ..., Tr > ) = 6:(G(1)). #)]
By taking into account exchangeability of T4, ..., Tr one can similarly write

]p(Tj] Sty T >t) =P(Ty> ..., Tg> 1),

=F(t, ..., t,0,...,0) = K (G(t), ..., G(0), 1, ..., 1) = 64(G(1)), (€]

ford =1, 2,...,r-1and for any subset of indices J = {ji, .., j4} C [r] of cardinality d. Whence one can write

Gea)= 3 (1) (;) <’}jj>6h(ﬁ<t», f=1,.r. @)

h=r-£+1

In fact, by using (3), the latter formula is readily obtained from the formula expressing the survival func-
tions of the order statistics of exchangeable variables in terms of the survival functions of the minima within
subsets of the same variables (see in particular David and Nagaraja, p. 46 [5], Jaworski and Rychlik [13], Rych-
lik [22]).

As we will see in Proposition 7, formula (4) for G,.,(t) is still valid when the joint distribution of T4, ..., Ty
satisfy the specific symmetry conditions recalled in Definitions 2 and 3, below. Such conditions are actually
weaker than exchangeability, and turn out to be equivalent each other (see Proposition 5 below).

Definition 2. We will say that the random variables T, ..., T, are t-Exchangeable if for every t > 0, the binary
random variables X;(t) = L1 i=1,...,r, are exchangeable, or equivalently the events {T; > t},i=1,...,r,

are exchangeable.

We will briefly refer to the previous property as t-EX.
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Definition 3. The random variables T, ..., Ty are said minimally stable, when, for any ¢ = 1, ..., r and for
any subset A = {j1, ...,j,} C [r]

P(Tj, >t,..., Tj, > ) =P(T1 > t,..., Ty > 1), V>0, )
namely P (T;, > t, ..., Tj, > t) = F(t, ..., 1,0, ...,0), V¢ > 0.
N~ ——

£ times  r—{ times

Finally we recall the strictly related concept of diagonal dependent copulas (see Navarro and Fernandez-San-
chez [17]). Such a concept can be obtained as a special case of the one of k-diagonal dependence, for k < r,
as introduced by Okolewski in [21].

Definition 4. Let C be an r-dimensional copula C. The copula C is said to be a k-diagonal dependent copula,
with k < 1, if for any subsets A, B C [r], with |A| = |B| < k

85w = 850, Vuelo,1]. ©
When k = r, the copula C is said diagonal dependent.

As in Navarro and Fernandez-Sanchez [17] we briefly refer to the property of diagonal dependence as DD.
The following result can be obtained by taking into account basic and well known properties of exchange-
able binary random variables originally obtained by de Finetti (see [6]). See also Navarro et al. [18].

Proposition 5. Under the conditions (H1)-(H3) the following properties are equivalent
(i) The random variables Ty, ..., Tr, are t-Exchangeable;
(ii) Forall H, H' C {1,2, ..., r}, with |H| = |H'|

P(Tj>t,vj e H, T;<t,vi¢ H) =P(T;>t,Vj e H, T; < t,Vig H'). @)

(iii) The random variables Ty, ..., Tr are minimally stable;
(iv) The random variables Ty, ..., Ty are identically distributed and their survival copula K is diagonal depen-
dent.

Proof. Properties (i) and (ii) are clearly equivalent: indeed
P(Tj>t,vje H, T;<t,vig H) =P(X;(t)=1,Vj € H, X;(t) = 0,Vi ¢ H).

Similarly properties (iii) and (iv) are equivalent: indeed if T4, ..., T, are minimally stable, then by taking
¢ = 1in (5), they are identically distributed, and therefore for all A C [r] with |A| = ¢

P(T; > t, Vi € A) = K(G(t)ey + eac) = 6,(G(t)), Vt=0,

and G(t) is invertible, in view of the regularity condition (H2).
Finally (iv) is equivalent to (ii), in view of the inclusion-exclusion formula.
O

Remark 6. The previous result (Proposition 5) holds true also without the regularity assumption (H2) on G, but
in the general case an extension of the notion of Diagonal Dependence is needed (see Navarro et al. [18]).

The interest for the properties (i) and (iv) had independently emerged in the two papers Marichal et al. [15]
and Navarro and Fernandez-Sanchez [17] with reference to the field of systems’ reliability. Still in the same
framework, furthermore, the study of conditions for the equivalence between (i) and (iv) has been developed
in Navarro et al. [18]. See Remark 14 below for details about the connections with system reliability.

We are now in a position to establish the following result.
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Proposition 7. Assume (H1)-(H3) and any condition among (i)-(iv). Then the equations (4) hold.

Actually the validity of (4) hinges on the Eq. (3), which only requires the DD property of the survival copula
and the identical distribution of T;, i = 1, ..., r.

From now on we make the following further assumption
(H4) the random variables Ty, ..., Tr are minimally stable.
Namely we assume the condition (iii) of Proposition 5 and, at a time, we highlight that such a result just
ensures the validity of the equivalence among all the conditions (i)-(iv), under our standing hypotheses
(H1)-(H3).

Under the assumptions (H1)-(H4) we thus proceed to establish detailed results concerning the relations
between the following families of functions

A:={G;62,...,6:}, B:={Gryy..., Grr}. 8)

Since the marginal survival functions Gy.;, ..., Gr.r are determined by the knowledge of the joint distribution
of Ty, ..., Tr then, in principle, the family B should depend on the survival copula K and the common sur-
vival marginal G(f). Actually the full knowledge of K is not necessary, since the knowledge of the associated
diagonal sections is sufficient as shown by the formula (4). More precisely the families A and B convey the
same amount of information concerning the joint distribution of Ty, ..., T, as we point out in details in what
follows and summarize in Proposition 10.

To this end we start by recalling that when Gy.,, ..., G are known, we can easily recover the common
marginal survival function G(t). Indeed, the random variables T4,..., Ty are identically distributed and there-
fore

0= 1Y G0, ©
k=1

as immediately follows by observing that }°j _; 1(7,¢} = k1 1{1,,56}-
Furthermore the same formula (4) would permit to recover, step-by-step, the functions 65, ..., 6;. Here
we follow a different path and the detailed formula is given in the Corollary 9 of the following result.

Proposition 8. Under the conditions (H1)-(H4), for every d € [r], and ] C [r], with |]| = d

P(Tj>t,vje])=> % (EF}HI:r(t) 7Er7h:y(t)) ©)
h=a =4
r-d+1 -~
CH ; (r-K)g-1 G (1), >0, 1)

where by convention Go.(t) = 0, for t > 0.

Also for what concerns the proof of Proposition 8, similarly to what we mentioned for Proposition 5, one could
apply well-known and simple results (see, e.g., de Finetti [6]) about exchangeable binary random variables.
For the ease of the reader we give a self-contained, and detailed, proof at the end of this section. Here we only
point out that the most important ingredient of the proof amounts to the validity of the following identity for
any subset J C [r]:

B(Tj>t,vjel)= Y P(Tj>t,VjeJUK, Ti<t, Vig JUK) (12)
K:KCJe
or equivalently
P(Tj>t,vje])= > P(Ty>t, vjeH, Ty<t,vi¢H). 13)
H:HDJ

From Proposition 8 we get the expression of 8 in terms of the marginal survival functions Gy.,(t), k = 1, ..., .
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Corollary 9. Under the conditions (H1)-(H4), for every d € {1, 2, ..., r}, the following equalities hold

84w =3 % (Gronerr (67'00) = Gy (6 ) ) (14)
h=d
r-d+1
-4 37 (- hget G (G '), w0, 11, (15)
Na paet

Indeed, this result is a consequence of equations (10), (11), and (3), since, as already observed the condition
appearing in (3) also holds for minimally stable variables.

The above results, concerning the relations tying the families A and B, will be now summarized by means
of the following proposition.

Proposition 10. Under the conditions (H1)-(H4), the family of the survival functions B = {Gu.r, ..., Gr.r } is
determined by the family A = {E, 62y ey (Sy} by means of formula (4). Viceversa the family A is determined by
the family B by means of formula (14) (or (15)) and formula (9).

Remark 11. For non-exchangeable, but minimally stable lifetimes T1, ..., Ty there still exist exchangeable life-
times T4, ..., Ty, such that P(Ti >t)=P(T; > t) = G(t), and the diagonal sections Eg(u) associated to their
survival copula K coincide with the diagonal sections 6,(u) associated to the survival copula K. Indeed K may
be constructed by symmetrizing K:

= 1
K(ul,...,Ur)=F Z K(ugy s -..s Ug,).
" oen(r)

The above construction can be of help in obtaining the explicit form of P(T; > t, Vj € A) in some special cases
(see in particular Subsection 5.2).

Remark 12. The problem of constructing examples of vectors which are not exchangeable, but still minimally
stable, naturally arises. Since minimally stable variables Ty, ..., Ty are identically distributed, constructing such
examples is equivalent to constructing diagonal-dependent copulas, which are not exchangeable. In the fol-
lowing Example 13 we present a simple path to such a construction. Other examples can be found in Navarro,
Fernandez-Sanchez [17], and Navarro et al. [18]. See also Example 31 in the Appendix.

Example 13. First of all we notice that, when r = 2, then any pair (T1, T,) of identical distributed random
variables is minimally stable, but in general is not exchangeable. Similarly, and trivially, any 2-dimensional
copula C is minimally stable. Indeed 6‘27(11) = C(u, u), and 6‘1:(11) = C(u,1) = C(1,u) = u. Starting from the
copula C one may define two 3-dimensional copulas as follows

1
Ca,2,3) (U1, Uz, u3) := 3 [Clur, up)uz + Cluz, us)uy + Clus, uy)us]

1
Cg,2,1) (U1, Uz, u3) := 3 [Clus, uz)uy + Cluz, ur)us + Cluy, us)u,|

respectively obtained as the symmetric mixture over the cyclic permutations of (1, 2, 3) and the cyclic permu-
tations of (3, 2, 1). Notice that when C is non-exchangeable, then C, , 3y and C , 1) are non-exchangeable:
indeed if u,v € (0, 1) are such that C(u, v) # C(v, u) then, for example,

1

Ca,23M,v,1) = 3 [Clu,v)+ Cv, Du + C(1, u)v] = % Clu,v) + % uv,

which is clearly different from

Ca,o,3)V,u,1) = % [Cv,u) + C(u, 1)v + C(1, v)u] = % Clv,u) + % uv,
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thus C, , 3) is non-exchangeable, though the 2-dimensional marginal distributions are all equal, namely

1 2
Ca,2.3W, v, 1) = Cy 5,3 (v, 1,u) = Cy 5 3(1,u,v) = 3 Clv,u) + Juv.

By iterating the above construction, one can also obtain a DD, non-exchangeable, copula which is n-
dimensional. Details can be found in the Appendix (see Example 30).

Remark 14. As already mentioned, the topics developed in the papers Marichal et al. [15], Navarro and
Fernandez-Sanchez [17], and Navarro et al. [18] are motivated by questions arising in the field of systems’ re-
liability. More precisely these papers deal with the so-called signature representation for the survival function
R(s"’] (t) of the lifetime Ts of a binary coherent system S, made with r binary components, with structure function
@, and for which the random variables Ty, ..., Tr have the meaning of the components’ lifetimes. The signature
of S is a probability distribution s := (s(l‘”), e 55"’)) over [r] which is a combinatorial invariant associated to
@ (see in particular Samaniego [24]). The signature representation means that the equation

RY®) =Y 51Gyr(0) (16)
h=1

holds for any t > 0.

Under our standing hypotheses (H1)—(H4), the properties (i) and (iv) are equivalent and also imply the signa-
ture representation (16) for the survival function R(s"’)(t). When the functions Gi., ..., Gr.r are known, one can
then recover from (16) the function Rg"’) (t), relatively to any structure ¢ for which the signature s is known. At
the same time the family of all the functions R(s"’] (t) in particular contains the family B = {G1.,, ..., Gy }. In fact,
the survival functions Gy., can be seen as the reliability functions of the coherent systems of the type k-out-of-r,
fork=1,...,r.

We end this section with the afore announced proof of Proposition 8.

Proof of Proposition 8. We start by recalling that N(¢) = }°;_; 1 (1,ty and observing that

P(N() =r-h) = Z P(Tj>t, Vje], Ti<t,Vig))
J:|J|=h

so that, thanks to Eq. (7)
B(N(H) = r-h) = (;)IF’(T]- >tVje (1,2, ), Tist, Vie (h+1,..,r}),

or equivalently, for any H C [r], with [H| = h

1

(i)

P(T;> ¢, Vi€ H, Tyst,VigH) = 7= P(N() = r - h). (1)

On the other hand, we observe that

P(N()=r~h) = 11:D(Tr—h:r st< Tr—h+1;r)
=P(Trfh+l:r > t) - P(Trfh:r > t) = Erfhﬂ:r([) - Er—h:r([)- (18)

Then the thesis follows immediately: indeed, foreveryJ c {1, 2, ..., r} with |J| = d, Eq.s (17) and (18), together
with (12), imply (with the convention that (8) =1)

P(Tj>t,vie))=> (;:Z) % (Gronsrr® = Gpopr (1))
h=d h
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and formula (10) follows by observing that

(rd) _ (g
G

Finally, from (10), taking into account the convention that Go.,(t) = 0, one obtains

r r-1
MaB(Tj>t, % €7) =Y (WaGr_gr1)s (0 =D (W4 Gpopir (O
h=d hed

r-1 r-1
= >kt DaGrgerd = D (WaGroper(0)
k=d-1 h=d
r-1
=d! Gy gy + Y [k + Dg = (0] Greger (D)
k=d

Therefore, by observing that

(k+1)g=(K)g=)g-1[k+1-(k-(d-1)]=(k)g1d,

one gets
d r-1 _
P(Ty> 6, vie)) = o > (DaaGrper(O)
(T)d ed1
Then formula (11) follows by setting h = r — k in the last sum. ]

3 The use of multivariate conditional hazard rates

In this section attention will be restricted to random vectors of lifetimes with absolutely continuous joint
distributions, so that their probabilistic properties can be alternatively described in terms of the multivariate
conditional hazard rate (m.c.h.r.) functions. In a first part of this section we recall the definition of the m.c.h.r.
functions associated to generic random variables {V}, j € [n]}, reviewing related properties and providing
some references. Furthermore, for A  [n], we focus attention on the joint distributions of { V}, j € A}. In par-
ticular we analyze the probability distributions of their minima by means of the m.c.h.r. functions associated
to {V}, j € A}. In the second part, coming back to our lifetimes T4, ..., Tr, and adding absolute continuity
condition to our standing hypotheses, we characterize both the exchangeability and the minimal stability
conditions by means of the m.c.h.r. functions associated to {Tj, j € [r]}.

3.1 Multivariate conditional hazard rates and distribution of minima

In this subsection we briefly recall some definitions and basic properties of multivariate conditional hazard
rate functions for n non-negative random variables Vi, ..., Vi, with an absolutely continuous joint distribu-
tion whose joint density function is denoted by fy. For simplicity’s sake we will assume moreover that there
exists a version of the joint density which is strictly positive on RY, i.e., fy(v1, .., va) > 0, when v; > 0, for all
i=1,2,...,n

Fork =1, ...,n- 1, and for any k-permutation j = (j, ..., ji) € II}([n]), the symbol V; denotes the vector
of lifetimes (Vj,, - - - , V},); for any subset J C [n] we denote

Vy.7 :=min Vj; 19
W e )
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furthermore, if j € I1(J), for 0 < v; < -+ < v} < v the symbol

Vi=v; Vype>v (20)
briefly denotes the observation
Vi =vi,+-+, Vi =vi, minV;>v.
J1 1 Jk k jeje

The observation V; = v; Vyc > vin (20) is often called a “dynamic history".
For the given k > 1, ] C [n], with |J| = k,j = (1, .., ji) € HJ), v > 0,0 < vy <--- < v <v,j ¢ ], the
multivariate conditional hazard rates (m.c.h.r.) function v — A)-‘i(v\vl, -++,vy) is defined by the limit (where

it exists)
P(Vj <v+A[Vj=v; Vige > V)
A s
Note that the above m.c.h.r. functions A;;, . ;, depend also on the version of the conditional probability.
Furthermore, for any j € [n], the m.c.h.r. function A,-m(v) : [0, o0) — [0, o0) is defined by the limit (where
it exists)

a.e. 21)

Aii o (V[vy,-++,vy) := lim
Jlitseees 1k( [v1, 2 Vi) Am

P(Vj<v+A|Vip > V)

Ayov) = fig, a , ae @)
In the sequel we will use the convention
Af|i1 ,,,,, jk V|vi, e vi) = A,'W(V), when k = 0. 23)

The above limits make sense in view of the assumption of absolute continuity of the joint distribution of
V1, ..., Vn and the m.c.h.r. functions can be seen as direct extensions of the common concept of hazard rate
function of a univariate non-negative random variable.

For the random vector V = (V1, ..., V), the system of the m.c.h.r. functions in (21) and (22) can be
computed in terms of the joint density fy. It is remarkable the circumstance that the function f can be ob-
tained from the knowledge of the set of all the m.c.h.r. functions in terms of a formula, that we are going
to recall next. Preliminarily, we first notice an obvious difference between fy and the functions Ay, ;, (v|
V1, ..., V): while the arguments vy, ..., vx of fi are generally not ordered, the arguments vy, ..., v of the
functions A” 1o (v|vy, ..., Vi) are necessarily listed in increasing order by definition. Furthermore, for given
non-ordered values vy, ..., vn, we denote by vi.p, ..., Vn:n the same values rearranged in increasing order.
Then the following formula holds: for (vq, ..., vn), letj = (j1,...,jn) a permutation in II([n]) such that
Vi =Vj, $Van = Vj, S+ S Vi = Vjy,

n
Fo s s vi) = M Ay (Vs oo Vi)
Y
L P i Vi) d
e Sy At @YoV ) u (24)
where we have set v, = 0,

Ay WV Vi )= DT A WV e i), (25)
J&{j1seemik-1}

and we have used the convention that, when k = 1,

Aill'lw-,im(ulvh' I ka—1) = Ai\m(“),

1 = A@(u) = Z /Ijm(u). (26)

jelnl

A}'1,-~-Jk71(u‘vi1’ e vikfl) e

For proofs, details, and for general aspects of the m.c.h.r. functions see Shaked, Shantikumar [26, 27].
See also the reviews contained within the more recent papers Shaked, Shantikumar [28], Spizzichino [30].

Forany subsetofindices A = {hy, ..., hj4|} C [n], one canalso consider joint density of the random vector
(Vhys - Vh ). Such a density may be defined by means of a different family of m.c.h.r. functions, related to the
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choice of the set A. Namely for any k < |A| and for any k-permutation (j1, ..., jx) € Iy (A),j € A\{j1, -5 jik}»
0 < vy <.+ <V <V, we can consider the m.c.h.r. functions defined as follows

. P(Visv+ AV =i Vg, i >V
M 0ve, e vg) = Jim (v j ; LA\, eonfi} ), ae. @)
and, forje A,v>0
P(Visv+A|Via >V
Ay(¥) = lim PO =vedlVia>y) -, (8
J 450 A

In view of the characterization of minimal stability, we are interested in the distributions of minima over
different subsets of [r]. It is therefore relevant to highlight that, in particular, the functions A;4(v), forj < [nl,
are strictly related to the marginal law of the minimal order statistic V1., = Vy,j5) = minj.; _, V}. In this
respect the following identity holds:

v

P(Vigp > V) = exp{ - ]zn:Ai‘m(s)ds} = exp{ - /A@(s)ds}. 29)
o J=L 0

(See, e.g., De Santis et al. [7], where a more detailed description of the probabilistic behavior of V;.,, in terms
of A4(v), for j € [n], is pointed out). Similarly, we can also consider the survival function of V;.4, the minimal
order statistic among the variables Vj, with j € A, for A C [r]. With the notation introduced so far, one can
write

P(Vy4 > V) = exp{ - /Zﬂﬁ@(s)ds} = exp —/A‘a(s) ds} R (30)
o0 JeA 0
where
AR =" Ay (0. Gy
jeA

Notice that therefore the functions A(t) and Ag (t) can be respectively interpreted as the “usual” hazard rate
functions for the random variables V., and V;.4. This observation will be a key point for the discussion in
Section 4.

3.2 The m.c.h.r. functions and characterizations of Exchangeability and of Minimal
Stability

Here we come back to our lifetimes T, ..., T;. We maintain the condition (H1), whereas the conditions (H2)
and (H3) are replaced by the following stronger condition:
(H5) The joint distribution of Ty, ..., Tr is absolutely continuous, with the joint density such that

fr(ti, .., t) >0, a.e.inR}

We start with the exchangeable case, noticing that such a case leads to a remarkable simplification of nota-
tion, technical results, and conceptual aspects concerning the m.c.h.r. functions.

First notice that the symmetry conditions among the different random variables, as requested by
exchangeability, imply a specially simple form for the m.c.h.r. functions. More precisely, the functions

Ajjiy,..ip (i - - -, ;) cannot depend on the index j ¢ {i1, ..., ix}. Furthermore all the k-permutations
(i1, ..., ii) are to be considered as similar one another and thus the dependence of a m.c.h.r. function w.r.t.
to (i1, ..., it) is encoded in the number k. For the present exchangeable case, forany t > 0,0 < t; < -+- <
ty < t, we then introduce the symbols u(t|k;t1, ..., t;) and u(t|0) with the following meaning: for any

i=0G1,..nji) € IU)

Ao e o t) = ptlhs o 8, Ajp(8) = p(e0). (2
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Thus, for any (1, ..., t;) € R}, and denoting by t1.r, ..., t.; the values tq, ..., t, rearranged in an increasing
order, by Eq. (24), fr takes the form

s i »
Fr (t1y eor tr) = I uti1or K s oy trey)e” 0 i Ot 5 33)
0

where we used the further convention that ¢y, = 0.

On the other hand, when the form (32) is assumed for the family of the m.c.h.r. functions, the consequent
formula (33) shows that fr actually depends on the arguments ¢, ..., t; only through the ordered values
t1.r, ..., trr and thus itis necessarily exchangeable. In conclusion, the following characterization of exchange-
ability holds (see also Spizzichino [29], chap.2).

Proposition 15. Non-negative random variables T4, ..., Tr with a strictly positive joint density are exchange-
able if and only if the corresponding m.c.h.r. functions are of the form (32).

As far as minimal stability is concerned, one can find natural conditions involving the hazard rates functions
Ag(t) of the minima T;.4, for A C [r]. See in particular Lemma 17 in the next Section 4, where this topic is
dealt with in some details. Here we point out that the functions A/w4 (t) can be recovered once the m.c.h.r. func-
tions /Iﬁw(t), associated to the random variables {T}, j € A}, are known (see (31)). However in general, when
the distribution of Ty, ..., Tr is specified in terms of the associated m.c.h.r. functions Ay, ; (¢[t1, .., &), it
is not easy to recover the m.c.h.r. functions Afm(t) associated to {Tj, j € A}. Therefore it is useful to find
conditions for minimal stability expressed directly in terms of the m.c.h.r. functions A;;,___; (t[t1, .., t;). On
this purpose, taking into account the equivalence between condition (7) and minimal stability (i.e., between
conditions (ii) and (iii) of Proposition 5), it is relevant to express

P(T;j>t,vj€ A, Ti<t,Vie [r]\A)
in terms of the m.c.h.r. functions. To this end for any d-permutation j = (ji, ..., j4), we set

Yt [r],§) =P(Tj, < Tj, <+ < Tj, < t, Ty > tVi & {j1, s ja})

t sa 5
=/dsd/dsd 1'~-/dsl o oy Mg @15 dr
] 0 0
d

=2t Ay (T[St Seo1)dT
'H"mn,m,n,,(sﬂsl,...,sH)e Jety Mo R (34)
=1

Then, for any subset A C [r], we can write

P(Tj>t,Vj €A, Ti<t,vie[[\A) = > w,)). G5)
jem(r\A)
The above Eq. (35), together with Eq. (34), and Proposition 5 can be used to get the following characteri-
zation of minimal stability.

Proposition 16. Non-negative random variables Ty, ..., T; with a strictly positive joint density are minimally
stableif and only if the corresponding m.c.h.r. satisfy the condition that whenever A, B C [r], with|A| = |B| < r-1,
then

> s D= Y ¥, t>o, (36)
jenA) j’€ll(B)

where we have used the notation (34).

Observe that the exchangeability condition implies the identity ¥(t;[r],j) = ¥(¢;[r],§’) for any pair of d-
permutations j, j’, so that condition (36) is trivially satisfied.

The characterization of Proposition 16, besides its conceptual meaning, reveals to be effective in some special
cases. In particular we will use it when dealing with a subclass of Load Sharing models (see Subsection 5.2).
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4 Relations among diagonal sections of DD copulas, distributions
of order statistics, and hazard rates of minima

Concerning with the joint distribution of minimally stable lifetimes T4, ..., Tr, it has been pointed out in
Proposition 10 that the two systems of functions A = {G; 8, ..., 6;} and B = {Gy.r, ..., Gr.r} convey the same
information about the joint distribution of Tj,...,Tr and that they can be then recovered one from the other.
Like in Subsection 3.2 we assume (H1) and (H5), where the joint distribution of T4,...,T; can be described in
terms of the corresponding m.c.h.r. functions. In terms of those functions, we aim to single out characteristics
of the joint distribution, whose knowledge may be equivalent, under the condition (H4), to that of the systems
of functions A and B defined in (8). It will emerge that the information contained in the systems A and B is
equivalent to the knowledge embedded in the systems of functions defined by

e={a, ..., a0y G7)

Such equivalence is demonstrated by the relations tying € with A and B. Such relations will be detailed below

by means of the following Propositions 18 and 19. More precisely, in Proposition 18 we express each of the

families A and B in terms of C, whereas in Proposition 19 the family € is expressed in terms of A and in terms
of B.

We start by giving a characterization of minimal stability in terms of the hazard rates of minima. As al-

ready observed (see Eq.s (28) and (30)) the m.c.h.r. functions A}"m(t), j € A, are related to the law of the
minimum on an arbitrary set A C [r], indeed

¢
P(Ty.4 > ©) = exp {—/Aﬁ(s)ds} , t>0, (38)
0

where Aa’(t) = Zie " Aﬁw(t) is the one-dimensional failure rate of T;.4. Concerning with this notation, ob-
serve that the failure rate Ag](t) coincides with Ay(H) = 2}21 Ajja(8), so that Gy,() = P(T, > ) =
exp{ - fot Ay(s)ds ¢, (see also Eq. (29)). Equation (38) leads immediately to the following simple charac-
terization of minimal stability.

Lemma 17. Assume condition (H5) and assume that the hazard rates Aﬁ(t) of the minima T., are known, for
every non-empty subset A C [r]. Then each of the following conditions is necessary and sufficient for the minimal
stability condition (H4):

vaAcll, Aj@®)=A0 ae.,t>0 whered=|Al| (39)

and
t

VA C[r], P(Ty.a>t)=exp { /A[wd](s)ds} , t>0, whered=|A| (40)
0

Proof. Conditions (39) and (40) are clearly equivalent to each other, and if (40) holds then (H4) is immedi-
ate. Viceversa, by the assumption of minimal stability we may restrict attention on the subset of variables
Ty, ..., T4, which are minimally stable, as well. Indeed, since P(Ty.4 > t) = P(Ty.p > t) forany A, B C [r] such
that |A| = |B|, then (40) follows, and therefore also (39) holds. [m]

Clearly when the m.c.h.r. functions /Iﬁw(t) are known, for every non-empty subset A C [r], then (39) is equiv-
alent to

a d
VA CIr, Z/lﬁw(t) = ZA;['fa])(t)’ a.e.,t>0, whered =|A|, (1)
i1 i1

Proposition 18. Assume the minimal stability condition (H4), and the joint absolute continuity condition (H5).
Assume furthermore that the family C of the hazard rate functions Aé)dl(t) is known. Then
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(i) the family A is given by:

t
G(t) = exp { / A[m”(s)ds} , foranyt>o0, (42)
0
and ford =2, ...,rand forany u € [0, 1],
[
saw -exp)~ [ Af@as s @)
0

(ii) the family B is given by:
for¢=1,...,randforanyt >0,

r t
G- 3 (Dt <;) (’; :j) exp {- / Ag’l(s)ds} . )

h=r-£+1 0

Proof of (i). Due to minimal stability the random variables T; share the marginal survival function with Ty,

ie.,
t t
expy - Aim(s) ds} = exp { Alw)(s) ds} , t>0.
¥ /

Therefore Ai‘m(t) = Alm(t) = Ag](t), for any ¢ > 0, and (42) follows.

As already observed, we may concentrate attention on the random variables T, ..., T;. Therefore to
prove (43), on the one hand one has

t
P( min T;>f)= [ A¥g)as Y.
(min, 7> exp{ [ A as

0

On the other hand, taking into account (3) we can also write

P(i:T.i?,d T; > t) = 64(G(1)).

Thus Eq. (43) is immediately achieved by comparing the preceding two formulas and recalling that condition
(H5) implies condition (H2), which in its turn implies that G is invertible.

Proof of (ii). Taking into account Proposition 7, Eq. (44) is immediately achieved by combining Eq. (43) with
Eq. (4). O

Proposition 19. Assume the minimal stability condition (H4), and the joint absolute continuity condition (H5).
(i) Ifthe family A = {G, 63, ..., 6+} is known, then, setting 6:(u) = u,

¢ d e
A0 = -2, 108[6,GW)] . ae.t>0, (=121 (45)

(ii) IfthefamilyB = {Gy.,, ..., Gr.r} is known, then, respectively denoting by g1.r, ..., §r.r the probability density
of the order statistics T1.y, ..., Tr:r,
> hee e (8r-hs1:(O) = gropar (1))
Zz:[(h)l (Er—hﬂ:r(t) - Er—h:r(t))
_ SR g®
T =01 Gre0)

gy =
HGE

a.e.t>0, (=1,2,..,r. (46)



408 — Rachele Foschi, Giovanna Nappo, and Fabio L. Spizzichino DE GRUYTER

Proof of (i). For ¢ = 1 Eq. (45) follows immediately by Eq. (42). For ¢ = 2,...,r, Eq. (45) is immediately
achieved by inverting the Eq. (43).

Proof of (ii). Eq. (46) is obtained by resorting to Eq. (45) and Proposition 8, together with the circumstance
that P(Ty.4 > t) = 64(G(8)). O

These results can be further specialized to the case of exchangeable times Ty, ..., Tr. Forany d = 1, ..., r, the
exchangeable random lifetimes T4, ..., T4, are characterized by the m.c.h.r. functions y[d](t\k; t1, .., ty) for
k=0,...,d-1,0<t; <--- < t; <t, and therefore (see (32) and Proposition 15 for r = d)

A0 = aple0). @
In view of this remark, the set of functions € is equivalent to the set of functions
e = (o), ..., W0y, (48)

which is therefore equivalent also to the systems of functions A and B.
More precisely, when T4, ..., T, are exchangeable and satisfy (H5), then, with the above notation,
Eq.s (42), (43) and (44) can be rewritten as

t
G(t)=exp{— / ym(so)ds}, t>0, (49)
0
Glw
84(w) =exp{ -d /,u[d](s\o)ds , uelo,1],d=2,..,r, (50)
0
and
. r\(h-1 ; I
= _ _qyher-142 - _ h
Gul0= Y 1) @(,_ l)exp n [ Wsiords b (51)
h=r-{+1 0
Similarly Eq.s (45) and (46) take the form
¥tjo) - —% % log [6:G(t)], a.e.t>0, £=1,2,..r, (52)

1 Zzzi(h)é‘ (gr—h+1;r(t) ’grfh:r(t))
¢ Z;::[(h)f (Erfhﬂzr(t) - Erfh:r([’))
E =R G ()

PRCOE

ae.t>0, ¢(=1,..,r. (53)

5 Special cases

The arguments developed in the previous sections will now be illustrated by considering in Subsections 5.1
and 5.2 the two remarkable classes of models respectively defined by Archimedean copulas and by multi-
variate conditional hazard rate functions satisfying the load-sharing condition. These choices in a sense cor-
respond to the simplest possible forms admitted in the two types of descriptions of a joint distribution for
lifetimes, respectively.
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In particular, the analysis of these classes will allow us to obtain some examples of application for some
of the results derived so far, by showing the special form taken by related formulas. Subsection 5.1 is tailored to
illustrate basic aspects of the exchangeable case. On the other hand the arguments in Subsection 5.2 permit to
pave the way for a better understanding of the differences between exchangeability and minimal stability, and
to present some heuristic ideas at the basis of the construction of minimally stable, but non-exchangeable,
multivariate models.

5.1 Archimedean Copulas

Let us consider the case when the survival copula K of Ty, ..., Ty is Archimedean with generator 1. For sim-
plicity’s sake we assume that K is a strict Archimedean copula, i.e., the generator ¥ is a strictly decreasing,
continuous and convex function, such that 1(1) = 0 and )(0") = ee, so that K = Cy, with

Cpu, ooy ur) i= 7 (Pug) + -+ + PYluy)).

Itisimportant to recall that the function Cy, is an r-dimensional copula ifand only if the inverse function Plis
r-monotonic (see Theorem 6.3.6 in Schweizer and Sklar [25], Nelsen [20], see also Mc Neil and Ne3lehova [16]).
By Definition 1t is immediately seen that the diagonal sections associated to K = Cy, assume the form

6,(u) = t/fl(hp(u)), 2</=<r.

Furthermore, the survival copula K being symmetric, the model Ty, ..., Tr is exchangeable when the lifetimes
share the same common marginal survival function G, i.e., under condition (H1). Therefore, once ¥ and G
are given, then the family A in (8) coincides with the family {G(t), ¥ "1 (2¥(w)), ..., Y~ (r(u))}. From Eq. (4)
(see also Proposition 10) we know how the family B is generally obtained from A. In the present case, one
can more precisely write

r

= hr-1ee (T (R=1)\ 1, =

Grap= Y, DM (h) (r - () Y HaPG), 1stsr.
h=r-£+1

Moreover, under the further regularity condition (H5), by Eq. (52) one can get the m.c.h.r. functions

7 Slog [v7 (EW)] . ae.

1 _
ST T\ l/)/ G(t) g(t), a.e. (54)
v (v () (60)

PR

Conversely, when the family B of the survival distribution functions G,., is given, then we can recover the
family A. In this respect we stress that, even if the explicit expression of the generator i is not known, still
by Corollary 9 (see also Proposition 10), from B we immediately get the diagonal sections 6,(u), d = 2, ..., 1.
Then the following question naturally arises:
Does the knowledge of B allow us to identify the generator y?

In other words we wonder whether the identity §,(u) = Y~ (dy(u)) forany d = 2, ..., r is sufficient to identify
. We briefly discuss about this problem in Remark 20 below. To this end it is useful to write down explicitly
thecased =r:

Y W) = 6:) = G1r (G @),

andthecased =r-1:
W= D) = 6100 = 162 (G w0) + (1- ) i

Remark 20. It is interesting to point out (see Jaworski [12]) that when r > 2 the generator  is uniquely de-
termined (up to a multiplicative constant) by the pair §, and 6§,-1, though the proof of the latter claim is not
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constructive. On the other hand in general one cannot uniquely determine 1y only from 8., when r > 2, since
there may exist infinite generators with the same diagonal section &, (see again [12]). However, when the diag-
onal &, satisfy the condition 8y(17) = r, then Erderly et al. [10] show that 1 is uniquely determined (up to a
multiplicative constant) by §, and, furthermore, 1 can be approximated thanks to the following formula:

Y o lim r™(1-6"(w),
where 8;™ is the composition of 6; ' with itself m times.

A further particular case within Archimedean models is the Schur-constant case, i.e., when
P(T1 > t1, e, Tr > ) = Gt + -+ + ), (55)

corresponding to the choice G = 1! (see, e.g., [29]). In this case both the diagonal sections &, and the survival
functions Gy, are determined by the marginal survival function G(t):

8n(G(6) = Y~ (hp(G(D)) = G(ht) (56)
. h-1
Ger = > (it (;) ( ) G(ht), 1=<t<r.
h=r-£+1 r-
Furthermore, in view of the particularly simple form (56) of the diagonal sections, Eq. (52) can be rewritten as
4
o) = -2 Liog [Ger) = %, ace. s7)

Note that for Schur-constant models one could get the above results also directly, taking into account that
(55) implies
P(Ty >ty ey To> ) =P(Ty > ty ., Ty > t, Tyeq > 0,..., Tr >0) = G(L1).

Example 21. In order to illustrate how to compute the m.c.h.r. functions for Archimedean models, in this exam-
ple we consider two special cases within the class of Archimedean models sharing the same generator
YW= -1)F, a>0,B=1.

Note that the inverse function () = (ml)n is completely monotonic, so that Cy, is a copula for any r = 2.
The first case is the Archimedean model with G(t) = e™'. Then, for any A C [r] with |A| = ¢, one has

P(T1.4 > t) = 8,(G() = " (e (G(1)))
1 1

a = o« _ @
<(z(em—1)%)ﬂ+1> (Petx P +1)
Therefore by (54) and taking into account that

’ A (a+1) (,,-a -1
w=-—-u u“-1)",
W) = -5 (- 1)

we get
e (et~ 1) 31

weio) = - —
(Pt — 08+ 1) ((theta—p+1)™ - 1)

As a second case, we consider the Schur-constant model with the same generator 1, which corresponds to the
choice

_ 1
GO =90 - ﬁ g0 = ﬁ(t,, e
Then by Eq.s (56) and (57) we get
_ 1 0] _ (Zt)ﬁ_1
P(T1.0 >t)*wy K (t‘o)iaﬁ(ﬂ)ﬂJrl.



DE GRUYTER Diagonal sections, mchr, order statistics =—— 411

5.2 Time homogeneous load-sharing models

Load sharing models are characterized by the condition that the m.c.h.r. functions depend on current time
and on the set of failed components at the current time, but do not depend on the failure times. Load sharing
models are well known and recurrently studied in the reliability literature (see, e.g., Spizzichino [30], Rychlik
and Spizzichino [23], and the references cited therein). In particular the joint and marginal distributions of
the order statistics have been studied in some details. For what concerns the special case of exchangeability
see also Kamps [14].

In the literature it is also assumed that the m.c.h.r. functions do not depend on the order of failures, however it
is interesting here to extend such a definition to a generalized class of models in which instead also the order
of failure times may influence the m.c.h.r. functions. Actually some of the existing results on load sharing
models can be easily extended to this class.

Definition 22. The joint distribution of the random variables T, ..., Tr is an Order Dependent Load Sharing
model (ODLS) if it is absolutely continuous, and the m.c.h.r. functions do not depend on the failure times, i.e., for
anyk=0,1,...,7 -1, there exist (i) k!(r - k) functions v ~ A; (v) such that, forany 0 < v{ < -+- < v <V,
and (j1, ..., ji) € Mi([r])

[Jseeesiic

Ai\jl,u.,jk(V\Vl, Vi) = /11'\,'1 jk(V)~
The model is said simply Load Sharing (LS) model when the m.c.h.r. functions depend neither on the failure
times nor on the order of failures, i.e., for any k = 0, 1, ..., r-1, there exist (,’() (r — k) functions v Al fineii} )

such that, forany 0 < vq < +++ < vy < v, and (jy, ..., ji) € i ([r])

Al VIVEs 5 V) = Ay iy (-

When furthermore the functions v — Ay, . W) = Ajljsenii (respectively, the functions v +— Al s, }-k}(v))
are constant w.r.t. time v, then the model Ty, ..., T, is said an Order Dependent Time Homogeneous Load
Sharing model (ODTHLS) (respectively, a Time Homogeneous Load Sharing model (THLS)).

Clearly a Load Sharing model is also an Order Dependent Load Sharing model. To distinguish between the
two cases, we will sometimes say that a model is a strictly Order Dependent Load Sharing model when the
m.c.h.r. functions do depend on the order. From an engineering-oriented viewpoint, strictly ODLS models do
not seem very significant for applications in the field of reliability. However models with this property may
emerge in different fields, as shown in De Santis, Spizzichino [8] in the analysis of aggregation paradoxes.
See also Example 29 below, where the condition of load sharing must be limited to strictly ODTHLS models
on the purpose of finding among uniform frailty models (see (76)) those which are minimally stable, without
falling in the exchangeable case.

Concerning the analysis of the minimal stability, it is important to stress that, in general, d-marginal
models of load sharing models are not load sharing. This fact entails that the m.c.h.r. functions /l;.“m are in
general not easy to compute, even in the exchangeable case. In the latter case however we will be able to
compute such functions explicitly by using the results of Section 4. On the contrary in the non-exchangeable

case, we will give minimal stability conditions in terms of the m.c.h.r. functions A;;, ;.

Exchangeable THLS models. An exchangeable load sharing model clearly cannot be strictly order depen-
dent, in that its m.c.h.r. functions are such that u(t|k; t1, . . . , ty) = p(t|k). Furthermore it is time homogeneous
ifand only if for any k = 0, 1, .., r - 1 there exists a constant L(r - k) such that A;, _; (t) = L(r - k) and
L(r-k)

r-k °

uk) = (58)
In such a case it is easily seen that

= X, X X

G =P(75 + ooy * ooty > 1)

where X; ~ EXP(1),i =0, 1, 2..., r- 1, are independent random variables (see in particular Spizzichino [30],
Kamps [14], Cramer and Kamps [4], and references therein). In other words, forany k = 1, .., r, the distribution
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of Ty., coincides with the distribution of the sum of k independent exponential distributions of parameters
v1 = L(r), ....,7x = L(r - (k - 1)). In the literature such a distribution is known as Generalized Erlang or
Hypoexponential distribution: for a fixed vector v = (y1, ..., yr) € R],

k
[0 ::]P(Z% >1) (59)
j=1
for Yy, ..., Yy, independent and standard exponential random variables.
When ~ = (71, ..., ) is such that »; # ; for all i # j, the above distribution is referred to as Hyperexpo-
nential, and furthermore (see, e.g., Cramer and Kamps [4] and references therein) the survival function and
the probability density are respectively given by

k
E’Z(t) :Z ( H ,\’Yh,y) e,
=1 \netrvgy ™

and

j=1 \helk\{j}

k
g0-3( T 525) e
Th =
Therefore, denoting by L the vector
L:=(L(N,L(r-1),...,L(1)),

in the exchangeable case we can write

G (£) = G (0). (60)
Furthermore, on the one hand formula (9) takes the special form
1 1 AL
GO =Y P+ i+ + oy > 1) = 5 2 Gr(o). (61)
k=1 k=1
On the other hand, taking into account (11), for any A C [r], with |A| = d, one has
B 4
P(Ty.a > t) = 64(G(0) = on kz (r—k)d,lw’(% + % P % > )
R ; (r-k)a1 Ge(®) (62

and consequently, recalling the notation in (47), (53) becomes

r-d+1 L
-K)a- t
W0 - 3 Zi T O D, ©
Y r=K)a G(6)
In particular, assuming that L(i) # L(j) for i # j, and setting
L(r-h)

he{0,.... k-1\{£} Lor-m-Lr-0

Lo._
Ik =

one has

R LA Lir-(h-1) ~L(r-G-1))
G(t)=; Z H Lr-(h-1)-Lr-(-1)) € t

k=1 j=1 \helk\{j}
-1 r
1 _L(r-
S8 () e
£=0 \k=£+1

71 r-d /r-d+1 B . L0t
P(Tya > ) = S -1 | €
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and

1 i ( e ‘;:}(7 K)g-1 92,{) L(r - £) e L0t
4 Z ( 2‘;:} k)d_lt%k) e-Lr-0t

K (tl0) =

Note that, when d = r, then we obviously get that the function t — u!"l(¢/0) is constant and pl(¢|0) =
%L(r), whereas for d < r the function t — y[d] (¢/0) is not constant.
This fact is somehow related to the afore-mentioned circumstance that the d-dimensional marginal distribu-
tions of a load sharing model is generally not load sharing.

Before passing to the non-exchangeable case, we observe that in the present THLS exchangeable case
the function ¥(t; [r], j) defined in (34) can be explicitly computed:

Yt §) =P(Tj, < Tj, <+ < Tj, <t < Ty, Vi & {j1, o0 Ja})
= E]P’(T <t < Ty Vj€{ji,edals Vi g {j1, s ja})
11 1 =L —=L
= <~ P(N(t) =d) = — |Gg+1(t) - Ga(8)], 64
i 7 P00 = &) = (- [64.4(0 - i) (64)
where we have used the notation introduced in (59). In view of Proposition 16, expression (64) turns out to
be useful also in the analysis of minimal stability conditions. Indeed even for any ODTHLS model one has

Y(t;[r],§) =P(Tj, < Tj, <+ < Tj, < t < Ty, Vi & {j1, ..., Ja})

t Sd S2

Ajcljtseee, jH'/de/ dsdfl"'/dsl
1 0 0 b

|: *(f SaAjy ...y He (5e=5¢-1)Ajy..., j[,1:| (65)

=1

jEN

~
il

d
A
Sk M [Gaa(6) - GA(D)], (66)

Py

where A = (Ag, Ajs ey Aj s voes Ajyjiy)-

In the following Example 23, for the case r = 3, we will analyze two different THLS models: an exchange-
able THLS model and a minimally stable (non-exchangeable) THLS model which is trivially not strictly order
dependent. On this purpose we will compute the survival functions of minima on sets of size d = 1, 2, 3 and
the marginal survival functions of order statistics. We will focus both on the common features and on the
differences between the two models.

Example 23. We start by considering the non-exchangeable model: let r = 3 and let T1, T», T3 be lifetimes
jointly distributed according to a THLS model with m.c.h.r. functions given as follows:

A1jp(O) = Agp(6) = A39(8) = 5

A}\l(t) =7 Az\l(t) =1-7, Al\z(t) =7 A3|z =1 - Az\a(t) =7 A1\3(t) =1-7,
for a fixed value ~ € (3, 1) and finally

A112,3(0 = A313,2(6) = A11,3(6) = Ag13,1(6) = A3)1,2(6) = A3p2,1(6) = 2
For this model one has

@D Ap=1, A =1, A;;,=2, foranyji #j:€{1,2,3}.
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Furthermore we consider lifetimes Ty, Ts, 7"3 jointly distributed according to the exchangeable THLS model
defined by

(i) Ag=LB3)=1, A; =L2)=1, A}, ;, =L() =2, foranyji #j, € {1,2,3},

or, equivalently (vecall (58) with r = 3), such that u(0) = 3, u(1) = 3, u(2) = 2.

As we are going to see below, the two models share the same marginal survival functions of the order statis-
tics. Before checking this property, we point out a main difference between the two models: for the exchangeable
model one obviously has

1 Lo
P(Tj, < Tj, < Tp)) = 5y, forany Gu o, j3) € H(BD,
whereas, for instance, one has

%zP(Tl<T2<T3)<P(T1<T3<T2):%.

The above inequality is implied by the observation that for THLS models one has (see, e.g., Spizzichino [30])

Ao Aialis Al
A@ Ah Ai1,}'z

P(Th < Tiz < Th) =

The above inequality shows also that T1, T,, T5 is a non-exchangeable THLS model. However the random vari-
ables T, T,, T3 are minimally stable. Indeed by the previous values in (i), and by Eq. (65), one has:
forany j1 € {1,2,3},
W(t;[31,j1) =P(Tj, <t, Tj > t,j # 1)
[' [.

_ /Ailmefs/lg oIy g / %e—s o9 gg — % tet; (67)
0 0
for any (j1,j2) € M([3),

¥ (&3], G1.2)) =B(Tj, s Tj, < £, T, > t)
s

t
= / ds / ds’ e M 4y ;e 40 e gs
o o

t
1 -2t 1 b, -t -2t
=§/1}«2Ule /sesds=§/1}-2ul (eft-et+e™™).
0

Taking into account that, for any (j1, j,)
Ajlis + Ay =7+ (1 =7) = 1,

we may apply Proposition 16 to conclude that Ty, T,, T3 are minimally stable. Furthermore we get that, for any
(1, J2,73) € I([3]),

1, - - -
=3 (eft-etre™). (68)

From the previous computations, and in particular (67) and (68), we get explicitly the following survival functions

P(Tj, <t,Tj, <t,Tj, > t)

P(Tyq1,23 >0 =P(T1 >, T, > ¢, T3> ) = e’
IP’(TL{LZ} S =P(Ty>t,T,>t)=P(T; >t, T, >t, T3 > t)

ot b e t
+P(Ty>t, To>t, Ty3<t)=e +3te =e (1+3>,

GWU)=P(Ty>t)=P(Ty >t, Ty > t, T3> ) +P(Ty > t, T, > t, T3 < t)
+P(Ty>t, T3>t, To<t)+P(Ty>t, Ty <t, T3<t)

-t t ¢ 1 ¢ e oty _ 2 ¢ 1 o
=e +2§e +§(te -el+e )=§e rte+ e
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To see that the families of the marginal survival functions of the order statistics coincide for the two models,
we take into account that in general, even withr = 3,
Gia(0) = e MO _ PN = 0), and Gp(H) = BN(O) < € - 1).
We notice furthermore that, for minimally stable models, Eq. (17) (withh = r —kand H = {k + 1, ..., r}) and

Egq. (35) imply that

P(N(E) = k) = <;) P(Tyst,Vie (1,2, kb Tj> t, V€ {k+ 1,0, 1})

- (;{) Z (61, G1s s on i), 1zksr
(i

,,,,,, Jen((k])

Thus, comparing Eq. (66) with Eq. (64) for minimal THLS models, and taking into account that A = L, i.e.,
Aj,. e = Ay, j. = L(r - k), we obtain the afore mentioned conclusion, i.e., that for both models one has

Gz =eM'=e", GusO=e"(1+8), Gis()=2e"t+e?.

We will see moreover that even the respective joint distributions of the order statistics do coincide for the two
models. Actually the latter circumstance is a consequence of the condition that the functions (ji, ..., ji) —
Aj,...j, are constant, only depending on k (see Remark 27 below and condition (80) in Example 32 in the Ap-
pendix).

Minimally stable ODTHLS models. We start our discussion with a simple necessary condition for minimal
stability of ODTHLS models.
Lemma 24. Let Ty, ..., Ty be an ODTHLS model. If Ty, ..., T are minimally stable then necessarily
Ay .

Aijp = - and Aj=Ay, Vielr]
Proof. By Proposition 5 we know that when Ty, ..., Tr are minimally stable, for any ¢ > O the probabilities
P(T; < t, Tj > t,Vj # i) necessarily assume the same value for any i € [r]. Taking into account that (see (65)
and (66))

t
P(T;<t, Tj > t,Vj #1) = Ay / e~ 0s g~ Mit=9) gg

0
one immediately gets that
Ayg te ot if A; = Ay.
B(T;<t, Tj > t,Vj#1) = A gt
Aijo A=A if A; # Ay,

If there exists iy € [r] such that A;, = Ay then necessarily A; = Ay, for any i € [r]. Consequently, also
Aijp = Aigjo-
Viceversa if there exists iy € [r] such that A;, # Ay, then necessarily A; # Ay, for any i € [r]. Furthermore
one necessarily has
e~ Ait _ oAyt e~ Mt _ o=Apt

Ay - A =Auo Ay -4y

Aijo

Then the thesis follows by the linear independence of the functions t — e® for different valuesof a € R. [
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In the next result (see Proposition 25 below) we show that the survival functions Gy, of a minimally stable
ODTHLS model is a mixture of Hypoexponential distributions.

Before stating formally our result we need to introduce some further notation. Let T4, ..., Tr be an
ODTHLS model. For any permutation j = (jy, ..., jr) € II[r] we will write A;, | ; to denote the vector

Ay, = Qs Agys s Ay s Ay )

We will also use the shorter notation A instead of 4;, ;..
Then we consider the partition of II[r] generated by the equivalence relation

i~ e Ay =4y

eyt

If we define
£:={L: 3je(r]) with A4;=L} ©)

then the elements of the partition may be labeled by the vectors L € £:

(] = U ([rl; L),
LeL
where
M([r]; L) := {j € I([r]) such that A; = L}. (70)

For our purposes it is convenient to label the coordinates of the vectors in £ as follows:
L= (L(r),L(r-1),...,L(1)).

When T4, ..., T, are minimally stable, then, in view of Lemma 24, L(r) takes on the same value for any
L € £, and the same happens for L(r - 1). More precisely one has

LN =4y, Lr-1)=A;=4; Vielrl

Proposition 25. Let Ty, ..., Tr be a minimally stable ODTHLS model. Then, with the notation introduced above,
the survival functions Gy.,, ¢ = 1, ..., 1, can be obtained as the following mixture of Hypoexponential survival
functions

— I([r]; L)| =L

Gerl) = W G (0. )

LeLl

Before giving the proof of the previous proposition, it is convenient to present the following remarks.

Remark 26. The previous expression (71) of G.,(t) is alternative to the expression (44) given in Proposition 18.
The main difference is that in (44) we need to know explicitly the hazard rates A[mh] of the minima, but we need not
to know explicitly the m.c.h.r. functions Ay;, . ;. while, viceversa, in (71) we need to know explicitly the m.c.h.r.
functions, but we need not to compute the hazard rates A{Ah] of the minima.

Remark 27. Note that (see (60)) the functions Ef(t) are the survival functions of the order statistics of an ex-
changeable THLS model with u(k) = L(r - k)/(r — k). Therefore the r.h.s. of (71) can be interpreted as a mixture
of the survival functions of exchangeable models. In the model T,, T,, T3 of Example 23 the mixture turns out to
be degenerate, since the set L is the singleton {(1, 1, 2)}. The latter circumstance explains the reason why the
two models in Example 23 share the same family {G1.3, G2.3, G3:3}.

Proof of Proposition 25. Consider a random permutation o4, ..., 0y, uniformly distributed in I([r]). Then
Toys ..., To, is the symmetrized model of Ty, ..., Tr, denoted by T, ..., Tr in Remark 11.
Clearly the two models share the same distributions for the order statistics, and the joint distribution of
Ty, ..., Ty is the mixture over L € £ of the exchangeable THLS models with m.h.c.r. functions
L(r-k)

u(k) = VK
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with mixture weights given by 'H([r'% Forany L € £, the survival functions of the order statistics of the above

exchangeable THLS model is ﬁz‘:y(t), and therefore the marginal survival functions of the order statistics of
the model T,..., Tr are given by

~ I([r]; L)| =i
#(Ty, > 0= Y TULLIGE o,
LeL
whence the thesis follows. O

Similarly to (71) one obtains that for minimally stable ODTHLS models the {narginal survival function and the
survival functions of the minima are mixtures over k € [r] and L € £ of Gy (t). More precisely by (9) one gets
immediately that

G- 1y y MUrkL gL, @)
gy
and, furthermore, by (11) one gets
r-d+1
P(Tun>0) = 84(60) = (5 > -0 3 TG, 7
4 Y Let ’

As a generalization of the arguments presented in Example 23, we now characterize the set of all mini-
mally stable ODTHLS models T4, T,, T5 in terms of the m.c.h.r. functions.

Example 28 (Minimally stable ODTHLS with r = 3). Let us consider the ODTHLS model with Ty, T>, T3 whose
joint distribution is given in terms of the m.c.h.r. functions /lil‘@, A;, i A, e J15J2:03 € {1,2,3} )2 # 1,
Jj3 #J1sJ2-

We are going to prove that Ty, T», T3 are minimally stable if and only if conditions (A1) and (A2) below hold,
together with either condition (A3) or condition (A3)', where

(A1) there exists a value L(3) such that

L3)
Aijo = Azjo = Azp = =575

(A2) there exists a value L(2) such that
Ay = Ay + A5 = Ay = Ay + A3 = A3 = Ay 3+ A5 = L(2);
(A3) there exists a value L(1) such that
Ajsling, = L), Y1, j2,j3) € O(3]),
and there exist two values v, and ~, (possibly equal) such that

i Ay} = {v1, 2} forany {ja, o}, (74)

and
71 +72 = LQ2); (75)

(A3)' there exist two values L'(1) # L"(1) such that
Al € {L'Q, L")}, Y1 J2.j3) € I@D,
there exist two values v, and -y, (possibly equal) such that (74) and (75) hold, and furthermore

, . . ”
Ailiy =715 Ajljngy =L’ fandonlyif Ay, 5, = 725 Ay = L7(D).
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Note that the model is strictly order dependent only under condition (A3)'.

Conditions (A1) and (A2) are the necessary conditions of Lemma 24 with L(3) := Ay and L(2) := A, and
guarantee that the following probabilities (see (65) and (66)) take the same value for any j, € {1, 2,3},

t
Y(t;[31,j1) =P(Tj, <t, Tj > t,j #j1) = //Ihme’SA‘” e 9% gg.
0

Furthermore for any (j1, j2) € I1,([3]), we get

Y(t:131, G1,j2)) =P(Tj, < Ty, < , Tj, > t)

t s
=/ ds / ds' e 9§y A i €70 e 67D gs
o0

whereas

t s
¥ (6 (31, Gz ja)) = / ds / dS' Ay, gy, g, € M0 D) @S M55,
0 0

Proposition 16 guarantees that T1, T,, T3 are minimally stable if and only if for any t > O the following proba-
bilities take on the same value for any {j1, j,} C {1, 2,3}:

P(Tj, <t,Tj, <, Tj, > t) = (6131, (1, 2)) + P(6 3], Gz, 1))
Taking into account the necessary conditions (A1) and (A2), and that when r = 3, then 4;, ;, = A;);, ;, the
previous condition is equivalent to requiring that, for any t > O the following sums take on the same value for
any {j1,j2} € {1,2,3}:
t s
Ajzm / ds / ds’ e”‘ia\rwz(t’s) e*L(3)5/ efL(Z)(s—s/)
0 0

t s
A / ds / ds’ e Mslinis (t-5) o LB’ oL2)(s=5")
0 0

In its turn the above requirement is equivalent to either condition (A3) or (A3)'.

As a generalization of the previous example, in Example 32 (see the Appendix), we characterize the minimal
stability property for ODTHLS models whose £ is a singleton.

Among load sharing models, an interesting subclass is the class of the so-called uniform frailty models,
whose m.c.h.r. functions are such that, forany k=0, 1,2,...,r-1,

Ny .
Ailjseeniic = 7?1“,2“; V1, oees fi) € Ii([7]). (76)

We conclude this section by analyzing the property of minimal stability for the model of the previous Exam-
ple 28, under the additional assumption of uniform frailty.

Example 29. Let us consider the model Ty, T», T5 of the previous Example 28. If besides minimal stability,
we impose the uniform frailty condition, then the model T1, T, T5 turns out to be non-exchangeable only if it is
strictly order dependent. Indeed when condition (A3) holds, then the additional uniform frailty condition implies
that 1 = v, = L(2)/2 and therefore the model is exchangeable: for any (j1, j2,j3) € I([3])

L(3) Ao = L(2)

Ap="3" Aui= 5

3 o A

iz = L(D).
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On the contrary, when condition (A3)’ holds, the model is strictly order dependent. Then the uniform frailty and
the minimal stability conditions together become: for any (j1, j», j3) € H([3])

LG) LQ)
Ao =757 Al = 750 i Ao} = {F'Q L}

A More general examples

Example 30 (A procedure to construct DD, not exchangeable, n-dimensional copulas). Our aim s to prove a
generalization of Example 13. We start by proving that, given a DD n - 1-dimensional copula Cy,_1, then it is pos-
sible to construct a n-dimensional copula Cn, which is DD. Subsequently we show that by using this construction
recursively, starting with a 2-dimensional not symmetric copula, the copulas Cy are not exchangeable.

Given the DD copula C,1, we define a n-dimensional copula Cy as

Cn(u1, oy Un-1, Un)
::% [Croa(u, ooy tn1) » tn + Cooq (Uay ooy Upoq, Un) - Uy + 0+
oo+ Cpoa(Uno1, Uny Uy eees Uno3) * Ung + Cpog (Un, U1y ooy Un2) - Un-a],
Namely Cy is obtained as the symmetric mixture of the copulas over the n cyclic permutations of (1, 2, ..., n)

o1=(1,2,...,n), and o), = (k, k+1,...,n,1,..,k-1), 2<ksn,

n
1
Cn(Uy, voey Up-1, Un) = n kz Cn-1(Ug,(1)5 -5 Uy (n-1)) * Ugy(n)- 77)
-1

It is easy to see that Cy is DD, with diagonal sections
85 () = Cality ooy u, W) = 853w, 65°(w) =
and

1-4

650 = 4 65w u+ ( n) 85 (), 2<d<n-1. (78)

Indeed when (uy, ..., Un-1, Un) = (uey +eyc), with A C [n], and |A| = d, then, for any k = 1, ..., n, one can write
the n - 1-dimensional vectors appearing in (77) as

(uak(l)) Ugi(2)s +++» uak(n—n) = (Ugs Ugats oo Uny ooes U) = (U@ + €5C),

where B is a suitable subset of [n — 1]. Furthermore the cardinality |B| takes on either the value d or the value
d - 1, depending on the value of u_,, namely

d fugm=ug-1=1
Bl = .
d-1 ifugm=u1=1U,

where we have used the convention that ug = un.
Starting from (78) one can easily prove that
55"(11) =&y q u? + (1-ap,q) Cu, u)ud’z, l<ds<n,

with
a =1 a =—-a +(1—7)a
n,1 ’ n,d non 1,d-1 n)on 1,d-
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Starting from a fixed permutation (n(1), ..., m(n)) ¢ {oy, k = 1, ..., n}, a similar procedure can be used
to construct another DD n-dimensional copula (possibly different from Cn), by using the n cyclic permutations
o €le(1,2,...,n):

n
1
Cra(U, ooy Un-1, Un) = o > et (Ua(oy 0> Untoy(@)) -+ Untoyn-19) * Ut
k=1

When the procedure is implemented recursively starting with a fixed permutation € II([n]), and with a not-
symmetric copula C»(u, v) = C(u, v), as in Example 13, denote by Uy, ..., Un the random variables associated
to the copula of Cn,z, n = 3. Then for any fixed i = 1, ..., n the 2-dimensional marginals of U;, Uy, (with the
convention that Uy, = Up) are obtained recursively as

n-2 n-3

Cnn(u,v,1,...,1) = % n-2)Cp-1,2(u,v,1,...,1)+2uv|, wu,velo,1],
and therefore are all equal, i.e.,

Cn,n(uepiy + veiay +€pugiiv1y) = Cnalits v, 1, .00y 1)

Notice that therefore
Cna(u,v,1, ..., 1) # Cnn(v,u, 1, ..., 1),

so that the copulas Cn,z are not symmetric.

Since we are particularly interested in examples with absolutely continuous joint and marginal distributions,
observe that if we start this procedure with a absolutely continuous copula we get absolutely continuous
copulas.

Furthermore we recall the class of absolutely continuous examples given in Navarro and Fernandez-San-
chez [17] (see in particular Proposition 1 therein). The class in [17] may be seen as a particular case of the
larger class considered in the next example.

Example 31 (Negative mixtures of DD copulas are DD). Suppose that D(uy, ..., ur) is an absolutely continu-
ous exchangeable copula with probability density d such that

0<dp(uy, ..., ur) <d(uy, ..., ur),

for some positive function p and some positive constant d.
Let Ci(uy, ..., ur), i = 1, 2, be two different copulas which are DD, but non-exchangeable, and absolutely con-
tinuous, with probability density c;(uy, ..., ur) such that, for some positive constant ¢

0= ci(uy, ..., ur) <Tp(Uy, ooy Ur).
Assume also that the function c1(uy, ..., ur) - c2(u1, ..., ur) is not symmetric, and define

Ka(uy, ooy tty) := DUy, ooy ty) + @[ C1 (U1, ooy ur) = Co(un, ooy )] 79)
If a is strictly positive and sufficiently small, then K, is an absolutely continuous DD copula, but not ex-
changeable.
We now proceed with the proof of the previous statement.

The function K defined in (79) has a density

ka(uy, ..y tr) = duy, ..., ur) + @[c1 (U, ..., tr) = C2(Us, ..., ur)],
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such that the integral
ka(U1, ..., ur)duy - - - duy = 1.
[0,1]"
Therefore kq is a probability density, if and only if ka(uy, ..., ur) 2 0 for any (us, ..., ur) € (0, 1)". The condition
Ca < d implies that
ka(uy, ooy ur) 2 dp(uy, ..o, ur) + al0-Cpug, ..., ur)] 20
The assumption on the densities may be weakened, for instance, it is clearly not necessary any assumption on
the density of C,. Furthermore the example could be generalized to the case

m
Kayoosn (U, ooy ) 3= DOy, o u) + Y g [Cr s eoe ) = Coeltn, oy )],
k=1

with suitable conditions on a; and C; , fork=1,...,m,i=1,2.
Finally it is interesting to note that K, is a negative mixture of copulas, and that negative mixture of i.i.d.
random variable are linked to finite exchangeability, and the problem of extendibility.

Example 32. (Minimally stable ODTHLS models sharing the joint distribution of the order statistics with an
exchangeable THLS model) Let us assume that Ty, .., Ty, with r > 3, is an ODTHLS model described by the
m.c.h.r. functions A; d=1,..,r13G1,---rja1,j) € H([r]) with the usual convention that when d = 1

litseeesia-1?
then Ajj, ...i... = Ajjo- We are going to characterize all the minimally stable ODTHLS models in the particular
case when the set L is the singleton {L = (L(r), L(r - 1), ..., L(1)) }, i.e.,
Aic= DO i =LO=0), Vk=0,1,..,r-1. (80)

By Proposition 25, for all the above minimally stable ODTHLS models, one has Gy, = E’,;, k=1,2,...rie.,the
same Hypoexponential marginal survival functions of the exchangeable THLS model (58). The characterization
of the condition that T, ..., Tr are minimally stable is then a consequence of Proposition 16 together with the
comparison between (66) and (64): the m.c.h.r. functions satisfy the following system of equations

e tisar} Mlivsnian = L= (d=1), i rdaa}y €]

Sieno ngl Ajnlitssing = é Hle L(r-(¢-1)), foranyIcC [r], with|I| =d,
d=1,...,r.

This characterization yields that there exist infinitely many minimally stable ODTHLS models satisfying condi-
tion (80). This statement is a consequence of the observation that one can see the previous system as a family
of nested linear systems:

{Zie[r] Ajjg = L@,
Ajjp = %L(Y); jelr

once A;y are given, then A;,;, are the solutions x;, j,, j2 # j1, of

i AjnfoXinj = Lo = 1), viell

X511 Xis gz + Ajy 0 Xy = é,)L(r)L(r— 1), V{ji,j2) clrl;

once A;p and Ay;, are given, then A; are the solutions x;, j, ;, of

i1 3li1.j2

Y tina} Ko = Lr=2), v {j1,j2} C 1],
3o ks ks P A1 10 2 X

= (—})L(r)L(r—l)L(r—z); v {ki, ka, ks} C [r];
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and so on. Since the above nested systems always admit the solutions xj, .. j, i = Ajjj,...j, = L0=0  then there
are infinite solutions.

We end this example by observing that under condition (80) all the ODTHLS models (not necessarily mini-
mally stable) share with the exchangeable THLS model (58) not only the marginal distributions but also the joint

distribution of the order statistics. More precisely the joint distribution of (Tlt,, e Tm) coincides with the joint
distribution of
Yo Yo Y, Yo Y, Y
—, = yeeey T e , 81
(L(r) I -0 I -0 I &Y

where Yy, k =0, 1, ...,r-1, arei.i.d. standard exponential. Indeed, one can easily extend Corollary 3 in Rychlik
and Spizzichino [23] for THLS models, to ODTHLS ones: for any permutation (j1, ..., jr) € I([r]), the conditional
joint distribution of (Ty.r, ..., Tr.r) given the event {Tj, < Tj, < -+ < Tj }, coincides with the law of
Yo Yo ¥y Yo ¥, Y
(Aw’Aq,JrA,-,"“’A(,,JrA,-,Jr +A,- , (82)

Treeerfr1

and by (80), the random vectors in Eq.’s (81) and (82) do coincide.
Finally we observe that, as a consequence, these models satisfy also the following condition: for any per-
mutation (j1, ..., jr) € I([r]),

P(Tir > T, < Tjy, < -+ < Tj,) = P(Tper > ) (83)
Indeed, in the case of ODTHLS models, we have just seen that condition (80) implies an even stronger property:
P(Tiy > tio k=1,2, ., 7T}, < Tj, < -+ < T;) =P(Tpey > tr, k= 1,2, ...1). (84)

Condition (83) emerges in a natural way even in more general settings beyond load-sharing, as pointed out in
Navarro et al. [19], where it has been referred to as a condition of weak exchangeability (see also Navarro et
al. [18)).

In the frame of load-sharing models, condition (80), (and therefore also (84) and (83)) emerges in De Santis and
Spizzichino [8], where it plays an important role for the special type of problems studied therein.
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